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Regular but not completely regular

We make a regular space that is almost-but-not-quite completely regular.

Almost:

All closed subsets are Gδ-sets.

All points are zero-sets.

And it is first-countable.

Not quite:

It is not completely regular
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Why?

Guram Bezhanishvili had a remark and a question:
The lattice O(X ) of open subsets of a space X is the Dedekind-MacNeille completion
of the lattice Coz(X ) of cozero-sets iff X is completely regular and its points are
zero-sets.

Both conditions are used:
complete regularity gives: every open set is the supremum of a family of cozero-sets
points are zero-sets gives: every open set is the infimum of a family of cozero-sets
these two together work together to make O(X ) the D-M completion of Coz(X )

And the question is, of course:
Can we weaken complete regularity to mere regularity?
Or: if points are zero-sets in a regular space is the space then completely regular?
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Many old examples do not work

Why?
Because they tend to have a closed set F and a point x outside F such that if f is
continuous then there are quite a lot of points y in F such that f (y) = f (x).

Exercise
Verify this for Tychonoff’s example of a regular space that is not completely regular
(not the corkscrew in Steen and Seebach’s book, but the accordeon in Tychonoff’s
original paper).

And many of the classical examples have many closed sets that are not Gδ.
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The definition

On page 31 of Alexandroff and Hopf’s Topologie I :
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Its properties

What happens in § 6, Nr. 3? In § 6 we find:

So, the space R is regular but not normal.
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Its properties

On the next page we get

And in a footnote a further hint:
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Basic neighbourhoods

We need some notation for the basic neighbourhoods of the points on the x-axis.
For x ∈ R and n ∈ N we write

▶ U ′(x , n) =
{
⟨u, v⟩ : ∥⟨u, v⟩ − ⟨x , 2−n⟩∥ < 2−n

}
(the tangent disc of radius 2−n)

▶ U(x , n) =
{
⟨x , 0⟩

}
∪ U ′(x , n) (the nth neighbourhood of ⟨x , 0⟩)

These are the sets that we will use frequently.

⟨x , 0⟩

⟨x , 2−n⟩
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Non-normality

Two important sets (remember the Aufgabe):

▶ P =
{
⟨x , 0⟩ : x is irrational

}
, and

▶ Q =
{
⟨x , 0⟩ : x is rational

}
.

As we saw, these two closed sets cannot be separated by disjoint open sets.

Exercise
Prove this.

We shall study the behaviour of continuous fuctions on N,
and especially with respect to P and Q.
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An elementary but useful Lemma

Lemma
Let n ∈ N, let I = [a, b] be an interval in R, and let D ⊆ I be dense in I . Then we have⋃

x∈D
U ′(x , n) =

⋃
x∈I

U ′(x , n)

Proof.
Proof by picture (that you should draw yourself).

Exercise
Prove: if O is open in N and P ⊆ O then {q : ⟨q, 0⟩ /∈ clO} is nowhere dense in Q
(normal topology).
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First lemma

Lemma
Let f : N → [0, 1] be continuous and such that f (x , 0) = 0 when x ∈ P.
Then for every open interval I in R we have

inf
{
f (q, 0) : q ∈ I ∩Q

}
= 0

Proof.
Let I and ε > 0 be given. By the Baire Category theorem there are a k ∈ N and an
interval J ⊆ I such that

D =
{
x ∈ P ∩ J : f [U(x , k)] ⊆ [0, 12ε)

}
is dense in J (normal topology). Then f (q, 0) < ε for all q ∈ J ∩Q.
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Second lemma

Lemma
Let f : N → [0, 1] be continuous and such that for every open interval I we have

inf
{
f (q, 0) : q ∈ I ∩Q

}
= 0

Then there is a dense Gδ-set G in R (normal topology) such that f (x , 0) = 0 whenever
x ∈ G.

Proof.
Let k ∈ N. Let I be a (nonempty) open interval in R.
Let ε = 2−k/3 and cover [0, 1] by the open intervals Ki = (iε, (i + 2)ε) where
i = −1, 0, . . . , 3 · 2k − 1.
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Second lemma

Proof, continued.
By the Baire Category theorem there are i and n in N and a (nonempty) open interval
J ⊆ I such that

D = {x ∈ J : f [U(x , n)] ⊆ Ki}

is dense in J (normal topology).
So, by the elementary but useful lemma, we get that

⋃
x∈J U

′(x , n) is mapped into Oi .
Now take q ∈ J ∩Q with f (q, 0) < ε.
But then f (q, 0) ∈ clOi and so iε ⩽ f (q, 0), we must have i ⩽ 0, and hence⋃

x∈J U
′(x , n) is actually mapped into [0, 2ε).

It follows that f (x , 0) ⩽ 2ε < 2−k for all x ∈ J.

We get a dense open set Ok in R (normal topology) such that f (x , 0) < 2−k for all
x ∈ Ok .
Now let k run free and take G =

⋂
k∈NOk .
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If and only if

Note: the first lemma works not only for P but also for an arbitrary dense Gδ-set G .

