8. Stationary Sets

In this chapter we develop the theory of closed unbounded and stationary
subsets of a regular uncountable cardinal, and its generalizations.

Closed Unbounded Sets

If X is a set of ordinals and a > 0 is a limit ordinal then « is a limit point
of X if sup(X Na) = .

Definition 8.1. Let k be a regular uncountable cardinal. A set C C & is
a closed unbounded subset of x if C' is unbounded in k and if it contains all
its limit points less than k.

A set S C k is stationary if SNC # ( for every closed unbounded subset C
of k.

An unbounded set C C k is closed if and only if for every sequence
ap < aj <...<ag<...(£<)of elements of C, of length v < k, we have
limf_,,y Qg € C.

Lemma 8.2. If C' and D are closed unbounded, then C N D 1is closed un-
bounded.

Proof. 1t is immediate that C'ND is closed. To show that C'N D is unbounded,
let @ < k. Since C' is unbounded, there exists an oy > a with a; € C.
Similarly there exists an as > a1 with as € D. In this fashion, we construct
an increasing sequence

(8.1) a<a <o < ... <a,<...

such that aq,a3,as5,... € C, as,ay4,06,... € D. If we let 8 be the limit of
the sequence (8.1), then § < k, and 8 € C and 8 € D. a

The collection of all closed unbounded subsets of k has the finite inter-
section property. The filter generated by the closed unbounded sets consists
of all X C « that contain a closed unbounded subset. We call this filter the
closed unbounded filter on k.
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The set of all limit ordinals o < & is closed unbounded in «. If A is an
unbounded subset of x, then the set of all limit points o < k of A is closed
unbounded.

A function f: k — k is normal if it is increasing and continuous (f(a) =
lime_,q f(€) for every nonzero limit o < k). The range of a normal function
is a closed unbounded set. Conversely, if C' is closed unbounded, there is
a unique normal function that enumerates C.

The closed unbounded filter on k is k-complete:

Theorem 8.3. The intersection of fewer than k closed unbounded subsets
of K is closed unbounded.

Proof. We prove, by induction on v < , that the intersection of a sequence
(Cy @ a < ) of closed unbounded subsets of x is closed unbounded. The
induction step works at successor ordinals because of Lemma 8.2. If ~ is
a limit ordinal, we assume that the assertion is true for every o < ; then we
can replace each C, by ﬂ5< ., Ce and obtain a decreasing sequence with the
same intersection. Thus assume that

CoDC1D...0C,D... (<)

are closed unbounded, and let C' =, . Cau.
It is easy to see that C' is closed. To show that C' is unbounded, let a < k.
We construct a y-sequence

(8.2) Bo<Bri<...fBe<... (£<7)

as follows: We let By € Cp be such that Gy > «, and for each £ < =, let
Be € C¢ be such that B¢ > sup{f, : v < &}. Since & is regular and v < &,
such a sequence (8.2) exists and its limit (3 is less than k. For each n < =,
B is the limit of a sequence (¢ : n < & < ) in (), and so § € C,. Hence
gecC. o

Let (X, : a < k) be a sequence of subsets of k. The diagonal intersection
of X, a < k, is defined as follows:

(8.3) A Xo={<r:£€ N Xa}.

a<k a<

Note that A X, = AY, where Y, = {{ € X, : £ > a}. Note also that
AXy=,(XaU{{: €< al).

Lemma 8.4. The diagonal intersection of a k-sequence of closed unbounded
sets is closed unbounded.

Proof. Let (Cy, : a < k) be a sequence of closed unbounded sets. It is clear
from the definition that if we replace each C, by ﬂ§< o C¢, the diagonal
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intersection is the same. In view of Theorem 8.3 we may thus assume that
CoDCiD...DC,D... (a < K).

Let C = A, Cqo. To show that C' is closed, let a be a limit point of C.
We want to show that o € C, or that a € C¢ for all £ < a. If £ < a, let
X={rvelC:{<v<a} Everyv € X is in C¢, by (8.3). Hence X C C¢
and o = sup X € C¢. Therefore o € C and C'is closed.

