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o Complex numbers
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o Algebra
o Algebra and geometry
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o More geometry
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Section 1.1

Complex numbers

A complex number is an ordered pair (x, y) of real numbers.
We write

z=(xy) =x(1,0) +y(0,1) = x +yi
Note: we abbreviate (1,0) = 1 and (0,1) = i and we shall define
multiplication in such a way that (0,1)? = —(1,0), i.e., i? = —1.
Notation:

o Rez = x — real part

o Imz =y — imaginary part
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Section 1.1

Complex numbers

Every complex number, x + yi, corresponds to a point, (x,y), in
the plane.
z=x+yi

o |z| = \/x?+ y?; the modulus

o 0; angle, the argument
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Section 1.1

Complex numbers

We introduce some geometry via polar coordinates.
Properties

0 x = |z|cosf
o y=|z|sinf
There are infinitely many values for 6.

Principal value: Argz, chosen in interval (—m, 7]
Other values: argz = Argz + 2km
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Algebra

1 2
Section 1.2 Algebra and geometry

ition and multiplication

Addition: coordinate-wise

z+w=x+yi+tu+vi=(x+u)+(y+v)i

Multiplication (use distributive law and i? = —1):
z-w=(x+yi)(u+vi)=(xu—yv)+ (xv+ yu)i
for example: (2+1)(3+4i)=(6—4)+(8+3)i =2+ 11/
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Algebra
Algebra and geometry

Section 1.2

The formula (x + iy)(x — iy) = x?> + y? helps with division:

1 X — iy X —yi

x+iy  (xFiy)x—iy) X2ty

For example

16+63i 16+63i 3—4i
34+4i  3+4i 3—4i
(48 + 252) + (—64 + 189)i
9+ 16
300 + 125 )
_T_12+5/
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Algebra

1 2
Section 1.2 Algebra and geometry

plex conjugate

We write x + yi = x — yi, the complex conjugate.

o Geometrically: reflection in real axis.

o |zl=z|and z-Z = |z]?

o Argz = — Arg z (except when z is real and negative)
0z+Z=2x=2Rez

0z—z=2iy=2ilmz

ozETw=7+Ww, ZW=2-W, z/w=Z/w
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Algebra
Algebra and geometry

Section 1.2

Write z = r(cos ¢ + isinp) and w = s(cos® + isini)), we get

zw = rs(cos ¢ + i sin p)(cos ) + isin 1))
= rs((cos ¢ cos ) — sin psin 1) + i(sin ¢ cos ) + cos psin 1))
= rs(cos(p + 1) + isin(p + ).

So multiply moduli and add angles.
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Algebra

1 2
Section 1.2 Algebra and geometry

tiplication: example

Setz=—-1+ienw=1++3i
Then

o z=1/2(cos 3+ isin3m)

o w = 2(cos 7 + isin i)

o zw = (=1 —+/3) + (1 —V3)i
And so ...
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Algebra

1 2
Section 1.2 Algebra and geometry

tiplication, example

. we find
13 13
(-1 —=V3)+i(1—v3)=2v2 | cos —m +isin—7
12 12
1 11
=2V2 (cos—ﬁw + isin —Eﬂ'>
SO we write
argzw = arg z + arg w
but not

Argzw = Argz + Argw
%
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Algebra

1 2
Section 1.2 Algebra and geometry

Itiplication, example

Blw
3

w[y

zw“////ﬁ<::
1
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Algebra
Algebra and geometry

Section 1.2

Write z = r(cos ¢ + isinp) and w = s(cosv + isini)), we get

z  r(cosg + isinp)
w  s(costp + isintp)
cosp +ising cosy —isiny
‘ cos) 4 isiny ‘ cosp — isiny
(cos p + isin)(cosyp — isinp)
' cos? 1 + sin? )

(cos(ip — ) + isin(@ — ©)).

nNnisxs ulisxs i

So divide moduli and subtract angles.
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Algebra

1 2
Section 1.2 Algebra and geometry

oivre's formula

For any angle 6 and any integer n we have

(cosB + isin )" = cos(nB) + i sin(nd)

Application: easy formulas for cos nf and sin nf:

cos 30 + isin 30 = cos® 6 + 3 cos? fi sin § + 3 cos Hi® sin? § + i sin® 0
= (cos® 0 — 3cosfsin? ) + i(3 cos? Osin O — sin® 0)

thanks to the binomial formula
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Algebra

1 2
Section 1.2 Algebra and geometry

byshev polynomials

Note
cos30 = cos® § — 3cosfsin’h

= cos®# — 3cosf(1 — cos? )
= 4cos®H — 3cosb
So cos30 = T3(cosf), where T3(x) = 4x3 — 3x.

T3 is a Chebyshev polynomial, these are used in interpolation and
approximation theory.
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Algebra

1 2
Section 1.2 Algebra and geometry

byshev polynomials

General definition: cos nf = Tp,(cos6).

