18. Large Cardinals and L

In Chapter 17 we proved that while “smaller” large cardinals (inaccessible,
Mabhlo, weakly compact) can exist in L, the “bigger” large cardinals (measur-
able, Ramsey) cannot. In this chapter we isolate and investigate the concept
of 0% (zero-sharp), a great divide in the landscape of large cardinals.

Silver Indiscernibles

Theorem 18.1 (Silver). If there exists a Ramsey cardinal, then:

(1) If k and X are uncountable cardinals and k < X, then (L, €) is an
elementary submodel of (Ly, €).

(ii) There is a unique closed unbounded class of ordinals I containing all
uncountable cardinals such that for every uncountable cardinal k:
(a) [INk| =k,
(b) INk is a set of indiscernibles for (L., €), and
(¢c) every a € Ly is definable in (L, €) from I Nk.

The elements of the class I are called Silver indiscernibles. Before giving
the proof of Theorem 18.1 we state some consequences of the existence of
Silver indiscernibles.

By the Reflection Principle, if ¢ is a formula, then there exists an un-
countable cardinal k such that

(18.1) LE ¢(z1,...,2,) ifand only if L, F o(x1,...,z,)

for all x1,...,2, € L,. By (i), the right hand side holds in and only if
Ly E o(x1,...,zy,) for all cardinals A > k. In view of this, we can define
satisfaction in L for all formulas ¢ € Form: If o(v1,...,v,) is a formula of
the language £ = {€} and if (aq,...,a,) is an n-termed sequence in L, we
define

(18.2) LEglay,...,an)

as follows: For every uncountable cardinal k such that a1,...,a, € Ly, Ly F

vlat, ..., an].
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Note that this gives us a truth definition for the constructible universe:
T = {#o0 : Ly, F o}. If 0 is a sentence, then ol < #0 € T. (Note that the
set T is constructible but not definable in L: Otherwise, 7" would be a truth
definition in L. Hence the cardinal 8 is not definable in L.)

Moreover, as a consequence of (i) we have (L, €) < (L, €) for every
uncountable cardinal k. As a consequence of (ii) Silver indiscernibles are
indiscernibles for L: If p(v1,...,v,) is a formula, then

(18.3) LEg[ag,...,ap] ifand only if LE ¢[f1,..., 5]

whenever a; < ... < a,, and 1 < ... < 3, are increasing sequences in I.
Every constructible set is definable from I. If a € L, there exists an increasing
sequence (71, ...,7n) of Silver indiscernibles and a formula ¢ such that

L F a is the unique z such that (z,y1,...,7n).

By (18.3), every formula ¢(v1,...,v,) is either true or false in L for any
increasing sequence (71, ...,7,) of Silver indiscernibles; moreover, the truth
value coincides with the truth value of Ly, F ¢[R1,...,8,] since Ly, < L
and Ny, ..., N, are Silver indiscernibles. Thus let us define

(18.4) 0 = {p: Ly, FoXy,...,N,]}

(zero-sharp). Later in this section we shall give another definition of the set 0F.
We shall show that a set 0% satisfying the definition exists if and only if (i)
and (ii) holds, and then 0% is as in (18.4).

Thus the conclusion of Theorem 18.1 is abbreviated as

0f exists.
In the following corollaries we assume that 0% exists.
Corollary 18.2. Every constructible set definable in L is countable.

Proof. If x € L is definable in L by a formula ¢, then the same formula
defines x in Ly, and hence z € Ly,. O

In particular, every ordinal number definable in L is countable.
In the following corollary X, denotes the ath cardinal in V, not RZ.

Corollary 18.3. Fvery uncountable cardinal is inaccessible in L.
Proof. Since L F Ny is regular, we have
L E X, is regular
for every a > 1. Similarly, L F X, is a limit cardinal, and hence
L E R, is a limit cardinal

for every o > 1. Thus every uncountable cardinal (and in fact every v € I)
is an inaccessible cardinal in L. O
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Corollary 18.4. FEvery uncountable cardinal is a Mahlo cardinal in L.

Proof. By Corollary 18.3, every Silver indiscernible is an inaccessible cardinal
in L. Since I Nwy is closed unbounded in wq, 8y is a Mahlo cardinal in L. O

Corollary 18.5. For every a > w, |V, N L| < |a|. In particular, the set of
all constructible reals is countable.

Proof. The set V,, N L is definable in L from «. Thus V,, N L is also definable
from « in L,; where & is the least cardinal > a. Hence V,NL C Lg for some (3
such that |a| = |3|. However, |Lg| = |5]. O

Models with Indiscernibles

The proof of Silver’s Theorem is based on a theorem of Ehrenfeucht and
Mostowski in model theory, stating that every infinite model is elementarily
equivalent to a model that has a set of indiscernibles of prescribed order-type.
We shall deal only with models (Ly, €) (and models elementarily equivalent
to these); we shall prove below a special case of the Ehrenfeucht-Mostowski
Theorem.

We shall use the canonical well-ordering of L to endow the models (L, €)
with definable Skolem functions. For each formula ¢(u,v1,...,v,), let hy, be
the n-ary function defined as follows:

(18.5) ho(v1,. o) = {the <p-least u such that o(u,v1,...,v,),

0 otherwise.

We call hy,, ¢ € Form, the canonical Skolem functions.

For each limit ordinal A, hf,* is an n-ary function on L), the Lx-interpre-
tation of hy, and is definable in (Ly, €).

When dealing with models (Ly, €) we shall freely use terms and formulas
involving the h, since they as definable functions can be eliminated and
the formulas can be replaced by €-formulas. For each limit ordinal A, the
functions hé*, ¢ € Form, are Skolem functions for (Ly,€) and so a set
M C Ly is an elementary submodel of (Ly, €) if and only if M is closed
under the hfa*. If X C L), then the closure of X under the héA is the smallest
elementary submodel M < Ly such that X C M, and is the collection of all
elements of Ly definable in Ly from X.

The fact that the well-ordering <, of L) is definable in Ly uniformly for
all limit ordinals A (by the same formula) implies the following:

Lemma 18.6. If a and (B are limit ordinals and if j : Lo — Lg is an
elementary embedding of (L, €) in (Lg, €), then for each formula ¢ and all
T1y...,Tn € Lg,

(18.6) B (§(21), 1§ (wn)) = G(hEe (@1, 2m).
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Hence j remains elementary with respect to the augmented language L* =
{e}U{hy : ¢ € Form}. 0

Let A be a limit ordinal, and let A = (A, E) be a model elementarily
equivalent to (Ly, €). The set Ord® of all ordinal numbers of the model 2 is
linearly ordered by FE; let us use & < y rather than z E y for z,y € Ord™.
A set I C Ord™ is a set of indiscernibles for 2 if for every formula ¢,

(18.7) AE plxy,...,2,] if and only if AF @[y1,. .., Yn)

whenever 1 < ... < x, and y; < ... < y, are elements of I. Let hg denote
the A-interpretation of the canonical Skolem functions (18.5). Given a set
X C A, let us denote H*(X) the closure of X under all b, ¢ € Form. The
set H¥(X) is the Skolem hull of X and is an elementary submodel of 2.

If I is a set of indiscernibles for 2, let X (2, I) be the set of all formulas
©(v1,...,vy,) true in 2 for increasing sequences of elements of I:

(18.8) w(v1,...,vn) € DA, I) & AFE plxy,...,z,] for some x1,...,2, €I
such that z1 < ... < z,.

A set of formulas ¥ is called an E.M. set (Ehrenfeucht-Mostowski) if there
exists a model 2 elementarily equivalent to some Ly, A a limit ordinal, and
an infinite set I of indiscernibles for 2 such that ¥ = X(2, I).

Lemma 18.7. If ¥ is an E.M. set and o an infinite ordinal number, then
there exists a model A and a set of indiscernibles I for A such that:

(i) X=X, I);
(i) the order-type of I is «;
(iil) A= H*(I).
Moreover, the pair (U,1) is unique up to isomorphism.

Proof. We prove uniqueness first. Let (,I) and (B, .J) be two pairs, each
satisfying (i), (ii), (iii). Since both I and J have order-type «, let m be the
isomorphism between I and J. We shall extend 7 to an isomorphism between
A and B.