To show that C' is unbounded, let o < k. We construct a sequence ((,, :
n < w) as follows: Let By > « be such that Gy € Cy, and for each n, let
Bn+1 > Bn be such that 8,41 € Cg,, . Let us show that 8 = lim,, 3, is in C: If
£ < B3, let us show that 3 € C¢. Since £ < 3, there is an n such that £ < 3,,.
Each B, k > n, belongs to Cg, and so 3 € Cg,. Therefore 3 € C¢. Thus
B € C, and C is unbounded. O

Corollary 8.5. The closed unbounded filter on k is closed under diagonal
intersections. O

The dual of the closed unbounded filter is the ideal of nonstationary sets,
the nonstationary ideal Ins. Ins is k-complete and is closed under diagonal
UNLONS:

E:-X@::{£<:H:£<E U X%}'

a<k a<

The quotient algebra B = P(k)/Ins is a k-complete Boolean algebra,
where the Boolean operations Za«/ and Ha«{ for v < k are induced by
Ua<7 and ﬂa«/. As a consequence of Lemma 8.4, B is k'-complete: If
{Xo 1 @ < K} is a collection of subsets of x then the equivalence classes of
Aycr Xoand Y-, X, are, respectively, the greatest lower bound and the
least upper bound of the equivalence classes [X,] in B. It also follows that if
(Xo o< k) and (Y, : @ < k) are two enumerations of the same collection,
then A, ., Xo and A, Y, differ only by a nonstationary set.

Definition 8.6. An ordinal function f on a set S is regressive if f(a) < «
for every o € S, a > 0.

Theorem 8.7 (Fodor). If f is a regressive function on a stationary set
S C k, then there is a stationary set T C S and some v < Kk such that
fla)=~ forallaeT.

Proof. Let us assume that for each v < &, the set {& € S : f(a) = 7} is
nonstationary, and choose a closed unbounded set C, such that f(a) # v
for each o € SN C,. Let C = A, C,. The set SN C is stationary and if
a € SNC, we have f(a) # v for every v < a; in other words, f(«) > «. This
is a contradiction. O
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For a regular uncountable cardinal x and a regular A < &, let
(8.4) EY={a<k:cfa=A}

It is easy to see that each EY is a stationary subset of &.

The closed unbounded filter on k is not an ultrafilter. This is because
there is a stationary subset of kK whose complement is stationary. If K > w,
this is clear: The sets £ and £ are disjoint. If & = wy, the decomposition
of wy into disjoint stationary sets uses the Axiom of Choice.

The use of AC is necessary: It is consistent (relative to large cardinals)
that the closed unbounded filter on w; is an ultrafilter.

In Theorem 8.10 below we show that every stationary subset of x is the
union of k disjoint stationary sets. In the following lemma we prove a weaker
result that illustrates a typical use of Fodor’s Theorem.

Lemma 8.8. Ewvery stationary subset of Ef is the union of k disjoint sta-
tionary sets.

Proof. Let W C {a < k : cfa = w} be stationary. For every a € W, we
choose an increasing sequence (a% : n € IN) such that lim, af = a. First we

show that there is an n such that for all n < &, the set
(8.5) {a €W :a% >n}

is stationary. Otherwise there is 7,, and a closed unbounded set C,, such that
as < np for all a € Cp, N W, for every n. If we let n be the supremum
of the n, and C the intersection of the C,, we have a% < n for all n and
all « € C N W. This is a contradiction. Now let n be such that (8.5) is
stationary for every n < . Let f be the following function on W: f(a) = a2.
The function f is regressive; and so for every n < k, we find by Fodor’s
Theorem a stationary subset S, of (8.5) and v, > n such that f(a) = v,
on Sy,. If v, # vy, then S, NS,y = 0, and since « is regular, we have

Sy :n <k} =Hwm:n <k} =k 0o

The proof easily generalizes to the case when A > w: Every stationary
subset of I{ the union of x stationary sets. From that it follows that every
stationary subset W of the set {a < x : cf @ < a} admits such a decompo-
sition: By Fodor’s Theorem, there exists some A < x such that W N EY is
stationary. The remaining case in Theorem 8.10 is when the set {a < k : a is
a regular cardinal} is stationary and the following lemma plays the key role.

