16. Iterated Forcing and Martin’s Axiom

In this chapter we introduce two related concepts: iterated forcing and Mar-
tin’s Axiom. Iteration of forcing is one of the basic techniques used in appli-
cations of forcing. It was first used by Solovay and Tennenbaum in their proof
of the independence of Suslin’s Hypothesis. The idea is to repeat the generic
model construction transfinitely many times. Such iterations are described in
the ground model.

Martin observed that many properties of a generic extension obtained by
iteration follow from a single axiom that captures the combinatorial content
of the model. The general principle has become known as Martin’s Axiom.
Martin’s Axiom has become a favorite tool in combinatorial set theory and
set-theoretic topology. Its consistency is proved by iterated forcing.

Two-Step Iteration

The basic observation is that a two-step iteration can be represented by
a single forcing extension. Let P be a notion of forcing, and let Q € V¥ be
a name for a partial ordering in V7.

Definition 16.1.

(i) P+Q={(p,q):p€ PandlFp e Q},
(i1) (p1,41) < (p2,42) if and only if p; < pa and p1 IF ¢1 < go.

In (i), IFp ¢ means that every condition in P forces ¢; equivalently,
lellspy = 1.

Theorem 16.2. (i) Let G be a V-generic filter on P, let Q = Q. and let
H be a V[G]-generic filter on Q. Then

G*H:{(p,(j)eP*Q:peGanquEH}

is a V-generic filter on P x Q and V|G * H] = VI[G][H].
(ii) Let K be a V-generic filter on P x Q. Then

G={peP:3j(p,¢) e K} and H:{QG:Hp(p,Q) € K}

are, respectively, a V -generic filter on P and a V[G|-generic filter on Q = Q°,
and K =G« H.
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Proof. (i) Let us prove that if D € V is a dense subset of P*Q then DN(G+H)
is nonempty. In V[G], let

Dy = {¢% : Ip € G such that (p,q) € D}.

The set D is dense in Q); this is proved by showing that for every ¢g, the set
(in V)
{peP:3¢ (plk g1 < qo and (p,g1) € D)}

is dense in P. Hence D1 N H # () and so there exists some ¢ € H such
that for some p € G and some G-name ¢ for ¢, (p,q) € D. It follows that
(p,d) € DN (G + H).

(ii) Let D € V be dense in P. Then Dy = {(p,q) : p € D} is dense in
P @ and so D N G is nonempty. Hence G is a V-generic filter on P.

Let D € V[G] be dense in @, and let D € V* be a G-name for D such
that IFp D is dense in Q. Then the set {(p,q) € P x Q:plkge D} is dense
in PxQ and it follows that D N H is nonempty. Hence H is V[G]-generic.

The proof of K = G x H is routine. O

We shall now describe two-step iteration in terms of complete Boolean
algebras. Let B be a complete Boolean algebra and let C' € V' be such that

|C is a complete Boolean algebral|p = 1.
Let us consider all ¢ € VB such that ||¢ € C|| = 1 and the equivalence relation
(16.1) ¢1 = ¢y ifand only if ||¢; = éof = 1.
We let D be the set of equivalence classes for (16.1). We make D a Boolean
algebra as follows: If ¢; and ¢éo are in D, there exists a unique ¢ € D such
that ||¢ = é1 +¢ 2| = 1; we let ¢ = ¢1 +p ¢2. The operations -p and —p are
defined similarly. With these operations, D is a Boolean algebra; also,

¢1 <p ¢ ifand only if |[[¢é; <p éof = 1.

Lemma 16.3. D is a complete Boolean algebra, and B embeds in D as
a complete subalgebra.

Proof. If X C D, let X € VB be such that dom(X) = X and X(¢) = 1 for
all ¢ € X. Since C is a complete Boolean algebra in V2 and VB is full, there
exists a ¢ such that ||¢ = Y5 X|| = 1. It follows that ¢ = 3", X.

For each b € B, let ¢ = w(b) be the unique ¢ € D such that

lé=1¢ll =0 and [lé =0g] = —b;

7 is a complete embedding of B into D. ]
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We use the notation D = B« C. If B = B(P) and in VB, C = B(Q),
then P * Q embeds densely in B x C' (Exercise 16.1).

Two-step iteration is a generalization of product: If P and @) are two
notions of forcing then P x Q embeds densely in P * Q (Exercise 16.2).

If B and D are complete Boolean algebras and B is a complete subalgebra
of D then there exists a C' € VB that is a complete Boolean algebra in VB,
such that D = B % C: In VB, let I be the filter on D generated by the
generic ultrafilter G on B, and let C be the quotient of D by F. We denote
this algebra (in V5) C =D:B. D:Bis a complete Boolean algebra in V5,
and B * (D: B) = D (Exercises 16.3 and 16.4).