Since 2 is the Skolem hull of I, there is for each a € 2 a Skolem

term t(v1,...,vn) (a combination of the Skolem functions h,) such that
a = t¥[xy,...,7,] for some z; < ... < z, in I; similarly for %, J. Thus
we define
(18.9) a(t?xy, ..., x,]) = 2 [w(z),. .., w(x,))]
for each Skolem term t and all x1,...,x, € I such that 1 < ... < x,. Since
YA, I) = X(B,J), we have
(18.10)

w1, T = Y1, Yn] & R AT, T = D [TYL, - TYn),

My, zn] EX 3 y1, .. yn) < tR 7z, . mxn] BB 2 [Ty, -, TYn)
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for any terms t1, t2 and indiscernibles x, y: Let 21, ..., 24 be the enumera-
tion of the set {x1,...,Zn,¥y1,...,Ym} in increasing order. Then the equality
in (18.10) holds (simultaneously in 2 and B) just in case @(v1, ..., Vntm) €
Y where ©(z1,...,2ntm) is the formula that says that ti[z1,...,2,] =
taly1,...,yn]. Hence 7 is well-defined by (18.9) and is an isomorphism be-
tween A and B extending the order-isomorphism of I and J.

To prove the existence of a model with indiscernibles with properties (i),
(ii), and (iii), we use the Compactness Theorem. Since ¥ is an E.M. set, there
exists (g, Ip) such that ¥ = X(p, Ip). Let us extend the language {€} by
adding o constant symbols c¢, £ < . Let A be the following set of sentences:

(18.11) ¢¢ is an ordinal (all € < a),
ce < ¢y (all ¢, 17 such that £ < n < ),
(AN (alpe X andall & < ... <&, < a).

We shall show that every finite subset of A has a model. Let D C A be

finite. There exist {1 < ... < § such that c¢,, ..., c¢, are the only constants
mentioned in D. Let o(cg,,...,ce, ) be the sentence that is the conjunction
of all sentences in D.

Since I is infinite, there are iq,...,7x € Iy such that i1 < ... < ix. Let
us take the model 2y and expand it by interpreting the constant symbols
Ceyy --vy C AS 11, ..., ig. Since ¥ = X(Uo, fy) and D C A, it is clear that
Ao E ofi1,...,i;] and hence the expansion (g,i1,...,i;) is a model of o,
hence of D.

By the Compactness Theorem, the set A has a model 9t = (M, E, cém)§<w
Let I = {cém : € < a}. I is a set of ordinals of 9 and has order-type a.
It is clear that if p(v1,...,v,) is an €-formula and & < ... < &,, then
(M,E) E gp[c?f, ey cgf] if and only if ¢ € ¥. Thus [ is a set of indiscernibles
for (M, E). Now we let A be the Skolem hull of I in (M, E). Since A = (A, E)
is an elementary submodel of (M, E), it follows that I is a set of indiscernibles
for A, ©(A, I) = X, and that H*(I) = HM-E)(T) = A. Hence (2, I) satisfies
(i), (ii), and (iii). O

For each E.M. set ¥ and each ordinal «, let us call the (X, «)-model the
unique pair (2, I) given by Lemma 18.7. The uniqueness proof of Lemma 18.7
easily extends to give the following;:

Lemma 18.8. Let ¥ be an E.M. set, let o < 3, and let j : o — 3 be
order-preserving. Then j can be extended to an elementary embedding of the
(3, a)-model into the (3, 8)-model.

Proof. Extend j as in (18.9). O

We shall eventually show that the existence of Ramsey cardinal implies
the existence of an E.M. set ¥ having a certain syntactical property (remark-
ability) and such that every (X, a)-model is well-founded. Let us investigate
well-foundedness first.
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Lemma 18.9. The following are equivalent, for an E.M. set X:

(i) For every ordinal «, the (3, a)-model is well-founded.
(ii) For some ordinal o > wy, the (X, a)-model is well-founded.
(iii) For every ordinal o < wy, the (¥, a)-model is well-founded.

Proof. (i) — (ii) is trivial.

(if) — (iil): If (A, 1) is the (2, o)-model and if 5 < a, let J be the initial
segment of the first 3 elements of I; let B = H*(J). Clearly, (%8, J) is the
(X2, B)-model. Since a submodel of a well-founded model is well-founded, it
follows that if 5 < « and the (2, a)-model is well-founded, then the (X, 3)-
model is also well-founded, and thus (ii) implies (iii).

(iii) — (i): Let us assume that there is a limit ordinal « such that the
(3, a)-model is not well-founded; let (2, I') be the model. There is an infinite
sequence ag, ai, as, ... in A such that a; F ao, as E ay, etc. Each a,, is
definable from I; that is, for each n there is a Skolem term t,, such that a, =
t2[zy,...,xp,] for some x1, ..., xx, € I. Therefore there is a countable subset
Iy of I such that a,, € H*(Iy) for alln € w. The order-type of Ij is a countable
ordinal 8 and (H*(Iy),Io) is the (X, 3)-model. This model is clearly non-
well-founded since it contains all the a,. Hence for some countable (3, the
(3, B)-model is not well-founded. O

We shall now define remarkability. We consider only (X, «)-models where
« is an infinite limit ordinal.

Let us say that a (3, «)-model (A, 1) is unbounded if the set I is un-
bounded in the ordinals of 2, that is, if for every € Ord® there is y € I
such that x < y.

Lemma 18.10. The following are equivalent, for any E.M. set 3:

(i) For all o, (X, @) is unbounded.
(ii) For some a, (X, «) is unbounded.
(iii) For every Skolem term t(vi,...,v,) the set ¥ contains the formula

(18.12) if t(v1,...,vn) is an ordinal, then t(vy,...,vn) < Vpi1.

Proof. (i) — (ii) is trivial.

(ii) — (iii): Let (A,I) be a (X, a)-model, where « is a limit ordinal,
and assume that I is unbounded in Ord™. To prove (iii), it suffices to show
that for any term ¢, (18.12) is true in A for some increasing sequence 1 <
... < Zpy1 in I. Let t be a Skolem term. Let us choose 1 < ... <z, € I
and let y = t¥[x1,...,2,]. f y ¢ Ord®, then (18.12) is vacuously true; if
y € Ord®, then there exists ZTp41 € I such that y < x,41, and we have
AFE t[xr, ..., 0] < Tpy1-

(i) — (i): Let (A, I) be a (X, )-model, where « is a limit ordinal, and
assume (iii). To prove that I is unbounded in Ord®, let Yy € Ord®. There exist
a Skolem term ¢t and @1 < ... < x,, € I such that y = t*[z1,...,2,]. Now if
Zn41 1s any element of I greater than x,, (iii) implies that y < xp41. O



18. Large Cardinals and L 317

Thus we say that an E.M. set X is unbounded if it contains the formu-
las (18.12) for all Skolem terms ¢.

Let a be a limit ordinal, @ > w, and let (A,I) be the (¥, )-model.
For each £ < «, let i¢ denote the £th element of I. We say that (2(, 1) is
remarkable if it is unbounded and if every ordinal = of 2 less than 4, is in
H*({i, : n € w}).

Lemma 18.11. The following are equivalent for any unbounded E.M. set 3:

(i) For all o > w, the (X, a)-model is remarkable.
(ii) For some a > w, the (X, a)-model is remarkable.
(iii) For every Skolem term t(x1,...,Tm,Y1,--.,Yn), the set X contains the
formula

(18.13) if t(x1,-- s Tm,yY1,---,Yn) i an ordinal smaller than yy, then
t(xlw"?xmayla"'ayn) :t(xlw"?xmazlw'wzn)‘

Moreover, if (U,1I) is a remarkable (¥, a)-model and v < « is a limit ordinal,
then every ordinal x of 2 less than i is in H*({i¢ : € <~v}).

Proof. (i) — (ii) is trivial.