Lemma 8.9. Let S be a stationary subset of k and assume that every o € S
is a regular uncountable cardinal. Then the set T = {a € S : SN« is not
a stationary subset of a} is stationary.

Proof. We prove that T intersects every closed unbounded subset of x. Let
C be closed unbounded. The set C’ of all limit points of C is also closed
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unbounded, and hence SNC’ # (). Let a be the least element of SNC’. Since
« is regular and a limit point of C';, C'N « is a closed unbounded subset of «,
and so is C' N . As « is the least element of SN C’, C' N« is disjoint from
S Na and so SN« is a nonstationary subset of a. Hence a € TN C. ]

Theorem 8.10 (Solovay). Let  be a regular uncountable cardinal. Then
every stationary subset of k is the disjoint union of k stationary subsets.

Proof. We follow the proof of Lemma 8.8 as much as possible. Let A be
a stationary subset of k. By Lemma 8.8, by the subsequent discussion and
by Lemma 8.9, we may assume that the set W of all @ € A such that « is
a regular cardinal and A N « is not stationary, is stationary. There exists for
each o € W a continuous increasing sequence (a? : & < @) such that ag ¢w,
for all o and ¢, and o = lime_. ag.

First we show that there is £ such that for all n < k, the set

(8.6) {a e W:ag >n}

is stationary. Otherwise, there is for each £ some 7(£) and a closed unbounded
set C¢ such that af < n(§) for all @ € Ce N W if af is defined. Let C be
the diagonal intersection of the C¢. Thus if a € C'NW, then af < n(&) for
all £ < a. Now let D be the closed unbounded set of all v € C such that
n(€) < v for all £ < . Since W is stationary, W N D is also stationary; let
7 < a be two ordinals in W N D. Now if § < v, then ag < n(§) < v and it
follows that aS = ~. This is a contradiction since v € W and aS ¢ W.

Once we have found & such that (8.6) is stationary for all n < &k, we
proceed as in Lemma 8.8. Let f be the function on W defined by f(«) = ag.
The function f is regressive; and so for every n < k, we find by Fodor’s
Theorem a stationary subset S, of (8.6) and 7, > n such that f(a) = v,
on S,. If v, # 7y, then S, NS,y = 0; and since k is regular, we have

Sy :n <k} =Hwm:n <k} =k 0o

Mahlo Cardinals

Let s be an inaccessible cardinal. The set of all cardinals below & is a closed
unbounded subset of k, and so is the set of its limit points, the set of all
limit cardinals. In fact, the set of all strong limit cardinals below & is closed
unbounded.

If x is the least inaccessible cardinal, then all strong limit cardinals below &
are singular, and so the set of all singular strong limit cardinals below & is
closed unbounded. If k is the ath inaccessible, where o < k, then still the set
of all regular cardinals below & is nonstationary.

An inaccessible cardinal  is called a Mahlo cardinal if the set of all regular
cardinals below k is stationary.
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(Then the set of all inaccessibles below « is stationary, and & is the xth
inaccessible cardinal.)

Similarly, we define a weakly Mahlo cardinal as a cardinal « that is weakly
inaccessible and the set of all regular cardinals bellow & is stationary (then
the set of all weakly inaccessibles is stationary in ).

Normal Filters

Let F' be a filter on a cardinal x; F' is normal if it is closed under diagonal
intersections:

(8.7) if Xo € Fforalla <k, then A, . X, €F.

An ideal I on « is normal if the dual filter is normal.
The closed unbounded filter is x-complete and normal, and contains all
complements of bounded sets. It is the smallest such filter on x:

Lemma 8.11. If k is reqular and uncountable and if F is a normal filter
on K that contains all final segments {« : oy < a < Kk}, then F contains all
closed unbounded sets.

Proof. First we note that the set Cy of all limit ordinals is in F: Cj is the
diagonal intersection of the sets X, = {¢ : a+ 1 < £ < k}. Now let C
be a closed unbounded set, and let C' = {a, : @ < K} be its increasing
enumeration. We let Xo ={{ a0 <& <k}. Then C DO CoNA, . Xo. O

Silver’s Theorem

We shall now apply the techniques using ultrafilters and stationary sets to
prove the following theorems.

