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We investigate separation properties of w;-trees. We show that the property y of Devlin
and Shelah is equivalent to hereditary collectionwise normality. We show that monotone normality
and divisibility are both equivalent to orderability. Finally we show that Souslin trees are examples
of trees with property y which are not retractable.
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0. Introduction

In this note we continue the investigation of separation properties in tree spaces
which was started in [4] and [7]. First we show that trees with property v are
hereditarily collectionwise normal, improving [7; Theorem 2.1]. Next we consider
some separation properties which every locally compact zero-dimensional Linearly
Ordered Topological Space has, namely monotone normality, divisibility and
retractability. We show that the first two are equivalent to orderability for w,- trees.
As abyproduct we see that monotonically normal trees are retractable, it is unknown
whether the converse holds. Finally we show that Souslin trees are not retractable,
thus showing that HCWN trees need not be retractable.

1. Definitions

A tree is a poset T =(T, <r) such that for all xe T, £ ={y e T |y <mx} is well
ordered by <r. The order type of £ is denoted by ht(x), the height of x. T, =
{x e T|ht(x)=a} is the a-th level of T. T1a ={x e T|ht(x)<a}. If C is a set of
ordinals, then T C ={x € T |ht(x) € C}. A branch is a maximal chain. An a-branch
is a branch of length a. An antichain is a subset of pairwise incomparabie elements.
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A={acw|laisalimit). Forxe T, T*={y e T|x <ry}. T is an w;-tree iff
(i) T,,=0.
(i) Va € w1: 0<|T,| < wo,
(i) VaeBewi Vx €T, 3y,y2€ Tg: (y1#y2Ax <qy1 AX<7Y2),
(iv) Va e wq Vx,y € T, (lim(a) = (x = y X = §)).
We assume in addition that T, consists of one point 0, the root of the tree.
The tree topology on T is defined by taking the following collection as an open
basis:

{OP u{(y, x1ly <rx, y,xe T} where (y,x]={z|y <rz <rx}.

With this topology T is first-countable and locally compact.

Clause (iv) in the definition of w;-trees ensures that these trees are Hausdorff
and zero-dimensional.

An w;-tree T is called Aronszajn iff it has no uncountable branches and Souslin
iff it has no uncountable antichains. T is said to have property y [4] iff the following
holds:

If A = T is an antichain, then there are a cub set C < w; and anopenset U< T
suchthat AcU<cU < T\(T|C).

T is said to have property & iff there is a function f: T A > T such that

i) VxeTIAf(x)<tx

(i) Vx,ye TIAif[f(x), x]n[f(y), y]#0,thenx <y ory=ux.

For standard topological notions we refer to [6], additional definitions will be
given when needed.

2. Normality properties

In [7] Fleissner showed that an w;-tree is collectionwise normal iff it has property
v. Modifying his proof we get the following result:

2.1. Theorem. Let T be an w;-tree. Then
T has property y&T is hereditarily collectionwise normal

Proof. Only ‘=’ needs proof. So assume T is collectionwise normal. Let ¥ =
{F;|i e I'} be a collection of subsets of T such that VieI: F; U« Fj=0. We have
to find a family {U;|i € I'} of disjoint open sets s.t. Vie I: F,c U,

For a e\ _J% we pick i(a) € s.t. a € Fi,) and we put

B{a)={x|x is minimal in T~ U Fj}.
j*i(a)
We define, for all € w3, A,, =\ as follows:
- Ao={a|a is minimal in |_ #}.
—Aﬂ+1 =U{B(a)la GA,,}.
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~IfnisalimitputD, ={d e U%|Vven: A, nd #0}andlet A, ={a|a is minimal
inD,}.

Furthermore for all a € A, choose x, <t a in such a way that {(x,, al}aca, is
discrete (by CWN) and

YacA,: (x,aln U F;=0.
j#i(a)

Note that (xa, a]n Uveq A, =0, forif p € (xo, a]" A, and q € (x4, a]N A, 41, then
i(p) #i(q).

Put A =\, cw, A, and define, for all a € A, X (a) as follows:

~-If a € A, and n is a successor or 0 put

X(a)=T\J{T*|beB(a)}.
-Ifae A, and 7 is a limit put
X (a)=(xe a]Ju T*HT"|b € B(a)}.
It is easy to see that each X (a) is clopen in T.

Next we show that X (a)n X (b)=0if a #b.