(if) — (iii): Let & > w be a limit ordinal and let (A, I) be a remarkable
(3, a)-model. To prove (iii), it suffices to show that for any ¢, (18.13) is
true in A for some increasing sequence x1 < ... < Ty, < Y1 < ... < Yn <
21 < ... < z, in I. Let t be a Skolem term. We let 21 < ... < x,, <
Y1 < oo < Yn < 21 < ... < zp € I be such that zq, ..., x,, are the
first m members of I and that y; is the wth member of I, y; = i,,. Now if
a=t*x1,...,Tm,Y1,---,Yn) is an ordinal of A and less than y;, we have, by
remarkability of (2,7), a € H¥*({i, : n < w}). Hence there is k < w, k > m,
and a term s such that

(18.14) AE 1, oy Ty Y1y -+ Yn] = S[i0y .- -y k)

In other words (18.14) says that 2 satisfies a certain formula @i, ..., i,

Y1, .- -, Yn]- By indiscernibility, 2 also satisfies @[ig, ..., ik, 21, .- -, Zn], i.€.,
AFE t[x1, ..oy Ty 21,5+ o5 2n] = S[ioy .-y 1k

Therefore t*[21, ..., Tm, Y1y - - Yn] = T1, oy Ty 21, -+ -, Zn)-

(iii) — (i) and “moreover:” Let (A, I) be a (X, o)-model, where o > w is
a limit ordinal, and assume (iii). Let v > w be a limit ordinal and let 2 € Ord®
be less than i., the yth element of I. We shall show that € H?({i¢ : £ < ~}).
Since A = H¥(I), there is a Skolem term t and 71 < ... < Ty, < Y1 ... <
yn € I such that y; = i, and © = t*[z1,...,%m, Y1, .., Yn]. Let us choose
wiy, ..., Wy and 21, ..., 2z, in I such that

<. <Tm<w<..<wW, <Y1 <...<yp<21...<2n.
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Now since x < y1, it follows from (18.13) that

AFEt[x1, s Ty Y1y oy Yn) =1, oo Tony 21, -+, 20
However, by indiscernibility, this implies that

AE [z, .., Tm, W1, .., W] =E[X1, .o, Ty 214 -+, 20,

and hence z = t*[z1,..., Ty, w1, ..., w,]. Therefore x € H*({i¢ : £ < v}).
O

Thus we say that an E.M. set ¥ is remarkable if it is unbounded and
contains the formulas (18.13) for all Skolem terms t.

An important consequence of remarkability is the following: Let (2, I) be
a remarkable (X, a)-model and let v < a be a limit ordinal. Let J = {i¢ :
¢ <~} and let B = H%(J). Then (B, J) is the (¥, 7)-model, and the ordinals
of B form an initial segment of the ordinals of .

Another consequence of remarkability is that the indiscernibles form
a closed unbounded subset of ordinals. Let (2, I) be the (¥, «)-model. We
say that the set I is closed in Ord® if for every limit v < a, i, is the least
upper bound (in the linearly ordered set Ord®) of the set {i¢ : &€ < ~}.

Lemma 18.12. If (A, 1) is remarkable, then I is closed in Ord™.

Proof. Let v < o be a limit ordinal. If  is an ordinal of 2 less than 4., then
by remarkability, x is in the (3,7)-model B = H?*({i¢ : £ < ~}). However,
since ¥ is unbounded, 9B is an unbounded (X, y)-model and hence x < i¢ for
some ¢ < «y. Hence i, is the least upper bound of {i¢ : £ < v} O

Proof of Silver’s Theorem and 0!

Let us call an EM. set 3 well-founded if every (X, a)-model is well-founded,
and let us consider the statement:

(18.15) There exists a well-founded remarkable E.M. set.

We shall prove Theorem 18.1 in two steps: First we shall show that both (i)
and (i) are consequences of the assumption that there exists a well-founded
remarkable E.M. set, and then we shall show that if there exists a Ramsey
cardinal, then (18.15) holds. (Note that by Lemma 18.9 it suffices to find
a well-founded remarkable model with uncountably many indiscernibles.)

Thus let us assume that there exists a well-founded remarkable E.M. set
and let X be such a set.

For every limit ordinal «, the (X, a)-model is a well-founded model el-
ementarily equivalent to some L., and so by (13.13) is (isomorphic to)
some Lg.
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Lemma 18.13. If k is an uncountable cardinal, then the universe of the
(X, k)-model is L.

Proof. The (3, k)-model is (Lg, I) for some (3; since |I| = &, we clearly have
B > k. To prove that § = k, assume that 8 > k. Since I is unbounded in 8 and
has order-type r, there is a limit ordinal v < x such that x < i,. By remark-
ability, all ordinals less than i, are in the (X, y)-model A = H({i¢ : £ < }).
This is a contradiction since on the one hand we have x C 2, and on the
other hand || = |v| < &. 0

For each uncountable cardinal x, let I,; be the unique subset of x such that
(L, I;) is the (3, k)-model. By Lemma 18.12, I,; is closed and unbounded
in K.

Lemma 18.14. If k < X\ are uncountable cardinals, then Ix Nk = I;, and
HN(I,) = L.

Proof. Let J be the set consisting of the first x members of Iy and let A =
HIA(J). Then (2, J) is a (X, k)-model and the ordinals of 2 are an initial
segment of \, say Ord® = (3. Since (2, J) is isomorphic to (L, I,;), it is clear
that =k and J = I,. Hence I\ Nk = L.

Now since 2 < Ly, 2 is closed under the definable function F(«o) =
the ath set in the well-ordering <y, and since Ord® = k, we have A =
{F(a) : a < k} = L. O

Using this lemma, we can now prove both (i) and (ii) of Theorem 18.1
except for the uniqueness of Silver indiscernibles. We let

(18.16) I = U{I. :  is an uncountable cardinal}.

For each uncountable cardinal x, INk = I, is a closed unbounded set of order-
type K, and is a set of indiscernibles for (L, €); moreover, by Lemma 18.7(iii),
every a € L, is definable in L, from I,;. Let kK < A be uncountable cardinals.
Since I is closed in Ly and I\Nk = I, it follows that x € I; hence I contains
all uncountable cardinals. Also, since L, = H'*(I,), we have L, < L.

The next two lemmas prove the uniqueness of Silver indiscernibles and of
the corresponding E.M. set.

Lemma 18.15. There is at most one well-founded remarkable E.M. set.

Proof. Assuming that there is one such X, we define the class I in (18.16).
Now since Ly, is the (£,N,)-model and R,, € I for each n > 1, we have

(18.17) o(vr,...,v,) €Y ifand only if Ly, F @R, ..., N,]

which proves that ¥ is unique. ]
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We therefore define 0F (zero-sharp):
(18.18) 0% is the unique well-founded remarkable E.M. set if it exists.
The uniqueness of Silver indiscernibles now follows from:

Lemma 18.16. For every regular uncountable cardinal k there is at most one
closed unbounded set of indiscernibles X for L, such that L, = H'~(X).

Proof. Let ¥ = %(L,;, X). Since X is closed unbounded, it follows that X N T
is infinite, and ¥(L,, X) = %(L., X N 1) = ¥(L,, I N k). Hence ¥ = 0° and
since (L, X) is the (X, k)-model, we have X = I N k. O

Thus we have proved (i) and (ii) of Theorem 18.1 under the assump-
tion that 0% exists. On the other hand, if (i) holds, then 0f exists because,
e.g., (Lu,, I Nwy) is a remarkable well-founded model with Xy indiscernibles.
To complete the proof of Theorem 18.1, it remains to show that if there is
a Ramsey cardinal, then 0f exists. That will follow from:

Lemma 18.17. Let k be an uncountable cardinal. If there exists a limit ordi-
nal X such that (Ly, €) has a set of indiscernibles of order-type k, then there
exist a limit ordinal v and a set I C v of order-type k such that (L~,I) is
remarkable.

It follows that if x is Ramsey, then by Corollary 17.26 (L, €) has a set
of indiscernibles of order-type k. By Lemma 18.17, there exists a remarkable
model (L~,I) where I has order-type x. By Lemma 18.9, (L., I) is well-
founded and remarkable and hence 0 exists.

Proof. Let X be the least limit ordinal such that (Ly, €) has a set of indis-
cernibles I C X of order-type k. We shall show first that there is a set of
indiscernibles I C X for Ly, of order-type x, such that HX(I) = L. Let
J be any set of indiscernibles for Ly, of order-type %, and let % = HL(J).
Then 2 < L) and hence 2 is isomorphic to some Lg, 3 < A, by the collapsing
map 7. Now I = 7(J) is a set of indiscernibles for Lg, and HY#(I) = Lg. By
the minimality of A\, we have 6 = A and hence [ is as claimed.

Next we show that any such set I is unbounded in . If not, there is a limit
ordinal & < A such that I C a. Thereisa Skolemtermtandy; < ... <7, € I
such that a = t5*[y1,...,7,]. We claim that the set J = {i € I : i > v,}

is a set of indiscernibles for (Lq, €). If ¢(v1,...,v,) is a formula, then for
any i1 < ... < iy € J, L, satisfies @[i1,...,i] if and only if L, satisfies the
formula

(18.19) Lok @lit, ... ik

The formula (18.19) is a formula about «, 41, ..., ix, and since a =
tEx[y1, ..., ] there is a formula (uy, ..., upn,v1,...,v;) such that Ly sat-

isfies (18.19) if and only if
(18.20) LyEY[y, -y Va1, vy k)
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By the indiscernibility of I, the truth of (18.20) is independent of the
choice of i1 < ... < i in I provided =, < 4. Hence the truth of (18.19)
is independent of the choice of 77 < ... < 4 in J. Hence J is a set of
indiscernibles for L., and this contradicts the minimality of A since av < A
and the order-type of J is k.