Theorem 8.12 (Silver). Let k be a singular cardinal such that cf k > w. If
2% = ot for all cardinals o < K, then 2% = k.

Theorem 8.13 (Silver). If the Singular Cardinals Hypothesis holds for all
singular cardinals of cofinality w, then it holds for all singular cardinals.

The proofs of both theorems use the following lemma:

Lemma 8.14. Let k be a singular cardinal, let cf k > w, and assume that
XER < g for all A < k. If (ko @« < cfk) is a normal sequence of cardinals
such that limk, = k, and if the set {a < cf K : k&% = k}} is stationary
in cf k, then k% = kT,
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If GCH holds below k then the assumptions of Lemma 8.14 are satisfied,
and 2% = k°f%. Thus Theorem 8.12 follows from Lemma 8.14.

Proof of Theorem 8.13. We prove by induction on the cofinality of x that
2°fr < implies k% = kT. The assumption of the theorem is that this
holds for each x of cofinality w. Thus let k be of uncountable cofinality and
let 2°'% < k. Using the induction hypothesis and the proof of Theorem 5.22(ii)
one verifies, by induction on A, that A% < x for all A < &.
Let (ko : @ < cf k) be any normal sequence of cardinals such that lim k, =
k. The set S = {a < cfk : cf Ky = w and 2% < k,} is clearly stationary
in cf k, and for every a € S, k¢ #o = k¥ by the assumption. Hence s " = k7.
O

We now proceed toward a proof of Lemma 8.14. To simplify the notation,
we shall consider the special case when

K =N, .

The general case is proved in a similar way.

Let f and g be two functions on w;. We say that f and g are almost
disjoint if there is ap < wy such that f(a) # g(«) for all @ > ag. A family F
of functions on w; is an almost disjoint family if any two distinct f,g € F
are almost disjoint.

Lemma 8.14 follows from

Lemma 8.15. Assume that Ngl <N, for all o < wy. Let F be an almost
disjoint family of functions

Fc J] Aa,
a<wi
such that the set
(88) {Oé <wzp - |Aa| < Na+1}

is stationary. Then |F| < Ry, 41.
[In the general case, we consider almost disjoint functions on cf x.]

Proof of Lemma 8.14 from Lemma 8.15. We assume that N < XN, and
that Nf®e = N,.; for a stationary set of a’s; we want to show that
Ngi = Ny, +1. For every h : w1 — R, we let fr, = (ho : @ < wy), where
dom h, = wy and

h(§) i h(£) <Nq,

0 otherwise,

ha(€) = {

and let F' = {f, : h € R,,,“*}. If h # g, then f, and f; are almost disjoint.
Moreover,
Fc I] R

a<wi
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Since for a stationary set of a’s, R\t = N, (namely for all a such that
N, > 2% and R¥0 =R, 1), we have |[F| < Ny, 41, and so [Ny, | = Ry, 41.
[In the general case of Lemma 8.14 we have to show that

{a <cfr: ke =Kt}
is stationary. Note that the set
C ={a: «is a limit ordinal and (VA < k) Aefr < Ko}

is closed unbounded in cf x; if a € C, then cf ko < cf kK and we have x¢fF =

ket ) O
The first step in the proof of Lemma 8.15 is

Lemma 8.16. Assume that XYt < R, for all & < wy. Let F be an almost
disjoint family of functions

Fc J] Aa
a<wi
such that the set
(8.9) {a<w;: |As] <N}

is stationary. Then |F| <N, .

(The assumption (8.8) is replaced by (8.9) and the bound for |F| is X,
rather than R, 11.)

Proof. We may as well assume that each A, is a set of ordinals and that
A, C w, for all « in some stationary subset of Np. Let

So ={a < w; : a is a limit ordinal and A, C wy}-

Thus if f € F, then f(a) < w, for all a € Sy. Given f € F, we can find for
each @ > 0 in Sy some 3 < a such that f(a) < wg; call this 8 = g(a). The
function g is regressive on S, and by Fodor’s Theorem there is a stationary
S C Sp such that g is constant on S. In other words, the function f is bounded
on §, by some wy < Wy, .