This gives us a sort of “if and only if”:
a continuous function f : N → [0, 1] is zero on {⟨x , 0⟩ : x ∈ G} for some dense
Gδ-set G if and only if inf{f (q, 0) : q ∈ I ∩Q} = 0 for every nonempty open interval I .
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Reams of Niemytzki planes

Take infinitely many Niemytzki planes: R = N × N (yes, R for ream),
with the product topology, where N is discrete.

Sew them together to form a book, as follows.

▶ For every even n and every irrational p identify the two points
〈
⟨p, 0⟩, n

〉
and

〈
⟨p, 0⟩, n + 1

〉
.

▶ For every odd n and every rational q identify the two points
〈
⟨q, 0⟩, n

〉
and

〈
⟨q, 0⟩, n + 1

〉
.

The resulting quotient space we call B (yes, B for book).
We let π : R → B be the quotient map.
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Some easy properties

Exercise 1.5.H in Engelking’s book

Every closed subset of N is a Gδ-set.

Lemma
The map π is perfect, hence B is regular.

Lemma
Every closed set in B is a Gδ-set.
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Continuous functions on B

Let f : B → [0, 1] be continuous and F : R → [0, 1] the composition of π and f .

Lemma
If F (x , 0, 0) = 0 for all x ∈ R then there is a dense Gδ-set G in R (normal topology)
such that for all x ∈ G and all n ∈ N we have F (x , 0, n) = 0.

Proof.
Apply the First and Second lemmas alternatingly to obtain, by recursion, for each
even n a dense Gδ-set Gn such that F (x , 0, n + 1) = F (x , 0, n) = 0 for all x ∈ Gn.
Then let G =

⋂
n even Gn.
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Add a point to R and B

Add a point ∞ to R, with basic neighbourhoods

Um = {∞} ∪
⋃
n⩾m

(N × {n})

and add it to B also.
Give B ∪ {∞} the quotient topology induced by the map π, extended to give
π(∞) = ∞.
The new map is still perfect, so B ∪ {∞} is regular.

But B ∪ {∞} is not completely regular.
For if f : B ∪ {∞} → [0, 1] is continuous and equal to zero on the bottom leaf then by
the last lemma we must have f (∞) = 0 (in R the point ∞ is in the closure of G ×N).
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One book is not enough

The book-with-ornament B ∪ {∞} comes close to giving us what we want.

In the space B ∪ {∞} all closed sets are Gδ-sets.

The subspace B is in fact completely regular, and all points of B are zero-sets
of B ∪ {∞}.
But {∞} is only a Gδ-set, not a zero-set.

Exercise
Prove this: if f : B → [0, 1] is continuous then

{
x ∈ R : (∀n)(f (x , 0, n) = f (∞))

}
contains a dense Gδ-set.

So . . .
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We build a library

. . . we take infinitely many books (eat your heart out Borges, with your mere
88786283240416711197276808776418785156544886375918935396037352397981
77472184320000000000000000000000000000000000000000000000000000000000
00000000000000000, or (410× 40× 80)25, books).

Start with N × N× N and add a point ∞, with basic neighbourhoods

Vk =
⋃
m⩾k

⋃
n⩾k

N × {⟨m, n⟩}

Then turn each column N × {m} × N into a book Bm, as above:

▶ identify
〈
⟨p, 0⟩,m, 2n

〉
and

〈
⟨p, 0⟩,m, 2n + 1

〉
, when p is irrational, and

▶ identify
〈
⟨q, 0⟩,m, 2n + 1

〉
and

〈
⟨q, 0⟩,m, 2n + 2

〉
, when q is rational
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https://en.wikipedia.org/wiki/The_Library_of_Babel
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We build a library

The resulting space L (yes, L for library), is again regular and L \ {∞} is a collection of
books, hence completely regular even.

As before all closed sets are Gδ in L \ {∞}, and hence in L because {∞} is a Gδ too.

If we let f : L → [0, 1] be continuous and identically zero on all pages 0 of the books
then we must have f (∞) = 0 as well, because we get a single dense Gδ-set G in R
(normal topology) such that f (x ,m, n) = 0 for all x ∈ G and all m and n.

But {∞} is in fact a zero-set because the function f : L → [0, 1], defined by

▶ f (∞) = 0, and

▶ f (x) = 2−m if x ∈ Bm

is continuous and zero only at ∞.
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A connected example

Actually, if we topologize R ∪ {∞} slightly differently we can make do with just one
book.

Basic neighbourhoods of {∞}

Wk = {∞} ∪
⋃
n⩾k

(
(k,→)× [0,→)× {n}

)
If we now make a book we still cannot separate the zeroth leaf from ∞.

But f : B ∪ {∞} → [0,∞) defined by f (∞) = 0 and f (x , y) = e−x shows that {∞} is
a zero-set.
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A tip

To get a somewhat smaller book rotate N by −π
2 and use only the rectangle

[0, 17]× [0, 24] in every plane.
This will put the spine on the left, and will give you book with the two of the three
dimensions of Engelking’s General Topology (it will be somewhat thicker).
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Light reading

Slides on fa.ewi.tudelft.nl/~hart

K. P. Hart,
An Infinite Library, arXiv:2508.13325 [math.GN]
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