Finally, let I be a set of indiscernibles for L) of order-type x such that
HIA(I) = Ly, and that i, the wth element of I, is least possible. We will
show that (Ly,I) is remarkable.

Let us assume that (Ly,I) is not remarkable. Then there is a Skolem
term t(x1,...,%m,Y1,.-.,Yn) such that the following holds in L) for any
1< ... <Tm <Y1 <...<yp,<z<...<2p:

(18.21) HZ1y e ooy Ty Y1y -y Yn) < Y1

and

(18.22) Hx1, o Ty Y1y ey Yn) Z @1, ooy Ty 21, - o Zn)-

Let x1, ..., x;, be the first m elements of I. We now consider the following

increasing n-termed sequences in I: Let ug be the sequence of first n indis-
cernibles after x,,, let u; be the first n indiscernibles after ug, etc.; for each
a < K, let

Yo =T,y Ty Ug)-

By indiscernibility, applied to the formula (18.22), we have 7, # 73 whenever
a # (. In fact, in (18.22) we have either < or > (in place of #); but > is
impossible since that would mean that v, > 73 whenever & < (. Thus
(Va : @ < K) is an increasing sequence of ordinals.

We claim that J = {7, : @ < k} is a set of indiscernibles for L. This is

so because for any formula ¢, the truth value of (va,, ..., %a,) in Ly does
not depend on the choice of 7o, < ... < 74, in J because by the definition
of the g, the truth value of Y(t(z1 ..., TmyUay )y« H(T1 -y Ty Uq,,)) does

not depend on the choice of a; < ... < ay.

Hence {7, : @ < k} is a set of indiscernibles for Ly. Since i, is the first
member of u,, it follows by (18.21) that 7, < i,. Now if A = H(J) and
7 is the transitive collapse of A, then, as we proved in the first paragraph,
m(A) = Ly, and K = 7(J) is a set of indiscernibles for Ly of order-type x such
that HX (K) = Ly. However, m(v,) < Y < iw, and so the wth member of K
is smaller than i,,, contrary to our assumption. Hence (Ly, I) is remarkable.

O

This completes the proof of Theorem 18.1. Lemma 18.17 also gives the
following equivalence:

Corollary 18.18. 0 exists if and only if for some limit ordinal \, the model
(L, €) has an uncountable set of indiscernibles. O



322 Part II. Advanced Set Theory

The set 0f is, strictly speaking, a set of formulas. But as formulas can
be coded by natural numbers, we can regard 0f as a subset of w. This con-
vention has become standard. Moreover, in Chapter 25 we show that 0% is
a II3 singleton, and so {0%} is a A} set. At this point we outline the proof of
absoluteness of 0%:

Lemma 18.19. The property “% is a well-founded remarkable E.M. set” is
absolute for every inner model of ZF. Hence M = 0! exists if and only if
0% € M in which case (0%)M = 0.

Proof. We first replace the property “X% is an E.M. set” by a syntactical
condition.

Let £ be the language {€,c1, ¢, ..., Cn, ...} where ¢,, n < w, are constant
symbols. For every e-formula ¢(v1, ..., v,) let @ be the sentence ¢(cy, ..., cp)
of £. For each set of formulas ¥, let 3 be the set containing (i) all ¢ for
¢ € X, (ii) the sentence “cy is an ordinal and ¢; < ¢g,” and (iii) the sentence
“O(Ciyy .. ortiy) & (e, ..., cj,)" for every ¢ € ¥ and any 41 < ... < iy,
J1 < ...< Jn, (iv) all axioms of ZFC +V = L. Let us counsider the condition

(18.23) 3 is consistent.

Clearly, if ¥ is an E.M. set, then Y s consistent, for we simply interpret
the constants ¢,, n < w, as some Silver indiscernibles. Conversely, if S s
consistent, then ¥ has a model and that model provides us with a (¥, w)-
model (with indiscernibles ¢,, n < w) and the proof of Lemma 18.7 goes
through. Therefore (18.23) holds if and only if ¥ is an E.M. set.

As remarkability can also be expressed as a syntactical property, it follows
that “¥ is a remarkable E.M. set” can be written as a Ay property (with
parameters V,, and Form). As such it is absolute for transitive models.

If ¥ is a remarkable E.M. set, then for every limit ordinal « there is
a unique (up to isomorphism) (X, «)-model and we can find one ((4, E), I)
such that I = o and that <¥ (i.e., E) agrees with < on a. If ((4, E), )
is such, we say that “((A,E),«) is a (X, a)-model.” This last property is
a A; property of ¥, (A, E), a, V,, and Form. Then ¥ = 0% if and only if

(18.24) Va V(A,E) (if ((A,E),«) is a (3,a)-model, then (A, E) is well-
founded).

As well-foundedness is absolute for transitive models of ZF, it follows that
(18.24) is absolute for inner models of ZF (which contain all ordinals), and
therefore “3 = 0*” is absolute. O

Elementary Embeddings of L

In Chapter 17 we proved that a well-founded ultrapower of the universe
induces an elementary embedding ji : V' — Ult, and conversely, if j : V — M
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is a nontrivial elementary embedding, then (17.2) defines a normal measure
on the least ordinal moved by j.

Let j be a nontrivial elementary embedding of the universe, and let M
be a transitive model of ZFC, containing all ordinals. Let N = j(M) =
Uacora J(M NV,). Then N is a transitive model of ZF and j : M — N is
elementary:

(18.25) MEg(ay,...,a,) ifand only if N E (j(a1),...,j(an)).

((18.25) is proved by induction on the complexity of ¢). In particular, if
M = L, then j(V) E (N is the constructible universe), and so N = L, and
71L is an elementary embedding of L in L. Note that by Scott’s Theorem, the
function j[L is not a class in L; thus if there exists an elementary embedding
of L (into L), then V # L.

If O exists, then there are nontrivial elementary embeddings of L. In
fact, let j be any order-preserving function from the class I of all Silver
indiscernibles into itself. Then j can be extended to an elementary embedding
of L; we simply let

(18.26) FE s ) = (), 5 ()]

for every Skolem term ¢ and any Silver indiscernibles v; < ... < ~,. We
shall prove that the converse is true, that if there is a nontrivial elementary
embedding of L, then 0% exists:

Theorem 18.20 (Kunen). The following are equivalent:

(i) OF ewists.
(ii) There is a nontrivial elementary embedding j : L — L.

Toward the proof of Kunen’s Theorem, let us investigate elementary em-
beddings j : M — N where M is a transitive model of ZFC.

Definition 18.21. Let M be a transitive model of ZFC, and let s be a car-
dinal in M. An M-ultrafilter on k is a collection D C PM(x) that is an
ultrafilter on the algebra of sets PM (k). Explicitly,

(1827) (i) ke D and 0 ¢ D;
ii) if X e DandY € D, then XNY € D;
(iii) if X € Dand Y € M is such that X C Y, then Y € D;
(iv) for every X C k such that X € M, either X or k — X isin D.

D is k-complete if whenever o« < k and {X¢ : £ < a} € M is such that
X¢ € D for all £ < o, then ﬂ§<a X4 € D; D is normal if whenever f € M is
a regressive function on X € D, then f is constant on some Y € D.

If j: M — N is an elementary embedding, then the least ordinal moved
by j is called the critical point of j.
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Lemma 18.22. If j : M — N is an elementary embedding and k is the
critical point of j then k is a reqular uncountable cardinal in M, and D =
{X € PM(k): k € j(X)} is a nonprincipal normal k-complete M -ultrafilter
on K.

Proof. Exactly as the proof of Lemma 17.2. Note that x-completeness of D
implies that « is regular in M. ]

If D is an M-ultrafilter on x, one can construct the ultrapower of M
by D as follows: Consider, in M, the class of all functions f with domain x.
Using D, define an equivalence relation =* and the relation €* as usual;

f="g—d{a<k:fle)=g(a)} €D,
fergeo{a<k: fla)egla)} €D.

Then define equivalence classes mod =*, and the model Ult = Ultp(M). An
analog of Theorem 12.3 is easily verified:

Ult E o([f1],-.-,[fn]) if and only if {a <~ : M E o(fi(a),..., fa(a))} € D.

If for each a € M, ¢, denotes the constant function with value a, then

jn(a) = [cd]

defines an elementary embedding of M in Ult.

The ultrapower of M by an M-ultrafilter D is not necessarily well-
founded, even if D is countably complete.

If j: M — N is an elementary embedding with M and N being transitive
models, and if D is the M-ultrafilter {X : k € j(X)}, then, as in Lemma 17 4,
we have the commutative diagram

M - N

(18.28) iD

A\l

Ult

and it follows that Ultp (M) is well-founded. (If [fo] 2* [f1] * ... were a de-
scending sequence in Ult, then k([fo]) 2 k([f1]) 2 ... would be a descending
sequence in N.)