We assign to each f a pair (S, f]S) where S C S is a stationary set and
f1S is a bounded function. For any S, if f[S = g[S, then f = g since any
two distinct functions in F' are almost disjoint. Thus the correspondence

= (S, f15)

is one-to-one.
For a given S, the number of bounded functions on S is at most

> lesl = SUP., <y, N§1 =N,,.
y<wi
Since |P(w1)| = 2% < R,,, the number of pairs (S, f.9) is at most N,.
Hence |F| <N,,. O
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Proof of Lemma 8.15. Let U be an ultrafilter on w; that extends the closed
unbounded filter. Every S € U is stationary.
We may assume that each A, is a subset of w,y1. For every f,g € F, let

(8.10) f <gifandonlyif {a <w;: f(a) <gla)} €U.

Since U is a filter, the relation f < g is transitive. Since U is an ultrafilter,
and {a: f(a) = g(a)} ¢ U for distinict f, g € F, the relation f < g is a linear
ordering of F. For every f € F, let Fy = {g € F : for some stationary set T,
g(a) < f(a) for all @ € T}. By Lemma 8.16, |[Ff| < R,,. If g < f, then
g€ Fr,andso [{ge€ F:g< f}| <Ny,. It follows that |F| < Ry, 41. O

A Hierarchy of Stationary Sets

If o is a limit ordinal of uncountable cofinality, it still makes sense to
talk about closed unbounded and stationary subsets of «. Since cfa > w,
Lemma 8.2 holds, and the closed unbounded sets generate a filter on «. The
closed unbounded filter is cf a-complete. A set S C « is stationary if and only
if for some (or for any) normal function f: cf o — «, f_1(S) is a stationary
subset of cf a.

Let k be a regular uncountable cardinal, and let us consider the following
operation (the Mahlo operation) on stationary sets:

Definition 8.17. If S C k is stationary, the trace of S is the set
Tr(S) = {a < k:cfa>wand SNais stationary}.

The Mahlo operation is invariant under equivalence mod Ins and can
thus be considered as an operation on the Boolean algebra P(k)/Ins (see
Exercise 8.11).

In the context of closed unbounded and stationary sets we use the phrase
for almost all o € S to mean that the set of all contrary @ € S is nonsta-
tionary.

Definition 8.18. Let S and T be stationary subsets of «.
S < T if and only if SN« is stationary for almost all a € T'.

(It is implicit in the definition that almost all « € T have uncountable cofi-
nality.)

As an example, if A < p are regular, then Ef < E7. The following prop-
erties are easily verified:

Lemma 8.19.
(i) A< Tr(A),
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(ii) if A< B and B < C then A< C,
(iii) if A< B, A~ A" mod Ins and B ~ B’ mod Ins then A’ < B’'. O

Thus < is a transitive relation on P(x)/Ins. The next theorem shows that
it is a well-founded partial ordering:

Theorem 8.20 (Jech). The relation < is well-founded.

Proof. Assume to the contrary that there exist stationary sets such that
A1 > As > As.... Therefore there exist closed unbounded sets C,, such that
A, NCp CTr(Apy1) for n=1,2, 3, .... For each n, let

B, = A, NC, NLim(Cp41) NLim(Lim(Cp42)) N . ..

where Lim(C) is the set of all limit points of C.

Each B, is stationary, and for every n, B,, C Tr(Bj+1). Let a;, = min B,,.
Since B,,+1Nay, is stationary, we have au,+1 < «,, and therefore, a decreasing
sequence o > ag > .... A contradiction. O

The rank of a stationary set A C « in the well-founded relation < is called
the order of the set A, and the height of < is the order of the cardinal x:

o(A) =sup{o(X)+1: X < A},
o(k) = sup{o(A) + 1: A C k is stationary}.