Using De Moivre's identity and the binomial formula we get

[n/2] n
T = 3 (1F (5 )5 -

k=0

See Problem 1.18 for an other formula for T,,.
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Algebra

1 2
Section 1.2 Algebra and geometry

tional exponents

What is (cos@ + isin0)9 if g is a (proper) fraction, say g = 27

n

Remember: for real positive x, by definition,
y = x'n is that real positive number with y” = x™.

In complex numbers: no such choice available, no
positive/negative numbers.
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Algebra

1 2
Section 1.2 Algebra and geometry

tional exponents

We solve z" = (cos € + isin9)™.
write z = r(cos@ + isiny) (r = |z| and ¢ = Arg z)
we get r"(cos ny + isin np) = cos mf + i sin mo

we get no = mf + 2kr (k an integer)

°
°
o so r =1 and cos np = cos m and sin nyp = sin mé
°
0 as —m < ¢ < 7 there are n suitable values for k

°

- . m
so: (cos@ + isin@)n has n values
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Algebra

1 2
Section 1.2 Algebra and geometry

tional exponents, example

What are the values of (3v2+ 3 2i)%?

We have 0 = %71', so we get

1 1 2
3p = §7r+2k7r or ¢ = 67T—|-§k71'
with k =—1,0, 1, to get — 7 < ¢ < 7.
The values are —i (¢ = —37), /34 }i (¢ = £7) and
“33+3i (o=
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. Algebra
2
Section 1.2 Algebra and geometry

tional exponents

Difference between real and complex analysis:

many-valued functions

1
o z+— z2 a two-valued function
2 .
@ z+ z3 a three-valued function
2 . .
o z+ z~ 5 a five-valued function

3
TUDelft

Delft University of Technology

K. P. Hart wi4243AP: Complex Analysis



Algebra

1 2
Section 1.2 Algebra and geometry

2r's formula (one of the many)

We write (for now as an abbreviation):

0

e = cos +isinf

thanks to angle-adding we know
pl0Fip — i git
(as it should be).

Later we'll see further justification for this formula.
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Algebra

1 2
Section 1.2 Algebra and geometry

r's formula, use

If |z] = r and Argz = 6 we write z = re'’.

We write the values of z» as
m m km
rn el 0+250m) (k=0,...,n—1)

m . .
Note: r > 0 so r» is unambiguous.
. m im
Also note: the values form a regular n-gon with rne'n
first’ vertex.

9 as its
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Algebra

1 2
Section 1.2 Algebra and geometry

are roots

Using Euler's formula (and because e™ = —1) the values of 1/z are

\/Fe’%e and — \/Fe’%e

Direct calculation: look at (u + iv)? = x + iy. We get
o u? — v2 = x (real parts)
@ 2uv = y (imaginary parts)

o u?+v? = /x2+y? (moduli)

Now solve . ..
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Algebra

1 2
Section 1.2 Algebra and geometry

are roots

. the first and third to get
o u?=3(Vx2+y2+x) oru::I:\/l VX2 4+ y? 4+ x)
o v2=3(V/x2+y2—x) orv—:l:\/ VX2 +y? —x)

Of the four combinations only two survive because of 2uv = y.

Example: (u+ iv)? =5+ 12i gives u = £3 and v = +2;
we get 3+ 2/ and —3 — 2/ because 2uv =12 > 0.

Don't remember the formula but do remember the method.
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More geometry
Section 1.3

dulus again

Useful formulas: with z = x 4 iy we have
o |zP=x24+y’=2z-7
o |x|,|y| < \/x2+y2=|z|] or

o |Rezl|,|Imz| < |z

3
TUDelft

Delft University of Technology

K. P. Hart wi4243AP: Complex Analysis



More geometry
Section 1.3

ngle inequality

Theorem

Given two complex numbers z and w we have

|lz] = Iwl| <1z = w| < |z + [w]

| A\

Proof.
o lz—wPl=(z—w)Z-Ww)=|z]? + |w|* - (zW + Zw)
o (2| + [w)? = |22 + [w[? + 2| zw]|

o —(zw +zZw) = —2Rezw < 2|zw| = 2|zw]|

This gives the second <. O
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More geometry
Section 1.3

angle inequality

Theorem

Given two complex numbers z and w we have

Izl = [wl| <z — w| < |z + [w]

| A\

Proof.
The first < follows from the second:

o zl=|z—w+w|<|z—w|+|w|so|z| - |w| < |z—w|
o |lwl=|w—z+z|<|w—2z|+|z| so |w|—|z| < |w — 2]
Now combine. my
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More geometry
Section 1.3

ngle inequality, use

Useful in over- and underestimating moduli.
Example: we must often estimate the modulus of something like

1
Re't — z
We know |Ret — z| > ||Re'| — |z|| = |R — |2]|.
So, if R is large enough (as it usually is):

1 1
< -
R—1z]] ~ R—Iz|

1
Relt — z
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More geometry

Section 1.3

From the book: Sections 1.1, 1.2 and 1.3

Suitable exercises: 1.1 — 1.40

Recommended exercises: 1.1, 1.2, 1.6, 1.9, 1.12, 1.13, 1.23, 1.24,
1.25, 1.30, 1.40
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