We proceed with the proof of Kunen’s Theorem.

Let j : L — L be an elementary embedding. We shall first replace j by
a more manageable embedding. We let D be the L-ultrafilter {X € PZ(vy) :
v € j(X)} where « is the critical point of j. The ultrapower Ultp (L) is well-
founded and so we identify Ult with its transitive collapse L; let jp be the
canonical embedding, jp : L — L. The critical point of jp is v because D is
y-complete.
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Lemma 18.23. If k is a limit cardinal such that cf k > v, then jp(k) = k.

Proof. Every constructible function f : v — k is bounded by some a <
k and hence [f] < [ca] (where ¢, is the constant function with value «).
Thus jp(k) = lima—. jp(a). Now if a < &k, then [jp(a)| < [(«?)L], hence
jp(a) < k. It follows that jp (k) = k. O

Let us drop the subscript D and simply assume that 7 : L — L is an
elementary embedding, that v is its critical point and that j(k) = & for every
limit cardinal x such that cf k > 7.

Let Uy be the class of all limit cardinals x with cf K > ~; by transfinite

induction we define a sequence of classes Uy D U; D ... D U, D ... as
follows:
(18.29) Unt1 ={k € Uy : |Ua N K| = K},
Uxn= ) Ua (A limit).
a<

(That is, U,+1 consists of fixed points of the increasing enumeration of U,.)
Each U, is nonempty, and in fact a proper class. To see this, verify, by
induction on «, that each U, is a proper class and is é-closed, for each §
with c¢f 6 > 7; that is, whenever (k¢ : £ < J) is an increasing sequence in Uy,
then lim¢_.5 k¢ € U,. Hence each U, is nonempty, and we choose a cardinal
k€ Uy,,.

Thus & is such that cf k > v and k is the xth element of each Uy, a < wy.
We shall find a set of R indiscernibles for (L, €).

Since j : L — L is an elementary and j(k) = k, it is clear that the
mapping i = j[L, is an elementary embedding of (L, €) into (L, €). We
shall use 7 and the sets U, Nk, a < wy, to produce indiscernibles 7,, a < wy,
for L. Let X, = U, Nk for each @ < wy, and recall that v is the critical
point of 7.

For each a < wy, we let

(18.30) M, = H" (yU X,).

M, is an elementary submodel of L.

If 7, is the transitive collapse of M,, then because | X,| = k, we have
To(My) = L. Thus if we denote i, = 7,1, then i, is an elementary embed-
ding of L, in L. Let v = in (7).

Lemma 18.24.

1) The ordinal ~, s the least ordinal greater than v in M,,.
(i) i g 2
il) If a < B and x € Mg, then io(x) = x. In particular, io(v5) = V3.
B B B
(iii) If a < B, then v < 3.
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Proof. (i) Since v C Ma, iq(7) is the least ordinal in M, greater than or
equal to ~y; thus it suffices to show that v ¢ M,. If z € M,, then z =
t[n,...,nn] where t is a Skolem term and the 7’s are either smaller than ~ or
elements of X,,. For all such 7, i(n) = n and hence i(z) = i(t(1,..., 7)) =
t(i(m),...,i(n,)) = x. However, i(y) # v and so v ¢ M,,.

(ii) Each x € Mg is of the form ¢[n1,...,n,] where the ’s are either < =y
or in Xg. If n < 7, then clearly i, (n) = 7. If n € Xg, then because a < (3, we
have | X, Nn| = n and hence 7, (n) = n; in other words, i,(n) = n. Therefore
in(x) = .

(iii) If & < B, then M, D Mgz and hence v, < 5. To see that v, # 73,
note that because v, > v, we have i (Vo) > ta(7) = Ya, while io(vg) = V3.

O

Lemma 18.25. If o < 3, then there is an elementary embedding in g : Ly —
L,; such that for every & that is either smaller than « or greater than (3 we

have ia,5(ve) = ve, and ia,g(Va) = V3.

Proof. Let M, 3 = HE*(y, U Xg), and let iy 5 = 77;33 where 7, g is the
transitive collapse of M, g. The mapping i, g is an elementary embedding
of L, in L.

If n < 7o, then clearly in g(n) = n; in particular i g(7e) = 7¢ if € < o If
x € Mg41, then = t(n1, ..., n,) where the 7’s are either smaller than v or
elements of Xgi1. If n € X4, then | X5 Nn| =n and therefore iq (1) = 7.
Hence o 5(z) = x for every x € Mp41, and in particular iy g(7e) = ¢ if
£E> Q.

Now we shall show that i, g(7a) = va. Since My, 3 DO Mg, we have v €
M, p; and since vo C Mq g, ia,8(7Va) is the least ordinal in M, g greater than
or equal to 7,; hence we have v, < iq g(7a) < 8.

Thus it suffices to show that there is no ordinal § € M, g such that
Yo < 0 < 3. Otherwise there is some § = t(&1,...,&n, M, ..., Nk) such that
the &’s are < 7, and the n’s are in Xg (and ¢ is a Skolem term) and that
Yo < 0 < y3. Thus we have:

(18.31) (Li, €) F 3¢ < 74 such that v, < (&, 1) < ys.

The formula in (18.31) is a formula ¢ about v4, 7, and y3. At this point, we
apply the elementary embedding i, : L, — L, backward. That is, 74, the n’s
and g are all in the range of io: Yo = ia(Y), N = ia(n), and v5 = i (y3); and
since Ly F ¢lia(7),ia(n),ia(v8)], we conclude that L, F o[y, n,vs], namely

(Ly, €) F 3¢ < 7y such that v < t(&,n) < .

Thus pick some &’s less than v such that v < ¢(§,n) < 7. Since £ € v and
n € Xg, we have t(§,n) € Mg, which means that (£, n) is an ordinal in Mg
between v and 7, and that contradicts Lemma 18.24(i). O

The proof of Kunen’s Theorem will be complete when we show:
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Lemma 18.26. The set {7, : @ < w1} is a set of indiscernibles for (L, €).

Proof. Let ¢ be a formula and let a; < ... < a, and 81 < ... < 3, be two
sequences of countable ordinals. We wish to show that

(18.32) L. EoYars- Ve, ifandonlyif L.FE @lys,,. .78,

Let us pick §; < ... < §, such that «,, < §; and (3, < §;. First we apply the
elementary embedding 4., 5, and get

L F 9oy Yan_1>Va,] if and only if  Li F ©[yay, -5 Yan_1> V6,

because iq, 6, (Yan) = 7s., and preserves the other 7’s. The we apply
T, 1,6, With a similar effect, and by a successive application of iq, ,,s
ooy lay,s, We get

n—29

L. Eo[Yoys--sYa,) ifand only if L. E ©[vs,,...,7s,]

Then we do the same for the 3’s and d’s as we did for the a’s and d’s, and
(18.32) follows. O

This completes the proof of Theorem 18.20.
The following result is related to Kunen’s Theorem:

Theorem 18.27. Let j: Lo, — Lg be an elementary embedding and let y be
the critical point of 5. If v < |, then OF exists.

Proof. Let « be the critical point of j. Since v < |al, every X C v is in L,
and so D = {X C v :v € j(X)}is an L-ultrafilter.

Let us consider the ultrapower Ultp(L). If the ultrapower is well-founded,
then we are done because then the canonical embedding jp : L — Ultp(L)
is a nontrivial elementary embedding of L in L. Thus we shall prove that
Ultp(L) is well-founded.

Let us assume that fo, f1, ..., fn, --. is a counterexample to well-
foundedness of the ultrapower. Each f,, is a constructible function on + and
{€<v: fag1(8) € fu(&)} € D for all n < w. Let 6 be a limit ordinal such
that f,, € Lg for all n and let M be an elementary submodel of (Lg, €) such
that |M| = |y], vy C M, and f, € M for all n. Let 7 be the transitive collapse
of M, n(M) = L), and let g, = 7(fy), for all n.

Since m(§) = € for all £ < ~, we see that for each { < v and all n,
gn+1(£) € gn(g) if and only if fn+1(£) € fn(g)’ and hence go, g1, -+, gn, - -
is also a counterexample to well-foundedness of the ultrapower. However,
since each g, is in L and |n| = |y| < |a|, we have g, € L, for all n. Thus
J(gn) is defined for all n, and we have,

€ <v:gnt1(§) €gn(§)} € D ifand only if  (j(gnt1))(7) € (F(gn))(7)-

Now we reached a contradiction because (j(go))(v) 2 (5(g1))(7) 2 ... would
be a descending sequence. ]
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Corollary 18.28. If there is a Jonsson cardinal, then 0% exists.