We also define 0o(Xg) = 0, and o(«) = o(cf «) for every limit ordinal «. Note
that o(EfS) = 0, o(ES,) = 1, o(Ry) = 1, o(Rz) = 2, etc. See Exercises 8.13
and 8.14.

The Closed Unbounded Filter on P, ()

We shall now consider a generalization of closed unbounded and stationary
sets, to the space P,;()A). This generalization replaces (k, <) with the structure
(Pe(N), C)-

Let k be a regular uncountable cardinal and let A be a set of cardinality
at least k.

Definition 8.21. A set X C P,(A) is unbounded if for every © € P.(A)
there exists a y D = such that y € X.

A set X C P,(A) is closed if for any chain zo C 21 C ... C ¢ C ...,
¢ < a, of sets in X, with a < k, the union U5<a:c5 isin X.

A set C C P,(A) is closed unbounded if it is closed and unbounded.

A set S C P,;(A) is stationary if SN C # () for every closed unbounded
C C P.(4).

The closed unbounded filter on P, (A) is the filter generated by the closed
unbounded sets.
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When |A| = |B| then P,.(A) and P, (B) are isomorphic, with closed un-
bounded and stationary sets corresponding to closed unbounded and sta-
tionary sets, and so it often suffices to consider such sets in P, () where A is
a cardinal > k.

When |A| = &, then the set k C P, (k) is closed unbounded, and the
closed unbounded filter on & is the restriction to & of the closed unbounded
filter on Py (k).

Theorem 8.22 (Jech). The closed unbounded filter on P, (A) is k-complete.

Proof. This is a generalization of Theorem 8.3. First we proceed as in
Lemma 8.2 and show that if C' and D are closed unbounded then C'N D
is closed unbounded. Both proofs have straightforward generalizations from
(k, <) to (P (A), Q). O

Fodor’s Theorem also generalizes to P,.(A); with regressive functions re-
placed by choice functions. The diagonal intersection of subsets of P, (A) is
defined as follows

A X,={zeP,(A):ze ) X.}
acA acx

Lemma 8.23. If {C, : a € A} is a collection of closed unbounded subsets
of P;(A) then its diagonal intersection is closed unbounded.

Proof. Let C = A, c4 Cq. First we show that C is closed. Let zy C z1 C
...Cx¢ C...,§{ <, beachain in C, with a < k, and let = be its union. To
show that = € C, let a € x and let us show that x € C,. There is some 1 < &
such that a € x¢ for all £ > n; hence z¢ € C, for all { > 7, and so x € C,.
Now we show that C' is unbounded. Let 9 € P.(A), we shall find an
x € C such that ¢ D xy. By induction, we find zg C 1 C ... C z, C ...,
n € N, such that z,11 € (,¢,, Ca; this is possible because each (,c, Ci
is closed unbounded. Then we let z = USLOZO z, and show that x € C, for
all @ € . But if a € x then a € x; for some k, and then z,, € C, for all
n>k+ 1. Hence z € C,. O

Theorem 8.24 (Jech). If f is a function on a stationary set S C P, ()\)
and if f(x) € © for every nonempty x € S, then there exist a stationary set
T C S and some a € A such that f(x) =a for alla € T.

Proof. The proof uses Lemma 8.23 and generalizes the proof of Theorem 8.7.
O

Let us call aset D C P, (A) directed if for all z and y in D thereisa z € D
such that r Uy C z.

Lemma 8.25. If C is a closed subset of P.(A) then for every directed set
D cC with |D| <k, JD e C.
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Proof. By induction on |D|. Let |D| = v, D = {2, : @ < 7}, and assume
the lemma holds for every directed set of cardinality < ~. By induction on
a < v, let D, be a smallest directed subset of D such that z, € D, and
D, D Uﬁ<a Dg. Letting yo = |J D4, we have y, € C for all @ < v, and
Ys C Yo if B < o It follows that JD =, ., ¥a € C. O

Consider a function f : [A]<¥ — P,(A); aset x € P;(A) is a closure point
of fif f(e) C = whenever e C x. The set C of all closure points x € P, (A) is
a closed unbounded set. Moreover, the sets C'y generate the closed unbounded
filter:

Lemma 8.26. For every closed unbounded set C in P.(A) there exists
a function f : [A]<Y — P.(A) such that Cy C C.