It follows that if V[G] and V[H] are two generic extensions of V' such that
V|G] C V[H], then V[H] is a generic extension of V[G].

Theorem 16.4. Let £ be a regqular uncountable cardinal. If P satisfies the
k-chain condition and if in VF, Q satisfies the rk-chain condition, then PxQ
satisfies the k-chain condition.

Proof. Assume that (pa,qa), @ < K, are mutually incompatible in P * Q.
Let Z € VP be the canonical name for the set {a : p, € G} (where G is
a generic filter on P), i.e., || € Z|| = pa. For every a and every f, either p,
and pg are incompatible, or every stronger condition forces that ¢, and g
are incompatible. Thus ¢, and gg are incompatible if « € Z and 3 € Z,
and since @ satisfies the x-chain condition in V]G], we have |Z| < &; i.e.,
Fp |Z] < k.

Since & is regular in V[G] (by Theorem 15.3), there exists a maximal
antichain W C P, and for each p € W there exists some 7, < & such that
pl-Z C . If welet 4 = sup{y, : p € W}, we have v < s, and IFp Z C 7.
This is a contradiction, since py Iy € Z. a

The converse of Theorem 16.4 is also true:

Lemma 16.5. If P * Q satisfies the r-chain condition then |Fp Q satisfies
the k-chain condition.

Of course P satisfies the x-c.c. because B(P) is a complete subalgebra of
B(P x Q).

Proof. Let D = Bx C and assume that D satisfies the x-chain condition. Let
W e VB and by € BT be such that

bo I W is a subset of CF of size k.
We shall find a nonzero b < by such that
(16.2) bIF W is not an antichain.
Let f € VB be such that

bo IF f is a one-to-one function of x onto W.



270 Part II. Advanced Set Theory

For every o < &, bo IF (3 € W)z = f(&); and since V' is full, there exists
a ¢q € D such that by IF (¢, € W and ¢, = f( )). Let dy = bo - ¢ Since
by IF ¢q # ég, for all a # (3, the set {d :a < Kk} is a subset of D of size k.
Since D satisfies the k-chain condition, there exist o and 3 such that dp

and dg are compatible. Hence there exists a d € D such that d < d,, - dg;
moreover, we can find d such that d = b - ¢, where 0 % b < by and b IF (¢#£0
and ¢ < ¢4 - ¢g). Now (16.2) follows. O

Corollary 16.6. If P and Q) satisfy the k-chain condition then P X Q) satis-
fies the k-chain condition if and only if IFp Q) satisfies the k-chain condition.
O

Lemma 16.7. If P is k-closed and |Fp Q is k-closed, then P Q) is r-closed.

PT’OOf. Let A <K and let (ph(h) > (p2742) > ... 2 (pou(ja) T (Cl{ < )‘) be
a descending sequence in P (). Then {Pa}ta<x is a descending sequence in P,
and has a lower bound p. The condition p forces that {¢, }a<n is @ descending
sequence in Q, and has a lower bound ¢. Then (p,§) is a lower bound of

{(pouq.a)}oKA- g

Iteration with Finite Support

The idea of transfinite iteration of forcing is to construct sequences { Py }o<o
of forcing notions so that for every a,, Py41 = P, * Qo where Q € VP and
that at limit stages, P, is a “limit” of {Ps}s<q. In this section we describe
iteration with finite support, where the “limit” is the direct limit.

In Definition 16.8 below, Qa is assumed to be a forcing notion in V%,
with greatest element 1. The symbol <, denotes the partial ordering of P,,
and Ik, denotes the corresponding forcing relation.

Definition 16.8. Let o > 1. A forcing notion P, is an iteration (of length «
with finite support) if it is a set of a-sequences with the following properties:

(i) If & =1 then for some forcing notion Qo,
(a) P is the set of all 1-sequences (p(0)) where p(0) € Qo;
() G(0) <1 {50 if nc oy i p0) < o0) (i Q)

(ii) If « = B+ 1 then Ps = P,[3 = {p]B : p € P,} is an iteration of
length (3, and there is some forcmg notion Qg € V5 such that
(a) p € P, if and only if p|3 € Ps and IF5 p(B) € Qs;
(b) p <a q if and only if p[3 < q[F and p[3 IFs p(3) < q(B).

(iii) If o is a limit ordinal, then for every § < a, P3 = P, = {p|fs
p € P,} is an iteration of length 5 and
(a) p € P, if and only if V3 < a p[B € Pg and for all but finitely

many § < a, IFg p(8) = 1;

(b) p <a g if and only if V3 < a pI8 < q18.