Proof. Let k be a Jénsson cardinal and let us consider the model (L, €).
Let A be an elementary submodel, of size x, such that A # L,. Let 7 be
the transitive collapse of A; clearly, 7(A) = L,. Thus j = 7! is a nontrivial
elementary embedding of L, in L,. Since  is a cardinal, 0f exists by Theo-
rem 18.27. O

Chang’s Conjecture is the statement that every model of type (Na,Np)
has an elementary submodel of type (R, Rp).

Corollary 18.29. Chang’s Conjecture implies that 0f exists.

Proof. Consider the model (L,,w1,€), and let A = (4A,w; N A, €) be its
elementary submodel such that |A| = Ry and |w; N A| = Ng. Let 7 be the
transitive collapse of A; we have w(A) = L, for some « such that wy <
a < wy. Also, m(wy N A) is a countable ordinal, and hence 7(w;1) < wi. Then
j = m 1 is an elementary embedding of L, in L,,, and its critical point is
a countable ordinal. Hence 0% exists. O

All results about 0% and Silver indiscernibles for L proved in the present
section can be relativized to obtain similar results for the models L[z], where
r Cw.

In particular, if there exists a Ramsey cardinal there is for every x C w
a unique class I, containing all uncountable cardinals such that for each un-
countable cardinal k, I,Nk is a set of indiscernibles for the model (L, |[x], €, x)
and all elements of L[z] are definable in the model from I, N . Here x is con-
sidered a one-place predicate. Also, for every regular uncountable cardinal ,
I, Nk is closed unbounded in k.

The proof of the relativization of Silver’s Theorem uses models with in-
discernibles (2(,I) where 2 is elementarily equivalent to some (L[], €, x)
where A > w is a limit ordinal. If x is a Ramsey cardinal, then (Ly[z], €, )
has a set of indiscernibles of size x, and the theorem follows.

We define z# as the unique set ¥ = X((Ly[z], €, x), I) that is well-founded
and remarkable. If ¥ exists, then we have

2t ={p: (Ly,[7], €,2) F o[Ry, ..., Ry]}.

Here ¢ is a formula of the language {€, P} where P is a one-place predicate
(interpreted as z). Note that x is definable in the model (L[z], €, x) (by the
formula P(v)).

The real 2! is absolute for all transitive models M of ZF containing all
ordinals such that zf € M.

Also, “z* exists” is equivalent to the existence of a nontrivial elementary
embedding j : L[z] — L[z].
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Jensen’s Covering Theorem

The theorem presented in this section shows that in the absence of 0% the
universe does not differ drastically from the constructible model. In partic-
ular, the cofinality function is closely related to the cofinality function in L,
and every singular cardinal is a singular cardinal in L. Moreover, the Singular
Cardinal Hypothesis holds and cardinal exponentiation is determined by the
continuum function on regular cardinals.

Theorem 18.30 (Jensen’s Covering Theorem). If 0% does not ewist,
then for every uncountable set X of ordinals there exists a constructible set
Y D X such that Y] =|X].

The Covering Theorem expresses the closeness between V' and L: Every
uncountable set of ordinals can be covered by a constructible set of the same
cardinality. In other words, every set X of ordinals can be covered by some
Y € L such that |Y| <|X]|-Ry. (This is best possible: In Chapter 28 we give
an example of a forcing extension of L in which there is a countable set of
ordinals that cannot be covered by a countable (in V') constructible set.)

The converse of the Covering Theorem is also true: If 0% exists then every
uncountable cardinal is regular in L, and in particular, since N, is regular
in L, the countable set {X,, : n < w} cannot be covered by a constructible
set of cardinality less than N,,. This shows:

0% exists if and only if ®,, is regular in L.

Corollary 18.31. If 0f does not exist then for every X > Rg, if X is a reg-
ular cardinal in L then cf X = |\|. Consequently, every singular cardinal is
a singular cardinal in L.

The assumption \ > N, is necessary: The forcing mentioned above yields
a model where A\ = R is such that [A| = X; and cf A = w.

Proof. Let A be a limit ordinal such that A > ws and that A is a regular
cardinal in L. Let X be an unbounded subset of A such that | X| = cf \. By the
Covering Theorem, there exists a constructible set Y such that X C Y C A
and that Y| = | X|-X;. Since Y is unbounded in A and A is a regular cardinal
in L, we have |Y| = |A|. This gives |A| = Ny - cf A and since A > Ng, we have
[A] = cf A O

Corollary 18.32. If 0% does not exist then for every singular cardinal k,
(kM) = kT,

Proof. Let k be a singular cardinal and let A be the successor cardinal of
in L; we want to show that A = ™. If not, then |\| = k, and since  is singular,
we have cf A < k. However, this means that ¢f A\ < |A\| which contradicts
Corollary 18.31. O
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Corollary 18.33. If 0! does not exist then the Singular Cardinal Hypothesis
holds.

Proof. Let x be such that 2% < k, and let A = []°! " be the set of all subsets
of k of size cf k. We shall show that |A| < k™. By the Covering Theorem,
for every X € A there exists a constructible Y C & such that X C Y and
|Y'| = X where A = 8y - cf k. Thus

(18.33) AcC | HY Y e 0}

where C ={Y Ck:|Y|=Xand Y € L}. If Y € C, then |[Y]"]| = \fr =
(Ny - cf K)°F® = 2¢f% < . Since |C] < |PE(x)| = |(kT)F| < kT it follows
from (18.33) that |A| < k™. 0

Corollary 18.34. If 0% does not exist then if k is a singular cardinal and if
there exists a nonconstructible subset of k, then some o < k has a noncon-
structible subset.

Proof. Let k be a singular cardinal and assume that each @ < x has only
constructible subsets; we shall show that every subset of x is constructible.
It suffices to show that each subset of k of size cf k is constructible: If A C x,
let {a, : v < cf K} be such that lim, o, = k; then A = {ANa, : v < cf K}
is a subset of L, of size < cf x and hence constructible. It follows that A is
constructible.

Let X C k be such that |X| < cf(k). By the Covering Theorem, there
exists a constructible set of ordinals ¥ O X such that |Y| < k. Let 7 be the
isomorphism between Y and its order-type «; the function 7 is constructible

and one-to-one. Since |a| = Y| < k, we have a < k.
Let Z = w(X). Then Z C « is constructible by the assumption, and hence
X =71(2) is also constructible. a

The rest of this chapter is devoted to the proof of the Covering Theorem.
Jensen’s proof of the Covering Theorem used a detailed analysis of construc-
tion of sets in L, the fine structure theory, see [1972]. The proof appeared in
Devlin and Jensen [1975]. Subsequently, Silver and Magidor gave proofs that
did not use the fine structure. The outline below is based on Magidor [1990)
(and on Kanamori’s presentation in [00]).

Let us assume that there exists an uncountable set X of ordinals that can-
not be covered by a constructible set of the same size. The goal is to produce
a nontrivial elementary embedding from L into L. In fact, by Theorem 18.27
it suffices to find some j : L, — Lg with critical point below |c|.

Let 7 be the least ordinal such that there exists a set X C 7 that cannot
be covered, and let X C 7 be such a set with |X| least possible. Let v = | X|.
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Lemma 18.35.

(i) 7 is a cardinal in L.
(i) If Y € L covers X then |Y|L > 7.
(iii) v is a regular cardinal, v < 7, and v = Xy - cf 7.

Proof. (i) and (ii) follow from the minimality of 7.

(iii) |X| < 7, because otherwise, Y = 7 would cover X. Clearly, | X| >
Ry - cf 7; thus assume that v > Ry - cf 7. Let 7 = lim¢ ¢, 7¢. For each &, let
Ye € L cover X N7¢. Let {E, : a < 7} be a constructible enumeration of
all bounded constructible subsets of 7, and let Z = {a < 7 : E, = Y for
some ¢}. By the minimality of v, Z can be covered by some W € L of size

Ny - cf 7. Then the set Y = Uan FE,, covers X, a contradiction. O

Now let M be an elementary submodel of (L., €) such that X C M and
|M| = v. Let L, be the transitive collapse of M, and let j = 7! where 7 is
the collapsing isomorphism. Hence j : L,, — L. is an elementary embedding.
As X is cofinal in 7, and || = v < 7, j is nontrivial.