Proof. By induction on |e| we find for each e € [A]<* an infinite set f(e) € C
such that e C f(e) and that f(e1) C f(e2) whenever e; C ez. We will show
that C'y C C. Let = be a closure point of f. As x = [J{f(e) : e € [z]<“} is
the union of a directed subset of C' (of cardinality < &), by Lemma 8.25 we
have z € C. O

Let A C B (and |A| > k). For X € P.(B), the projection of X to A is
the set
XA={znNA:ze X}

For Y € P, (A), the lifting of Y to B is the set
Y8 ={recP.(B):xnAcY}.
Theorem 8.27 (Menas). Let A C B.

(i) If S is stationary in P.(B), then S[A is stationary in P.(A).
(ii) If S is stationary in P.(A), then SB is stationary in P, (B).

Proof. (i) holds because if C is a closed unbounded set in P, (A), then C®
is closed unbounded in P, (B). For (ii), it suffices to prove that if C is closed
unbounded in P, (B), then C[A contains a closed unbounded set.

If C C P.(B) is closed unbounded, then by Lemma 8.26, C D Cf for
some f : [B]<¥ — P.(B). Let g : [A]<¥ — P,(A) be the following function:
For e € [A]<¥, let x be the smallest closure point of f such that z D e, and
let g(e) = x N A. Then Cf[A = C, (where Cy is defined in P,(B) and C,
in P.;(A)), and we have Cy C ClA. O

When x = w1, Lemma 8.26 can be improved to give the following basis
theorem for [A]Y = {x C A : |z] = Ro}. An operation on A is a function
F:[A]<¥ — A. A set z is closed under F if f(e) € x for all e € [z]<“.

Theorem 8.28 (Kueker). For every closed unbounded set C C [A]* there
is an operation F on A such that C D Cp = {x € [A]¥ : x is closed under F'}.
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Proof. We may assume that A = X is an infinite cardinal, and let C' be
a closed unbounded subset of [A]“. As in the proof of Lemma 8.26 there
exists a function f : [A]<“ — C such that e C f(e) and f(e1) C f(e2) if
e1 C ea. As each f(e) is countable, there exist functions fi, k € N, such that
fle) ={fr(e): k € N} for all e. Let n — (k,, m,,) be a pairing function.
Now we define an operation F on A as follows: Let F({a}) = a + 1, and
ifon <...<ap let F({aa,...,an}) = fr, ({o1,. .., am, }). It is enough to
show that if x € [\ is closed under F then z is a closure point of f, and so

Cr C Of cC.
Let x be closed under F, let k € N and let e € [2]<¥; we want to show
that fr(e) € x. If e = {au,...,an} with a1 < ... < ayy, let n > m be such

that k = k, and m = m,. As x does not have a greatest element (because
F({a}) = a+ 1), there are aumy1,...,a, €  such that fr({o1,...,am}) =
F({ay,...,an}) € z. O

Theorem 8.28 does not generalize outright to P.(A) for k > wy (see
Exercise 8.18); we shall return to the subject in Part III.

Exercises

8.1. The set of all fixed points (i.e., f(a) = «) of a normal function is closed
unbounded.

8.2. If f : Kk — kK, then the set of all & < k such that f(§) < a for all £ < ais
closed unbounded.

8.3. If S is stationary and C is closed unbounded, then S N C is stationary.

8.4. If X C k is nonstationary, then there exists a regressive function f on X such
that {a: f(a) <~} is bounded, for every v < k.
[Let CNX =0, and let f(a) =sup(C Na).]

8.5. For every stationary S C wq and every o < wy there is a closed set of ordinals A
of length a such that A C S.

[By induction on a: Vv Jclosed A C S of length « such that v < min A. The
nontrivial step: If true for a limit «, find a closed A C S of length a such that
supA € S. Let Ag, £ < wi, be closed subsets of S, of length a, such that A =
sup U, . Av < min A¢. There is £ such that A\¢ € S. Let § = limy &,. Pick initial
segments B, C Ag, of length o + 1 where lim, an = o Let A =J.7, Be,, -]

Exercise 8.5 does not generalize to closed sets of uncountable length. It is not
provable in ZFC that given X C wa, either X or ws — X contains a closed set
of length wi. On the other hand, this statement is consistent, relative to large
cardinals.