16. Iterated Forcing and Martin’s Axiom 271

The finite set {8 < a : not IFg p(B) = 1} is the support of p € P,.

An iteration with finite support is uniquely determined by the sequence
<Qﬁ : 8 < a). Thus we call P, the iteration of (Qg : 8 < a). For each 8 < a
Pg1 is isomorphic to Pg * Qﬁ. When « is a limit ordinal, (P,, <,) is the
direct limit of the Pg, 3 < «, in the sense of Lemma 12.2. In fact B(P,) is
the completion of the direct limit of the B(P3), 8 < a (Exercise 16.8).

Finite support iteration preserves chain conditions:

Theorem 16.9. Let r be a reqular uncountable cardinal. Let P, be the it-
eration with finite support of (Qp : B < «), such that for each § < «,
IFg Qg satisfies the k-chain condition. Then P, satisfies the k-chain condi-
tion.

Proof. By induction on a. If o = 3+ 1 then P, = Py * Qﬁ and the assertion
follows from Theorem 16.4. Thus let « be a limit ordinal. For each p € P,,
let s(p) denote the support of p.

Let W = {pe : £ < K} be a subset of P, of size k. If cfaw # x then
there exist a # < a and some Z C W of size k such that s(p) C ( for each
p € Z. Then {p|B: f € Z} C P and since Pg satisfies the x-chain condition,
there exist p and ¢ in Z such that p[§ and g[8 are compatible (in Pg). Since
s(p) C B and s(q) C B, p and ¢ are compatible.

Thus assume that cf o = &, and let {ag : £ < k} be a normal sequence
with limit a. Let C C & be the closed unbounded set of all n such that
s(pe) C ay for all & < n. For each limit & € C there is some y(§) < £ such
that s(pe) N ag C ay ). By Fodor’s Theorem there exist a stationary set
S C C and some v < & such that s(pg) Nag C vy for all £ € S.

Now consider the set {pe[ay : £ € S}. This is a subset of P, , of size k,
and therefore there exist £ and 7 in S, v < { <7, such that p¢[a, and p, [,
are compatible. Let ¢ € P,, be a condition stronger than both p¢fa, and
pploy, and consider the following a-sequence 7:

q(B) if 8 < oy,
(16.3) r(B) = 4 pe(B) ifay <8 <ay,
Pn(B) ifo, <f <o

It is easily verified that 7 is a condition in P, and is stronger than both pe
and p,. Thus p¢ and p, are compatible, and W is not an antichain. O

Theorem 16.9 gives the following corollary for complete Boolean algebras:

Corollary 16.10. Let By C B1 C ... C Bg C ... (8 < «) be a sequence of
complete Boolean algebras such that for all B < vy, Bg is a complete subal-
gebra of B, and that for each limit ordinal -, Uﬁ@{ Bgs is dense in B,. If
every Bg satisfies the k-chain condition then U,@<a Bg satisfies the k-chain
condition. O
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Martin’s Axiom

Definition 16.11 (Martin’s Axiom (MA)). If (P, <) is partially ordered
set that satisfies the countable chain condition and if D is a collection of
fewer than 280 dense subsets of P, then there exists a D-generic filter on P.

By Lemma 14.4, if (P, <) is any partial ordering and if D is a countable
collection of dense subsets of P, then a D-generic filter on P exists. Hence
Martin’s Axiom is a consequence of the Continuum Hypothesis. Exercises
16.10 and 16.11 show that the restriction to fewer than continuum dense sets
as well as some restriction on (P, <) are necessary.

If k is an infinite cardinal, let MA,, be the statement

(16.4) TIf (P, <) is a partially ordered set that satisfies the countable chain
condition, and if D is a collection of at most x dense subsets of P,
then there exists a D-generic filter on P.

MAy, is true by Lemma 14.4, and Martin’s Axiom states that MA,; holds
for all kK < 280, Exercise 16.10 shows that MA,, implies that x < 2%0,

Lemma 16.12. Martin’s Axiom is equivalent to its restriction to partial or-
ders of cardinality < c:

(16.5) If (P, <) is a partially ordered set that satisfies the countable chain
condition and |P| < 2%, and if D is a collection of at most r dense
subsets of P, then there exists a D-generic filter on P.