The goal is to extend j : L, — L; to an eclementary embedding
J : Ls — L. where |§] is greater than the critical point of j. This can be
achieved by finding M < L. that satisfies certain closure conditions. These
closure conditions guarantee that if L, is the transitive collapse of M then
7 is a cardinal in L, and furthermore, that for any 6 > 7, j extends to an
elementary embedding J with domain L;.

The precise nature of the closure conditions will be spelled out in (18.41).
For the remainder of this chapter, we use the phrase “M is sufficiently closed”
to indicate that M satisfies (18.41).

We defer the issue of 1 being a cardinal in L, as its proof requires a finer
analysis of the constructible hierarchy. We start with the proof of extendibility
of j.

Lemma 18.36. Let M be sufficiently closed, X C M < L, such that | X| =
v=|M|, let m: M ~ L, be the transitive collapse, let j = =1, and assume
that n is a cardinal in L. Then for every limit ordinal § > n there exists an
elementary embedding J : Ls — L. such that JIL, = j.

Proof. Let 6 > n be a limit ordinal. We consider the following directed system
of models: Let D be the set of all pairs i = (o, p) where @ < 1 and p is
a finite subset of Ls, ordered by (a,p) < (f,q) if and only if & < 8 and
p C q. (D, <) is a directed set. Let i = (a,p), and let M; = H’(a Up) be
the Skolem hull of a U p in (Ls, €). Let L,, be the transitive collapse of M;
and let e; : L,, — Ls be the inverse of the collapsing map m; : M ~ L,,. For
) § k, let €ik = Tk O €.
Let us consider the directed system of models

(18.34) {L,, e :ikeD}
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Clearly, every x € Lg is in some M;, and so Ls is the direct limit of
{L,,,€ir}iken. For every i € D, |M;|F < 5, and since 7 is a cardinal in L,
we have 7; < 1. We claim that for all i,k € D, e; € L,. This is because
L,, = H"(aUm;(p)), Ly, = H™(BUmi(g)), and for every Skolem term ¢,
ei,k(tL"i &) = L, (&, eik(x)), so e; is definable in Ly, from n;, ni, mi(p),

and 7 (q).
Now we consider the directed system
(18.35) {4(Ly,),j(eix) =i,k € D}.

The closure properties (18.41) of M guarantee that the direct limit of the
system (18.35) is well-founded. Let N be the direct limit, and for each i € D,
€ : Lj,) — N be an elementary embedding such that €; = € 0 ](ezk)
whenever i < k. As N is well-founded, we may assume that NV is transitive,
and then (by (13.13)), N = L. for some limit ordinal ¢.

We can extend j : L, — L, to J : Ls — L. as follows:

(18.36) J(x) = &(j(e; ' (2)))

where i is some (any) ¢ € D such that x € M;.

It remains to show that J(x) = j(x) for all € L,,. So let z € L,, and let
« < 1 be such that & € L. Let i = (a, {x}). Since L, C M; = H’(a U {z}),
it follows that e;[L, is the identity, as is ex;[L, whenever ¢ < k < [. Thus
Jler1)1j(Ly) is the identity, for all I > k > ¢, and therefore &;[j(L,) is the
identity. Hence e;(x) = x and €é;(jx) = jz, and therefore J(z) = j(x). O

The crucial step in the proof of the Covering Theorem is the following.

Lemma 18.37. Let M be sufficiently closed) X C M < L., such that | X| =
v = |M]|, and let L, be the transitive collapse of M. Then n is a cardinal
in L.

The proof is by contradiction. Assuming that 7 is not a cardinal in L, we
shall produce a constructible set of size v that covers X. It is in this proof
that we need a finer analysis of constructibility. We start by refining Godel’s
Condensation Lemma:

Lemma 18.38. For every infinite ordinal p, if M <x,, (L,, €) then the tran-
sitive collapse of M s L~ for some ~y. Moreover, there is a Il sentence o
such that for every transitive set M, (M, €) E o if and only if M = L, for
some infinite ordinal p. O

We omit the proof of Lemma 18.38. It can be found in Magidor [1990] or
in Kanamori [00]. A related fact is the following lemma that is not difficult
to deduce from Lemma 18.38:

Lemma 18.39. Let {(Ly,, €),eix : i,k € D} be a directed system of models,
e, being Xo-elementary embeddings. If the direct limit of this system is well-
founded, then it is isomorphic to some L. . ]
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We also need the concept of 3,, Skolem terms and X,, Skolem hull:

Definition 18.40. Let n > 1.

(i) A X, Skolem term is a composition of canonical Skolem functions
(18.5) for X, formulas.

(ii) If Z C L,, the ,, Skolem hull of Z is the set HZ (Z) = {tFr[z1,. .., 2] :
tis a ¥, Skolem term and z1,...,2, € Z}.

While a ¥, Skolem function is not necessarily a ¥, function, we have the
following:

Lemma 18.41.

(1) HE(Z) is a By -elementary submodel of L,.
(i) If j : Lo — Lg is Xp-elementary, then for every X, Skolem term t
and all x1,. .., x5 € Ly, j(tEe[zy, .. zx]) = tL2[j(z1),. .., j(zx)]. O

Proof of Lemma 18.37. Let us assume that 7 is not a cardinal in L. Then
there exists a constructible function that maps some a < 1 onto 7. Conse-
quently, there exists an ordinal p > 7, such that for some a < n and some
finite set p C L,,,

(18.37) H(aUp) D 1.

We say that n is not a cardinal at p. Let p be the least ordinal such that 7 is
not a cardinal at p.
There are three possible cases.

Case I. There exists some n > 1 such that H?(a Up) D n for some a < n
and some finite p C L,, but H?_(3Uq) 2 7, for all 3 < n and all finite
qC L,.

Case II. HY(aUp) D n for some o < n and some finite p C L,,.
Case III. Hf(aUp) 2 n, for all @ < n and all finite p C L,,.

We start with Case I.

Case 1. We consider the following directed system of models. Let D be the
set of all pairs ¢ = (o, p) where ¢ < n and p C L, is finite, ordered by (o, p) <
(B,q) if and only if @ < 8 and p C q. For each i € D, let M; = H_,(aUp).
Let L,,, be the transitive collapse of M; and let e; : L,, — L, be the inverse
of the collapsing map. For i < k, let e; ;, = e,;l o e;. Clearly, L, is the direct
limit of the directed system

(18.38) {L,, e i ke D},

with e; , being ¥,,_;-elementary embeddings.
For each i € D, n; < n because otherwise n C H?_;(aUe (p)), con-
tradicting the assumption about n. Also, e; € Ly, for all 4,k € D, because
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e; ) is defined in L, by its action on ¥,_1 Skolem terms: e; x(t5m (¢,2)) =
thm (€, eq (@)

Now we consider the directed system
(18.39) {i(La)silen) i,k € D).

The closure properties (18.41) of M guarantee that the direct limit of (18.39)
is well-founded, and by Lemma 18.39, it is equal to L. for some 7. Let
é; be the embedding of j(L,,) into L.; é; is ¥,_i-elementary. We extend
j:Ly— L;toJ:L,— L, as follows:

(18.40) J(x) = &(j(e; ' (2)))

where ¢ € D is such that z € M;. As in the proof of Lemma 18.36, J extends j,
and it is easily verified that J is X, _i-elementary.

The key observation is that J is even ¥,-elementary. To prove that, it is
enough to show that for every ¥, _; formula ¢, if Ly, F 3z ¢(z, J(y)) then
L, E 3z ¢(z,y). Thus let y € L, and = € L, be such that L, F p(z, J(y)).
Let i € D be such that x € ran(é;) and y € ran(e;). If u € L, and
v € Ly, are such that x = €;(u) y = e;(v) then J(y) = &;(j(v)), and L, F
@(&i(u),€(j(v))). Since €& is X, _1-elementary, we have L;.,.) F ¢(u,j(v)).
The statement L;(,,) F 3z ¢(2,j(v)) is Xo (with parameters j(L,,) and j(v))
and true in L.; hence in L,, L,, F 3z¢(z,v). Let z € L,, be such that
L, E p(z,v); since e; is 3, _1-elementary, we get L, F ¢(e;(2), e;(v)), and so
L,E3zo(z,y).

Now we reach a contradiction. Let o < 1 and a finite p C L, be such that
n C HE (U p). First we have

XcMnr=j“n=Jn,
and since J is X,,-elementary, Lemma 18.41 gives
Jén C JCHE(aUp) = H7(J“a U J“p).

By the minimality of 7, the set J“a C j(a) < 7 can be covered by a con-

structible set Y of size |Y'| < v. Hence X can be covered by the constructible

set HY(Y U J“p), which has cardinality < v, contrary to Lemma 18.35.
This completes the proof of Case I.

