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Two maps

Caveat: all spaces are compact Hausdorff

Given X and a cardinal κ (with discrete topology) form β(κ× X ).

There are two natural maps to consider

βπκ : β(κ× X )→ βκ and

βπX : β(κ× X )→ βX

The map βπκ helps divide β(κ× X ) into manageable pieces:

{α} × X for α ∈ κ (that’s just X ), and

Xu = βπ←κ (u) for u ∈ κ∗ (an enriched version of X ).
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Ultracopowers and Codiagonal maps

Each restriction πu = βπX � Xu maps Xu onto X .

The space Xu is often called the ultracopower of X by the
ultrafilter u and πu : Xu → X the corresponding codiagonal map.

Why?

Well, κ× X is normal and hence {clβ A : A ∈ 2κ×X} is a base for
the closed sets of β(κ× X ).

Also, 2κ×X is naturally isomorphic to (2X )κ:
〈Aα : α < κ〉 corresponds to

⋃
α{α} × Aα.
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Ultracopowers and Codiagonal maps

Furthermore: clβ A ∩ Xu = clβ B ∩ Xu iff {α : Aα = Bα} ∈ u.

Thus, the natural base for the closed sets of Xu corresponds to the
ultrapower (2X )u of 2X by u.

The map πu corresponds naturally to the diagonal embedding
eu : 2X → (2X )u defined by A 7→ 〈A : α < κ〉u,

The in/prefix ‘co’ is there because πu and eu work in opposite
directions.
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Why enriched?

Ultrapowers are quite popular because they are richer than the
initial structures.

Countable consistent systems of equations suddenly have solutions.

The initial structure sits nicely (elementarily embedded) in the
ultrapower.

If 2X sits nicely inside (2X )u then one would expect πu : Xu → X
to be a nice continuous surjection.

Of course niceness is in the mind of the considerer.
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Co-existentialism

An intermediate notion.

A continuous surjection f : Y → X is co-existential if there are an
ultrafilter u on some κ and a continuous surjection g : Xu → Y
such that f ◦ g = πu.

The corresponding embedding (A 7→ f←[A]) of 2X into 2Y is an
existential embedding.
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How nice are co-existential and codiagonal maps?

There are various degrees of niceness but for maps between
continua confluence and weak confluence are quite nice.

A map f : Y → X is

confluent if for every continuum C in X every component of
f←[C ] maps onto C

weakly confluent if for every continuum C in X some component
of f←[C ] maps onto C
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Weakly confluent: yes

Every codiagonal map is weakly confluent.

If C ⊆ X is a continuum then Cu = Xu ∩ clβ(κ× C ) is also
connected and πu[Cu] = C ; the component of Cu in π←u [C ] maps
onto C .

Hence every co-existential map is weakly confluent.

If πu = f ◦ g then the component of g [Cu] in f←[C ] maps onto C .

K. P. Hart A concrete co-existential map that is not confluent



What it’s all about
A pertinent question

A positive answer
A negative answer

What next?
Sources

Weakly confluent: yes

Every codiagonal map is weakly confluent.

If C ⊆ X is a continuum then Cu = Xu ∩ clβ(κ× C ) is also
connected and πu[Cu] = C

; the component of Cu in π←u [C ] maps
onto C .

Hence every co-existential map is weakly confluent.

If πu = f ◦ g then the component of g [Cu] in f←[C ] maps onto C .

K. P. Hart A concrete co-existential map that is not confluent



What it’s all about
A pertinent question

A positive answer
A negative answer

What next?
Sources

Weakly confluent: yes

Every codiagonal map is weakly confluent.

If C ⊆ X is a continuum then Cu = Xu ∩ clβ(κ× C ) is also
connected and πu[Cu] = C ; the component of Cu in π←u [C ] maps
onto C .

Hence every co-existential map is weakly confluent.

If πu = f ◦ g then the component of g [Cu] in f←[C ] maps onto C .

