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Nevanlinna-Pick interpolation on H*®

Data: Distinct points z1...,z, in D, and com-
plex numbers (£1,...,On.

Problem: Find f: D — C, analytic, such that
(NP1) f(z2;) =p; for j=1,...,n, and
(NP2) |[|flloc =sup|f(2)| < 1.

z€D

Pick (1916): problem is solvable if and only
if the “Pick matrix”

£

1—2;z;

IS positive.
i,j=1

Nevanlinna (1919): linear fractional descrip-
tion of all solutions.



Nevanlinna-Pick interpolation on H?2

Data: Distinct points z1...,z, in D, and com-
plex numbers (£1,...,0On.

Problem: Find f:D — C, analytic, such that

(NP1') f(z;)=p8; for j=1,...,n, and

(NP2) Ifll2 = (lim [ 1 re)Pau)? < 1

Alpay-Bolotnikov-Peretz (1995): problem
is solvable if and only if the “Pick matrix”

1 =5 }n . L
T2, PiPj IS positive.
Tz — Pibs ji—q 1S P
Also a linear fractional description of all solu-

tions is given.



The H*® norm

With an f € H® we associate a multiplication
operator on H?:

If g € H? then z — f(2)g(z) € H?.

Moreover, for f € H*:

2 | 2 iw iwy (2,7
£l =lim  sup |f(re™)g(re™)[“dw.
"1l gen2 | g)l2<1 0

Compare this with
27 .
2 . W\ |2
= |im d
g3 = lim [~ lg(re)|?dw

for g € HZ.



Introduction of H2,

Put

m = {polynomials of degree <m — 1} c H”.

For g € H? we define

9B, :=1lim  sup [ [n(re)g(re') P,
’ "L hePm,||hfl2<1 /0
Then || - ||, defines an alternative norm for

H2. This space is denoted by H2 .

Note:
m=1: gll2,1=lgl2,

and

iffer™:  lim [Ifll2m = [Iflle.

m—aoo



Nevanlinna-Pick interpolation on H2,

Data: Distinct points z1...,z, in D, and com-
plex numbers (£1,...,0n.

Problem: Find f:D — C, analytic, such that
(RNP].) f(z]) = 6] forj=1,...,n, and
(RNP2) || fll2m < 1.

Foias-Frazho-Kaashoek (2002): problem is
solvable if and only if the “Pick matrix”

1-6;8;(1-2]"Z7") "

_ IS positive.
1—2z;z;

ij=1

Method:

The relaxed commutant lifting theorem.



The relaxed commutant lifting problem

Lifting data set (LDS): {A,T',U’',R,Q} such
that

A:H—H', T on H a contraction,

R,Q:Ho—H, R'R<QQ,

T'AR = AQ,
U' on K'="H & M an isometric lifting of T”,
. T 0 H’ .
! /
l.e.,, U = [ . on M ] U’" isometry

Problem (RCLP): Find B : H — K’ such that

A

*

1)B=! ™

/
] " H — [H ] a contraction,

2) U'BR = BQ.

RCLT (FFK’'02): Solvable iff ||A| < 1.

Frazho-H-Kaashoek '06:
A description of all solutions.



Connection to operator theory

The Hilbert space ¢2:

2 _ T - 2
CP={lzo 21 ... | |2, €C, Y |amypl* < oo},
k=0

Let f:D — C analytic, f(z) = X% 4 fpz".

For HZ:
T
fEH? —= T;1:= [fo 1 } € ¢2
<= Tp1:C— ¢2 bounded.

And [|fll2 = [T 11l

For H*: f € H* iff
[ fo 0 O

. fi fo 0 ... 2
T, = on /< bounded.
/ f2 f1 fo

And || flloo = [T¢]l-




Condition RNP2 in operator form

Now for H2, :

Let f be a function from HZ2. Define

o .
Tt = | fm-1 -.. fo|:C™— ¢? bounded.

Then || fllzam = I Tf.mll-

Thus the condition (RNP2) is equivalent to

(RNP2') Ty, is a contraction.



Identifying T, in L(C™, ¢2)

Define
0 O O |
{1 O O ... 2 :
S = o1 o . |-on ¢< (forward shift),

R:[Im—lle:[ 0 ]ZCm_lﬁCm.

Then for f € H2,

STy mBR ="Tf Q.

In fact:

LEMMA. Let B : C™ — ¢2 be a (bounded)
operator. Then

SBR = BQ <= B=1Ty,, for some f € HZ,



Some operators

Put Z =diag(z1,...,2n) on C", and

T T
az[l 1} ,5:[51 5n] . C — C™.
Define
W = [oz Zo Z2a ]
1 2 z% o]
= P 1 02 — C".
_1 Zn z% .
Wy = [5 Z8 ... Zm—lﬁ}
(B 2101 .. 2By ]
— : : : - Cm 5 .,

P=WW*"onC" P,=W,W} on C".
Then

zi 7 z; if 17 j = P is invertible.
And

WS =2ZW, WmnR=W,_1, Wmn@Q=2ZW,,_1,
where W,,_1 is defined similar as Wy,.

10



Condition RNP1 in operator form

Define H' = Im W* C ¢2 and
A=w*P w,,:C™ - H.
Then for f € H2;:
— WTyp,, = WW*P 1wy,
< Tf,m = [ A ]
Thus the condition (RNP1) is equivalent to
b S

(RNP1') T, = [ A ]

NP-interpolation on H%n iIn operator language:

Let f : D — C be analytic. Then f is a NP-
interpolant in H2, if and only if

, | A
(RNP1') T¢,, = [ . | and

(RNP2') Ty, is a contraction.

11



Connection with relaxed commutant lifting

Put
T' = Ny SIH on H'.

Then {A,T',S,R,Q} is a LDS if
(1) S is an isometric lifting of T/ and
(2) T"AR = AQ.

Proof of (1): S is an isometry and

S*W* =W*Z* = S*H' c H'.

Proof of (2):

WT'AR = WSW*P 'W,,R=ZWW*P~tw,, 1
W, 1= WmQ =WW*P"W,,Q
W AQ.

Thus

ImW*=H = T'AR = AQ.

12



Conclusion 1

THM. Let f : D — C be analytic and let
Q:={A,T',S,R,Q} be the LDS as constructed
above. Then f is a NP-interpolant in H2, for
our given data if and only if there exists a so-
lution B to the RCLP for LDS <2 such that
B="T¢ .

RCLT: There exists a solution to the RCLP
for LDS Q iff ||A|| < 1.

A <1 < T—-A*A>0
— I-W P 1w, >0
= P —WnpWi>0
— P—-Pp>0

13



Conclusion 2: The Pick matrix

Note
o n
P =) ZFaa*(Z*)F = [ > =0 Zf_éc ]ijzl
k=0 ’
1 n
— [ 1—2;Z; L‘,jzl
and
m—1
P = Y. Z%867(Z0" = Spsd ese |
k=0 |
_ [ BiB;(1—="2T") ]n
1=2z; ij=1
T herefore
poram D]
Fi%] i,j=1

14