Case II. We use the fact that in this case, p must be a limit ordinal. This is
an immediate consequence of this:

Lemma 18.42. If « is infinite, o < v and p C L,y is finite, then there
exists a finite set ¢ C L such that

H "™ (aUq)NL, C H'(aUp).
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Proof. This is quite routine when p = (). When p is nonempty, the idea is to
replace members of p by the parameters used in their definitions over L.,. We
omit the proof. ]

Continuing Case II, we consider the directed system of models (18.38)
with 7; < 1 where all embeddings are ¥y-elementary embeddings. The index
set D is the set of all i = (o, p,&) where o <, p C L, is finite and & < p
such that p € L¢. Each model L,, is the transitive collapse of H®(a U p).

The closure properties (18.41) of M guarantee that the direct limit of the
system (18.39) is well-founded, say L.,. We extend j to J : L, — L., as before,
and as in Case I prove that J is not just Yg-elementary, but ¥;-elementary.
As in Case I, we reach a contradiction by covering X by a constructible set
of size < v.

Case III. In this case, we consider the directed system (18.38) indexed by
triples i = (o, p, n) where « and p are as before and n > 1; (a, p,n) < (8,49, m)
means « < 3, p C ¢ and n < m. For each i = (a,p,n), M; = H(a Up); by
the assumption on p, the transitive collapse of M; is some L,, with n; <,
and if for each k > i, e; 1, is Xp,-elementary (and e; 1 € Ly).

Again, by (18.41) the direct limit of (18.39) is some L., and for each
i = (a,p,n), & is ¥,-elementary. Extending j to J : L, — L, as before,
we get J elementary, and reach a contradiction in much the same way as
before. O

It remains to find a model M D X with the right closure conditions. This
is provided by the following technical lemma:

Lemma 18.43. There exists a model M < L. such that X C M, |M|=v =
|X|, and if j= is the transitive collapse of M onto L, then

(18.41)  for every directed system {Ly,,e; : i,k € D} with Ly, e; € Ly,
with limit L, for some p > n, and D as in the proof of Lem-
mas 18.36 and 18.37, the direct limit of {j(Ly,),j(eix) 4,k € D}
is well-founded. a

The construction of M proceeds in v steps. At each step £ < v let
(&), p(&)) be the least (n,p) such that for some increasing {i,}>2, C D,
there are ordinals 3, € Ly, such that 8,1 < e, i,.,(Bn) for n =0, 1,
2, .... We add the ordinals 3,, to M at this stage £. Using the fact that v is
a regular uncountable cardinal, one can verify that the resulting model M
satisfies (18.41). As the proof is rather long and tedious, we omit it and refer
the reader to either Magidor [1990] or Chapter 32 in Kanamori’s book.
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Exercises

18.1. If there exists a cardinal & such that k — (w1)<* then 0F exists.

18.2. Let M be a transitive model of ZFC, let B be a comﬁ)lete Boolean algebra
in M and let G be an M-generic ultrafilter on B. If M E 0* does not exist, then
M][G] E 0* does not exist.

[All cardinals > |B™| remain cardinals in M[G]. Let 71 < y2 < ... < ¥n < ... <
7w be an increasing sequence of cardinals in M such that y1 > |B*|. If 0 exists
in M[G], then 0 = {¢: L, F ¢[y1,...,7s]} and hence 0° € M|

18.3. Assume that 0" exists. If A C wq is such that AN« € L for every a < wi,
then A € L.

[For every a € I Nwi there is o such that AN a = ta(YT,- s Tn(a)r &
0%y 0k(ay)- Clearly AN =ta(VT, -, Yn(a), @ N2, - -, Rg(a)41)- Since there are
only countably many Skolem terms, and by Fodor’s Theorem, there is a stationary
subset X of I Nwy and ¢, 1, ..., 7» such that for all @ € X, ANa =t(y1,...,7n,
a,No, ..., Nk+1)- Show that A = t(’yl, ey Yn, Ny, No, .o Nk+1)-]

18.4. Let k be an uncountable regular cardinal. If 0 exists, then for every con-
structible set X C k, either X or kK — X contains a closed unbounded subset.

[Let X = t(aa,...,0m,B1,...,0m) where a1 < ... < an < 1 < ... < Onm
are Silver indiscernibles such that «, < k < (1. Show that either X or x — X
contains all Silver indiscernibles = such that a, < v < k: The truth value of
v € tlar,...,an,B1,...,0m) is the same for all such v.]

18.5. Let us assume that for some uncountable regular cardinal k, every con-
structible X C k either contains or is disjoint from a closed unbounded set. Then
0¥ exists.

[Let D be the collection of all constructible subsets of k containing a closed
unbounded subset. D is an L-ultrafilter and every intersection of less than x ele-
ments of D is nonempty; hence the ultrapower Ultp(L) is well-founded and gives
an elementary embedding of L in L.]

18.6. If & is weakly compact and if |(k7)*| = &, then 0% exists.

[Let B be the least nontrivial k-complete algebra of subsets of k closed under in-
verses of constructible functions f : kK — k; we have |B| = k. Let U be a k-complete
ultrafilter on B containing all final segments {a : o < a < k}. UNL is a non-
principal L-ultrafilter, and Ultynz (L) is well-founded. Thus there is a nontrivial
elementary embedding of L in L.

18.7. Let i¢n (n < w) be the nth Silver indiscernible, and let j : I — I be order-
preserving such that j(in) = in for n < w and j(iw) > 4w. Then j extends to an
elementary embedding j : L — L with 4, its critical point.

18.8. Every Silver indiscernible is ineffable (hence weakly compact) in L.
[Show that i, is ineffable in L, by Lemma 17.32.]

18.9. If 07 exists then L F 3k k — (w)<“.
[Let & =dy. If f:[s]<“ — {0,1} is in L, there is some n < w such that the set
{ix : k < n < w} is homogeneous for f.]

18.10. If 0 exists then the Erdés cardinal Nw in L is smaller than the least Silver
indiscernible.

[(nw)L is definable in L.]
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18.11. If j : L — L is elementary, then the critical point of j is a Silver indis-
cernible.

[Let k be the critical point, let D = {X : k € j(X)}, and let jp : L — Ultp(L) =
L be the canonical embedding. « is the critical point of jp, and jp(A) = A for all
regular A > x*. If & ¢ I then k = t(a1,...,ak,A1,...,An) Where a; < k < \; and
jp(as) = au, jp(A;) = Aj. Hence jp(k) = k, a contradiction.|

18.12. If both w; and ws are singular, then 0! exists.

[Let £ = w1 and let A be the successor cardinal of x in L. Since cf k = c¢f A = w,
there are sets X C x and Y C A, both of order-type w such that sup X = k and
supY = A\. Let M = L[X,Y]; M is a model of ZFC and in M, « is a singular
cardinal, and ) is not a cardinal. Hence 0 exists in M.]

18.13. For every x C w, either 0f € L[z] or z* € L[0¥, z].
[If 0% ¢ L[z], then the Covering Theorem for L holds in L[z] but fails in L[0%, z],
and hence the Covering Theorem for L[z] fails in L[0, x]. Therefore 2* € L[0*, z].]

Historical Notes

Theorem 18.1 was discovered by Gaifman (assuming the existence of a measurable
cardinal). Gaifman’s results were announced in [1964] and the proof was published
in [1974], Gaifman’s proof used iterated ultrapowers (see also Gaifman [1967]).
Silver in his thesis (1966, published in [1971b]) developed the present method of
proof, using infinitary combinatorics, and proved the theorem under the weaker
assumption of existence of x with the property x — (R1)<“. Gaifman proved that
if there is a measurable cardinal, then there exists A C w such that the conclusion
of Theorem 18.1 holds in L[A]. Solovay formulated 0* and proved that it is a A} set
of integers; Silver deduced the existence of 0¥ under weaker assumptions.

Construction of models with indiscernibles was introduced by Ehrenfeucht and
Mostowski in [1956].

The equivalence of the existence of 0 with the existence of a nontrivial elemen-
tary embedding of L (Theorem 18.20) is due to Kunen; the present proof is due
to Silver. Kunen also derived 0f from the existence of Jénsson cardinals and from
Chang’s Conjecture.

Theorem 18.30 (and its corollaries) is due to Jensen. A proof of the theorem
appeared in Devlin and Jensen [1975]. Jensen’s proof makes use of his fine structure
theory, see Jensen [1972]. The present proof is due to Magidor [1990]. Lemma 18.38
appears in Magidor [1990] and in Kanamori’s book [oco]; Magidor attributes the
proof to Boolos [1970].

Exercise 18.3: Solovay.

Exercise 18.6: Kunen.

Exercise 18.12: Magidor.