If a,be A, for some n this follows from the fact that A, is an antichain and
that — in case 7 is a limit — (x4, @] (xp, 6] =0.

IfacA,, be A, with v € 5, then let b’ be the point of A, below b.

If b'=a, then X ()<= T for some c € B(a); if b’ #a, then X (b)= T*'. In either
case X (b)n X (a)=0.

Furthermore | JF |, .4 X (@)U Aq.

For take x €| J&. If £ ~nA =0, then x must be minimal in {JJF so x e Aq. If
£ A #, then let n be the first ordinal for which £~A, =@. If n=v+1, then
x € X(a) where a is the point in A, X%, if n is a limit, then x € D, but since
£nA,=0,wehavexe A, sox e X(x).

Finally, for each a€ A, F.uynB(a)=0, so we can find disjoint open sets U,
V.< X (a) around F;,)nX(a) and B(a), respectively, furthermore we can find
disjoint open sets around the points of B(a), contained in V,. We can also find
disjoint open sets around the points of A,. If we now form appropriate unions we
get the desired collection of open sets separating . [

We remark that virtually the same proof shows that normality and hereditary
normality are equivalent for w;-trees. Next we consider some separation properties
which are possessed by linearly ordered topological spaces and which imply
hereditary collectionwise normality, namely monotone normality and divisibility.
It turns out that these properties are equivalent to orderability in w;-trees. We
start with the definitions.

2.2. Definition. Let X be a topological space.

(a) X is called monotonically normal [8] iff to each pair (U, x) with U = X open
and x € U one can assign an open set U, such that (i) xe U, < U and (i) if
U,nV,#@, then x e V or y € U. (This is in fact a characterization from [1]).
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(b) X is called halvable (for lack of a better name) iff for each neighborhood
assignment x > U, there is another one x -» V, such thatif V., n V, # @, thenxe U, v
y € U,. Halvability is a property of monotonically normal spaces which in some
proofs is the only thing used. For instance, the proof that monotonically normal
spaces are hereditarily collectionwise normal uses only halvability. Furthermore all
countable regular spaces are easily seen to be halvable, so halvable spaces need
not be monotonically normal. These facts were observed by 1. Juhdsz.

(c) X is called divisible iff the collection of all neighborhoods of the diagonal
A(X) in X X X is a uniformity or equivalently if for each open set U > 4(X) there
exists an open set V 24 o(X)s.t. VoV cU. The name divisible appears in (2]
and [3], the name strongly collectionwise normal in [9], however these spaces need
not be strongly normal, which is why we adopt the name divisible.

Using the usual Pressing Down Lemma it is easy to prove the following.

Lemma (Pressing Down Lemma for w;-trees). Let T be an w;-tree and let A< T
be a set which meets stationary many levels. Let f : A > T be a function s.t. f(x) <rx
for all x € A. Then f is constant on a set which meets stationary many levels.

We now come to our orderability theorem for w;-trees.

Theorem 2.2. The following are equivalent for an w-tree T':
(a) T is monotonically normal.
(b) T is halvable.
(c) T is divisible.
(d) T has property é.
(e) T is orderable.

Proof. (a)=>(b). See the definition

(b)=>(d). Consider the assignment x - [0, x]. Let x > V, be as in the definition,
Definef: T A>T st.Vxe Tl A f(x) <rx and [f(x), x]<= V. Then f is as required.

(©)=>(d). Let U =User [0, x and let V 2 AT be open such that VoV < U and
V =V ' Forallx € T} A take f(x) <rx such that[f(x), x} = V. Assume [f(x), x]n
[f(y), y]#0 and take z in the intersection. Then (x,z)e V and {z,y)eV so
{x,y)e U, hence {x, y}<[0, u] for some uc T. Butthenx <ry ory <rux.

(e)=(a) and (e)=>(c) are well known, sO We now prove:

(d)=>(e) Let f: T A > T witness property §, we can assume that f(x)g T'[ A for
all x. From now on we let z, denote f(x). Let

A={z,|xeT} A}, P,={x|z. =z}, z€A,

note that x,ye P, =>x sty ory srx,

Q.= U [z,x], B ={z|P, meets stationary many levels}.

xeP,
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Note that Q, is linearly ordered since P, is.

Claim. If z;,z,€ B, then Q,,n Q,,=0vQ,,<Q,,vQ,,cQ,,.