8.6. Let k be the least inaccessible cardinal such that k is the kth inaccessible
cardinal. Then k is not Mahlo.
[Use f(A) = a where X is the ath inaccessible.]
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8.7. If k is a limit (weakly inaccessible, weakly Mahlo) cardinal and the set of
all strong limit cardinals below x is unbounded in k, then s is a strong limit
(inaccessible, Mahlo) cardinal.

8.8. A k-complete ideal I on & is normal if and only if for every Sy ¢ I and any
regressive f on So there is S C So, S ¢ I, such that f is constant on S.

[One direction is like Fodor’s Theorem. For the other direction, let X, € F for
each a < k. f A X, ¢ F,let So =k — A Xq and let f(a) = some € < a such that
a ¢ Xe. If f(a) =~ for all @ € S, then X, NS =0, a contradiction.]

8.9. There is no normal nonprincipal filter on w.
[Use the regressive function f(n + 1) =n.]

8.10. If k is singular, then there is no normal ideal on  that contains all bounded
subsets of k.

8.11. (i) If S C T then Tx(S) C Tx(T),
(if) Tr(SUT) =Tr(S) U Tr(T),
(iii) Tr(Tr(S)) C Te(S),
(iv) if S ~ T mod Ins then Tr(S) ~ Tr(7) mod Ixs.

8.12. Show that Tr(E%) = {a < k:cfa > AT}
8.13. If A < k is the ath regular cardinal cardinal, then o(EY) = a.

8.14. o(k) > k if and only if k is weakly inaccessible; o(k) > k + 1 if and only if
k is weakly Mahlo.

8.15. For each a € Px<(A), the set {z € P<(A) : x D a} is closed unbounded.

A k-complete filter F' on P.(A) is normal if for every a € A, {z € P:(A) :
a € z} € F, and if F is closed under diagonal intersections. A set X C P.(A) is
F-positive if its complement is not in F.

8.16. Let F be a normal x-complete filter on P.(A). If g is a function on an F-
positive set such that g(x) € [z]<“ for all x, then g is constant on an F-positive
set.

8.17. If F is a normal x-complete filter on P.(A) then F contains all closed un-
bounded sets.
[Use Lemma 8.26 and Exercise 8.16.]

8.18. If k > w; then the set {x € P.(A) : |z| > R} is closed unbounded.

Contrast this with the fact that for every F : [A]<“ — A there exists a count-
able z closed under A.

8.19. The set {x € P:(\) : z Nk € k} is closed unbounded.
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Historical Notes

The definition of stationary set is due to Bloch [1953], and the fundamental theo-
rem (Theorem 8.7) was proved by Fodor [1956]. (A precursor of Fodor’s Theorem
appeared in Aleksandrov-Urysohn [1929].) The concept of stationary sets is implicit
in Mahlo [1911].

Theorem 8.10 was proved by Solovay [1971] using the technique of saturated
ideals.

Mahlo cardinals are named after P. Mahlo, who in 1911-1913 investigated what
is now called weakly Mahlo cardinals. Theorems 8.12 and 8.13 are due to Sil-
ver [1975]. Silver’s proof uses generic ultrapowers; the elementary proof given here
is as in Baumgartner-Prikry [1976, 1977]. Lemma 8.16: Erdos, Hajnal, and Mil-
ner [1968].

Definition 8.18 and Theorem 8.20 are due to Jech [1984]. The generalization of
closed unbounded and stationary sets (Definition 8.21 and Theorems 8.22 and 8.24)
was given by Jech [1971b] and [1972/73]; Kueker [1972, 1977] also formulated
these concepts for kK = w1 and proved Theorem 8.28. Theorem 8.27 is due to
Menas [1974/75].

Exercise 8.5: Friedman [1974].

Exercise 8.17: Carr [1982].