K. P. Hart A concrete co-existential map that is not confluent



What it’s all about
A pertinent question

A positive answer
A negative answer

What next?
Sources

Weakly confluent: yes

Every codiagonal map is weakly confluent.

If C ⊆ X is a continuum then Cu = Xu ∩ clβ(κ× C ) is also
connected and πu[Cu] = C ; the component of Cu in π←u [C ] maps
onto C .

Hence every co-existential map is weakly confluent.

If πu = f ◦ g then the component of g [Cu] in f←[C ] maps onto C .

K. P. Hart A concrete co-existential map that is not confluent



What it’s all about
A pertinent question

A positive answer
A negative answer

What next?
Sources

Weakly confluent: yes

Every codiagonal map is weakly confluent.

If C ⊆ X is a continuum then Cu = Xu ∩ clβ(κ× C ) is also
connected and πu[Cu] = C ; the component of Cu in π←u [C ] maps
onto C .

Hence every co-existential map is weakly confluent.

If πu = f ◦ g then the component of g [Cu] in f←[C ] maps onto C .

K. P. Hart A concrete co-existential map that is not confluent



What it’s all about
A pertinent question

A positive answer
A negative answer

What next?
Sources

Outline

1 What it’s all about

2 A pertinent question

3 A positive answer

4 A negative answer

5 What next?

6 Sources

K. P. Hart A concrete co-existential map that is not confluent



What it’s all about
A pertinent question

A positive answer
A negative answer

What next?
Sources

Confluent: no

Because the codiagonal map is dual to an elementary embedding

one would expect the components of π←u [C ] to be
indistinguishable.

But one would be wrong.
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An example

Y

f→

X

The infinite broom B plus an extra hair and the map f .
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An example

In words and symbols.

Infinite broom: B = Hω ∪
⋃

n Hn,
where Hn =

{
〈t, t/2n〉 : 0 6 t 6 1

}
and

Hω =
{
〈t, 0〉 : 0 6 t 6 1

}
.

Codomain: X = B ∪
(
[0, 2]× {0}

)
.

Domain: Y = B ∪
(
{0} × [0, 2]

)
.

Map f : identity on B and f (0, y) = 〈y , 0〉.

K. P. Hart A concrete co-existential map that is not confluent



What it’s all about
A pertinent question

A positive answer
A negative answer

What next?
Sources

An example

In words and symbols.

Infinite broom: B = Hω ∪
⋃

n Hn,

where Hn =
{
〈t, t/2n〉 : 0 6 t 6 1

}
and

Hω =
{
〈t, 0〉 : 0 6 t 6 1

}
.

Codomain: X = B ∪
(
[0, 2]× {0}

)
.

Domain: Y = B ∪
(
{0} × [0, 2]

)
.

Map f : identity on B and f (0, y) = 〈y , 0〉.

K. P. Hart A concrete co-existential map that is not confluent



What it’s all about
A pertinent question

A positive answer
A negative answer

What next?
Sources

An example

In words and symbols.

Infinite broom: B = Hω ∪
⋃

n Hn,
where Hn =

{
〈t, t/2n〉 : 0 6 t 6 1

}
and

Hω =
{
〈t, 0〉 : 0 6 t 6 1

}
.

Codomain: X = B ∪
(
[0, 2]× {0}

)
.

Domain: Y = B ∪
(
{0} × [0, 2]

)
.

Map f : identity on B and f (0, y) = 〈y , 0〉.

K. P. Hart A concrete co-existential map that is not confluent



What it’s all about
A pertinent question

A positive answer
A negative answer

What next?
Sources

An example

In words and symbols.

Infinite broom: B = Hω ∪
⋃

n Hn,
where Hn =

{
〈t, t/2n〉 : 0 6 t 6 1

}
and

Hω =
{
〈t, 0〉 : 0 6 t 6 1

}
.