Proof. Suppose Q,,2Q,, and Q,,2Q,,. Then Ix€Q,,,Iy€ Q,,s.t. x and y are
incomparable. For if not we have, say, z, <rz,. Take y € Q,, and choose x € Q,, s.t.
ht(y) <ht(x). It then follows that y <px so y €[22, x]<[z1, x]=Q,,. Hence Q.,c
Q.,. Hence Q,,< Q,,, a contradiction. So pick x € Q,, and ye Q,,s.t. x and y are
incomparable, take ue€P,, and veP,,s.t. x <ru and y <rv. Then u and v are
incomparable so [z, u]n[z2, v]=0 and hence Q,,~ Q,, =M, which completes the
proof of the claim.

Nowlet z € B and consider {u € B|Q, = Q.}. Let zobe itsminimum. Then Q, = Q,,
and Q,, is maximalin{Q, |u € B}. Put C = {z € B|Q, ismaximal}. Then for z,, z,€ C
we have z; # 2,=>Q,,nQ., =0 and we have Q =, Q. =, Q.. Now each
Q. is clopen in T since zg¢ T A so Q =@, Q. (topological sum). Q is open
since Q, is open. Q is closed: Let x € T\Q be non-isolated i.e. x € T[ A. Then
[{ze, x]Q =@. If not, then [z, x]~ Q, # 0 for some z. Pick y € P, s.t. ht{(x) <ht(y).
Then [z,, x]n{z, y]#® and hence x <ry. But then x €[z, y] = Q,, contradiction.
So Q is clopen.

Next suppose § = {ht(x)|x € T\Q} is stationary. By the P.D.L. for trees there is
azeT and a set K <(T\Q)~ (T} A) such that {ht(x)|x €K} is stationary and
VxeK :z,=z. But then z € B since K <P, and hence K < Q, < Q contradiction.
Let M cw; be cub. s.t. (T\Q)n (T M)=0 and let {m, |a € w,} be its monotone
enumeration. Put

L,={xeT\Q|m,<ht(x)<mg..1}, acw;.
Each L,, is countable and metrizable, so T\Q =@, .,,, L« is metrizable and strongly
zerodimensional and hence orderable. Now T = (T\Q)® @, . Q. can be ordered
as follows: Order the Q,’s two by two in type w}+w, i.e. as (—][—) but keep
one Q. aside. Order the union of the paired Q. ’s in type w1 X (w% + wy) lexicographi-
cally and put Q,, at the beginning giving the following picture:

NG | G L e R G  E A C B R
Now order T\Q in some way and place it at the beginning or somewhere in the
middle so as not to create any pseudogaps. [

Remark. The P.D.L. for trees can be used to show two more things:

{1) No Aronszajn tree has property 8. For let f: T >T[A be a function s.t.
VxeT:A:f(x) <rx. There is an uncountable set on which f is constant. This set
is not linearly ordered by <. So we find incomparable x and y such that [f(x), x]n
[f(y), y]1#0.

(2) No w;-tree is metalindeldéf (=every open cover has a point-countable
refinement). For let ¥ be an open refinement of {{0, xT},er. Let f: T} A>T be a
function such that Vx e T A : f(x) <rx and [f(x), x]=some V € ¥. Again we find
an uncountable set A< T A and a point z € T s.t. f(x) =2 for all x € A. But then
z is contained in uncountably many elements of ¥ i.e. 7" is not point-countable.
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3. Retractability
We start with the definition.

3.1. Definition. A topological space X is called retractable iff each closed subset
of X is a retract of X, i.e., for each closed set A < X there is a continuous map

r:X-A st rfA=ida.

See [5] for more information. In [5] it is shown that retractable spaces are
hereditarily collectionwise normal and that locally compact zero-dimensional
linearly ordered topological spaces are retractable. So, by Theorem 2.2, trees with
property § are retractable. Two questions now arise naturally: (1) Must retractable
wi-trees have property &, and (2) must w;-trees with property vy be retractable.
We were unable to answer question (1), but we shall provide a negative answer to
question (2). In fact we shall show that if T is a Souslin tree, then T A is not a
retract of 7.

First we reduce the problem a little bit. For convenience we assume in this section
that O is also a limit ordinal.

3.2. Lemma. Assume [:T - T | A is a retraction, then we can find another retraction
r: T - T A with the following property

If x e T\(T| A), then

1) rx) <rx, or

(2) x <rr(x), ht(r(x)) =ht(x)+w and x <ty <pr(x)->r(y)=r(x).
Such a retraction will be called a nice retraction.

