Chapter 6

Rudin’s Dowker space

Rudin’s Dowker space is of a totally different nature than that of Balogh;
it was based on an example of Mis¢enko’s of a linearly Lindelof space that is
not Lindel6f.

1. Description of the space

We work in the product P = [[°,(wy + 1) of the successors of the first R
many uncountable ordinals. We give P the boz topology, where each ordinal
has its usual order topology. The box topology has the family of all open
boxes as a base; an open box is simply a product Hf:;l O,,, where O,, is open
in w, + 1.

We consider two subspaces of P:

X' ={zeP:(vn)(cfz, >w)}

and its subset
X ={z e P:(F)(Vn)(w; >cfa, >wy)}.

The space X is Rudin’s Dowker space. The rest of this chapter will be devoted
to verifying this.

A mnice base

We need an easy-to-handle base for the topology of X’ and X. To this end we
introduce the following notation. For z,y € P wesay x < y if x,, < y,, for alln
and x < y means x,, < y, for all n. For 2,y € P with < y we use (z,y] to
denote the set {z € X" : (Vn)(zn < 20 < yn)}, L6, (,y] = X' N0 (T, yal-

» 1. If z € X' then {(yﬂc] Yy < m} is a local base at x.

We shall be using the family B = {(z,y] : ,y € P, 2 < y} as a base for
the open sets of X’. The following consequence of the choice of points in X'
will be very useful.

» 2. X' is a P-space, i.e., if U is a countable family of open sets then (U is open.
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2. X is normal

To prove X is normal we prove two things:

1. every open cover of X’ has a disjoint open refinement, and
2. if A and B are closed and disjoint ¢n X then their closures in X’ are
disjoint too.

» 1. The two statements above imply that X is indeed normal.

The property that every open cover has a disjoint open refinement is called
ultraparacompactness; it is (much) stronger than ordinary paracompactness.

X' is ultraparacompact

Let O be an open cover of X’. We build a sequence (U, : « < w;) of open
covers of X’ such that

1. each U, is a disjoint open cover and a subfamily of B,

2. if o < B then Ug is a refinement of U,

3. if U € Uy and U C O for some O € O then U € Uyy1, and

4. if U € Uy, say U = (z,y], and U C O for no O € O then for every V €
Upt1 with V' C U and V = (u,v] there is some n such that v, < y, or
V C O for some O € 0.

» 2. Let y € X’ and denote for o < w1 the unique element of U, that contains y by
(ta, Vol
a.For every n there is an «a, such that va(n) = va, (n) whenever a > a,.
Let ay = sup,, oon and 8 = ay + 1.
b. There is an O € O with (ug,vg] C O.
c.If v > B then (uy,v4] = (ug, vg).

» 3. The family {(uay,vay] Ty € X’} is a disjoint open refinement of O.

To construct the sequence we start with Up = {X’}. Note that X’ = (0, 1],
where t; = w; for all 4.

To make Uy41 from U, let U € U, say U = (z,y]. If there is an O € O
with U C O put Jy = {U}. If not then consider two cases.

y € X' Take z < y so that z < z and (z,y5] C O for some O € O. For every
subset A of N put
Va={ue (z,y]: (Vie A)(u; < z)) A (Vi ¢ A)(u; > z)}.

Set Iy = {V4 : A C N}.

y ¢ X' Fix n with ¢fy, = wy and fix an increasing cofinal sequence (a;); of
ordinals in y, with ag = 2. For i € w put V; = {u € (x,y] : o < up, <
ait1} and let Iy = {V; 1 i € w}.
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Disjoint closed sets in X have disjoint closures in X'

Let A and B be closed and disjoint in X. Define 4, = {z € A : (Vi)(cfz; <
N, )} and define B,, similarly.

» 4. It suffices to show that for every n the sets A, and B, have disjoint closures
in X'. Hint: A=J, An and X' is a P-space.

Fix n and take x € X’ \ X. Let 0 be large enough and take a countable
elementary substructure My of H(0) with A, B,z, X', X, P € My. Use My as
the starting point of a sequence (M, < a < wy,) of elementary substructures
of H(#) such that M,U{M,} C My (and |My41| < max{|M,],No}) for all
and Mo = Uz, Mp whenever « is a limit. In the end let M = {J M,,.

a<wnp

» 5.a. For every limit ordinal 3 the set M3 is an elementary substructure of H(0).
b. For every a we have o C M.
c. For every a we have | M| = max{|a/,No}.

Define & by 2; = sup M N x; and for every a < w,, define u, by uq (i) =
sup M, N x;.
» 6.a.If cf z; < N, then &; = z;. Hint: There is C' € My with |C] < R, that is cofinal
in z(4). Show that C' C M.
b.If cf 2(¢) > N, then &, (2) < () and cf £, (i) = N,,.
c.Tn € X for all n.
» 7.a.There is an « such that (ua,Z] N A =@ or (ua,Z] N B = 2.
b. For this a we have (uq,z] N A, = @ or (ua,z] N B, = 2.

» 8. X is collectionwise normal, i.e., if F is a discrete collection of closed sets then
there is a disjoint family {Ur : F' € F} of open sets with F' C Up for all F. Hint:
{clx/ F': F € J} is discrete.

3. X is not countably paracompact

We apply Exercise 3.6. For n > 1let F,, = {z € X : (Vi < n)(z; = w;)}; we
show that (2, U,, # @ whenever (U, ), is a sequence of open sets with U,, D
F,, for all n.

» 1. The sets F;, are indeed closed and (o, Fr, = @.

The key to the proof is the following lemma. We let ¢ denote the top of P,
ie., t; = w; for all 1.
3.1. LEMMA. If U is an open set around F,, then there is an x < t such that
XN(x,t]CU.

Given this lemma, the rest of the proof is easy.

»2. (o, U, # @. Hint: Apply Lemma 3.1 infinitely often to get an z < ¢ with
(z, )N X C N, Un.
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Proof of Lemma 3.1
Let n and U be given. Choose 6 large enough, so that P, X,U € H(#).

» 3. There is M < H(0) with w, U{P, X, U} C M, |[M| = X, and such that M N
I1;s, wi is cofinal in J],., (M Nwy). Hint: Obtain M as the union of a sequence
(Ma : a < wp), where My € Mq41 for all a.

Define x € P by z; = w; for ¢ < n and z; = sup M Nw; for i > n.
»4. x€F,.
Choose =’ < x so that (/,z] N X CU.

»5.a. Thereis z € M NP with 2’ < z < z.
b. For every uw € M N (z,t]N X we have t € U.
c.(z,tlNX CU.

This completes the proof. In the next chapter we shall see that X has a
(much smaller) subspace that is also a Dowker space.
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