Codomain: X = B ∪
(
[0, 2]× {0}

)
.

Domain: Y = B ∪
(
{0} × [0, 2]

)
.

Map f : identity on B and f (0, y) = 〈y , 0〉.

K. P. Hart A concrete co-existential map that is not confluent



What it’s all about
A pertinent question

A positive answer
A negative answer

What next?
Sources

An example

In words and symbols.

Infinite broom: B = Hω ∪
⋃

n Hn,
where Hn =

{
〈t, t/2n〉 : 0 6 t 6 1

}
and

Hω =
{
〈t, 0〉 : 0 6 t 6 1

}
.

Codomain: X = B ∪
(
[0, 2]× {0}

)
.

Domain: Y = B ∪
(
{0} × [0, 2]

)
.

Map f : identity on B and f (0, y) = 〈y , 0〉.

K. P. Hart A concrete co-existential map that is not confluent



What it’s all about
A pertinent question

A positive answer
A negative answer

What next?
Sources

An example

In words and symbols.

Infinite broom: B = Hω ∪
⋃

n Hn,
where Hn =

{
〈t, t/2n〉 : 0 6 t 6 1

}
and

Hω =
{
〈t, 0〉 : 0 6 t 6 1

}
.

Codomain: X = B ∪
(
[0, 2]× {0}

)
.

Domain: Y = B ∪
(
{0} × [0, 2]

)
.

Map f : identity on B and f (0, y) = 〈y , 0〉.

K. P. Hart A concrete co-existential map that is not confluent



What it’s all about
A pertinent question

A positive answer
A negative answer

What next?
Sources

Not confluent

This is easy, let C = [1, 2]× {0} then

f←[C ] =
(
{0} × [1, 2]

)
∪
{
〈1, 0〉

}
The component

{
〈1, 0〉

}
does not map onto C .
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Co-existential

We can define a map g : ω × X → Y such that f ◦ gu = πu for all
u ∈ ω∗; where gu = βg � Xu.

Here it is:

g(n, x , y) =

{

〈x , y〉 if 〈x , y〉 ∈
⋃

i6n Hi

〈0, x〉 if 〈x , y〉 ∈
⋃

i>n Hi ∪
(
{0} × [0, 2]

)
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Co-existential

g is continuous:

g is continuous on F =
{
〈n, x , y〉 : 〈x , y〉 ∈

⋃
i6n Hi

}
and on G =

{
〈n, x , y〉 : 〈x , y〉 ∈

⋃
i>n Hi ∪

(
{0} × [0, 2]

)}
;

on F ∩ G = ω ×
{
〈0, 0〉

}
it takes on the value 〈0, 0〉

For each u ∈ ω∗ we get gu[Fu] = B and gu[Gu] = {0} × [0, 2]; so
gu is always onto.
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Co-existential

To see that f ◦ gu = πu note that for every 〈x , y〉 ∈ X the set{
n : f

(
g(n, x , y)

)
= 〈x , y〉

}
is cofinite.

It is [n, ω) if 〈x , y〉 ∈ Hn and it is ω if y = 0.
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The codiagonal maps

The codiagonal maps are not confluent either.

π←u [C ] splits into g←u
[
{0} × [1, 2]

]
and g←u (1, 0).

The latter set even maps onto ω∗ so it has plenty components that
do not map onto C under πu.
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How nice are these maps anyway?

Given that

f←[C ] looks like C with an extra isolated point.

π←u [C ] does not look like C at all: something that vaguely
looks like C plus a whole cloud of stuff indexed by ω∗

one wonders whether these maps are as nice topologically as their
duals are algebraically.

This merits further investigation.
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Light reading

Website: fa.its.tudelft.nl/~hart

P. Bankston,
Not every co-existential map is confluent, Houston Journal of
Mathematics, to appear.

K. P. Hart.
A concrete co-existential map that is not confluent, Topology
Proceedings, to appear.
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