Proof. We put A”={a € w;|a is a limit of limits}. If ht(p) € A\A?, then p is isolated
in T A so we can define

x, =min{x € §|f[[x, pI1={p}}.

Now define r: T > T A as follows:

-IfpeT[A putr(p)=p=f(p)

- If x € [x,, p] for some p put r(x)=p = f(x).

-t xg(T1A)VU,[xp, p] put r(x) =max(£ n T A).

Obviously r is a map satisfying (1) and (2), so it remains to show that r is
continuous. Take g € T.

If ht(q) is a successor or 0, then ¢ is isolated and hence r is continuous at q.

If ht(g) e A\A?, then r is constant on the neighborhood [x,, q] of g, hence r is
continuous at g.

Finally assume ht(q) € A? and let y <rq. By continuity of f there is a z <rq such
that f[(z,q]l=(y, q], we can assume that y <7z and that z =x, for some pe
T1ANg. Take x € (z,q). If x € (x;, s] for some s, then 7(x) =s = f(x),so r(x) € (y, q].
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If x€(x,, 5] for all s, then p <rx, hence by definition of r: p<rr(x)<x <gq. So
r[(z, q11= (v, q] and we can conclude that r is continuous at g. [

Now we prove the main result of this section.

3.3. Theorem. Let T be an w;-tree s.t. T A is a retract of T. Then T contains an
uncountable antichain.

Proof. By the lemma let r: T - T} A be a nice retraction. For g € T (A %) put
xq =min{x €4 |r([x, q]1=[0,q]}.

If x, € T A, then Jy <7xy: r[[y, x,]]<[0, x4}, contradicting the choice of x,.
Consider r(x ;). We cannot have r(x3) <x, for in that case r[[x 3, q]]1<[0, q], and
if x, <r(xg), then because r is nice, r(xq) =r(x ), so again r[[x 5, q]1=[0, g] which
contradicts the choice of x,. We conclude therefore that r(x;) and x, are incom-
parable.
Now put K ={x,|q € T} (4%)}. K has the following two properties:
{(a) ForallteT 3xeK:t <rx.
Take te T and fix a point p above ¢ such that ht(p) = ht(t) + w. Pick x €[¢, p)s.t.
r{[x, p11={p}, let x* be a successor of x not below p and take g T’} (A?) above
x*. Thenxed butr(x)=pel0,q],sot<x <x,.
(B) For all te T, fnK is finite.
Suppose to the contrary that for some t€ T, 7 A K is infinite and let {x;|i € w} be
its initial segment of length w. Note that

XoSx1<Xx1Sx,sx3° <l

Let X =SUPnco Xn =SUPnew X »- Since, for all n, r(x,) and x,, are incomparable we
have that r(x;) [0, x] for all n. On the other hand x,->x, so r(x,)—>r(x)=x, so
r{x ) €[0, x] for at least one n € w, which is a contradiction.

By (a) K is uncountable, by (8) K =, ., K; where K;={xeK || nK|=i},
that is, K is the union of countably many antichains. One of these antichains is
uncountable. [

3.4. Reformulation. No Souslin tree T admits a retraction r: T »> T A.

4. Remarks and questions

4.1. S. Todorcevic [10] showed that for an w,-tree having property § is equivalent
to being (isomorphic to) an initial segment of

T (@) ={s € @ ~“|s(a) # 0 for only finitely many «}.
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T (@) is an example of a tree with property §:
f(s)=s(a(s)+1) where a(s)=max{a|s(a)# 0},

defines a function f:T(@)A->T(@), which witnesses the fact that T(@) has
property §&.

4.2. Question. Is there (in some model of set theory) a retractable w,-tree which
does not have property 8?7 Possible candidates are Aronszajn trees (they do not
have property §) or Kurepa trees (they have too many branches to be initial
segments of T(@)).

4.3. Remark. In [11] it is shown than K- and K -trees are retractable and that
for n =2 a tree has property K, iff the tree is collectionwise Hausdorff. See [5] for
the definition of K,-spaces. There it is shown that retractable spaces are Ko, that
K -spaces are hereditarily collectionwise normal and for all n every K,-space is a
K, .1-space. So by the results in this paper Souslin trees are examples of locally
compact K,-spaces which are not K;. Their one-point compactifications are compact
spaces with this property.

Note added in proof

Recently S. Todorcevié showed that it is consistent relative to the existence of
an at least inaccessible cardinal that all collectionwise Hausdorff (hence all retract-
able) trees are orderable.
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