Proof. Let P be a c.c.c. partially ordered set and let us assume that (16.5)
holds. Let D be a family of fewer than ¢ dense subsets of P. For each D €
D, we let Wp be a maximal incompatible subset of D. Since each Wp is
countable, there exists a set ) C P of size < ¢ such that Wp C @ for
all D € D, and if p,q € @ are compatible, then there exists some r € @
such that r < p and r < ¢. Each Wp is a maximal antichain in Q; let
Ep ={q€ Q:q<wfor some w e Wp}. Each Ep is dense in Q.

The partially ordered set () has size at most x and satisfies the countable
chain condition. By (16.5) there is a filter G on @ that meets every Ep.
G generates a D-generic filter on P. O

We will now show that MA is consistent with 280 > Ry:

Theorem 16.13 (Solovay and Tennenbaum). Assume GCH and let k
be a regular cardinal greater than Wi. There exists a c.c.c. notion of forc-
ing P such that the generic extension V[G] by P satisfies Martin’s Aziom
and 2% = k.

As P satisfies the countable chain condition, the model V[G] preserves
cardinals and cofinalities.
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Proof. We construct P as a finite support iteration of length , of a certain
(vet to be determined) sequence (Q, : a < k). At each stage, we'll have
IFo Qa satisfies the countable chain condition, and so P will satisfy c.c.c. as
well. We shall also have, for each a < &, - |Qa| < . It follows, by induction
on «, that |P,| < & for every a < k: If o is a limit ordinal and if |Pg| < & for
all 8 < a, then |P,| < k since the elements of P, are a-sequences with finite
support. Thus assume that |P,| < x and let us prove |P,+1| < k. Because
P, satisfies c.c.c. and k is regular, there exists a A < x such that I, |Qa| <A\
Every name ¢ for an element of Q,, can be represented by a function from an
antichain in P, into \. As every antichain in P, is countable, the number of
such functions is at most £*¢ which is x (by GCH). It follows that |Py41| < k;
in fact |B(Pay1)| < k.

Note that because GCH holds in V, and because P, is a c.c.c. forcing of
size < k, we have |-, 2* < &, for every A < k. In particular, IFp 2% < k.

We shall now define the Q.. by induction on a < k. Let us fix a function 7
that maps k onto k x k such that if 7(«) = (8,7) then f < a. For every
a < k, the model VP~ has at most s nonisomorphic partial orderings of
size < k (because Ik, K< = k). Since P, satisfies c.c.c., there are at most x
distinct names in V= for such partial orderings.

Thus let us assume that a < & and that (Qp : < «) has been de-
fined. Let () = (,7). Let Q be the yth name in V7 for a partial order
with a greatest element 1, of size < k. Let b = ||Q satisfies the countable
chain condition||p, and let Qo € VP be such that |Qa = Q|lp, = b and
1O = {1} |

Now let P be the finite support iteration of (@, : @ < k). We shall prove
that V7 satisfies Martin’s Axiom as well as 2% = «. Let G be a generic filter
on P, and let G, = G| P, for all a < k.

p, = —b.

Lemma 16.14. If A < k and X C X is in V[G] then X € V[G,] for some
a < K.

Proof. Let X be a name for X. Every Boolean value || € X|| (where £ < \)
is determined by a countable antichain in P and hence X is determined by
at most A\ conditions in P. Every condition has finite support which in turn
is included in some « < k. Therefore there exists some a < x such that all

these A conditions have support included in «. It follows that X has a name
in VFe; hence X € V[G,]. O

Lemma 16.15. Let (Q,<) € V[G] and D € G be such that (Q, <) is a c.c.c.
partial order, |Q| < k and |D| < k. There exists in V|G| a D-generic filter

on Q.

Once we prove Lemma 16.15, we finish the proof of Theorem 16.13 as
follows: Let Q be the forcing for adding one Cohen generic real; () is countable.
For any set X C {0,1}* of size < k, let Dx = {D, : g € X} where D, =
{g € Q:q¢ g} (see Exercise 16.10). Lemma 16.15 applied to Dx shows
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that X # {0,1}* and therefore V[G] satisfies 2% > k. However, we already
proved that 2% < k, and so V[G] F 2% = k. Thus V[G] satisfies (16.5) and
therefore MA, completing the proof. ]

Proof of Lemma 16.15. By Lemma 16.14, both (@, <) and D are in V[Gg],
for some 3 < k. Let Q be a name for Q in V5. We may assume that Q has
a greatest element, and let v be such that Q is the ~vth name for such partial
order. Let « be such that 7(a) = (3,7). As Q satisfies the countable chain
condition in V[G], it also satisfies the countable chain condition in V[G,].
Thus Q = an

In V[Ga41] there is a generic filter H on @ over V|G, ], because Pyy1 =
P, * Qq. The filter H meets every dense subset of Q that is in V[Gy], and
therefore it meets every D € D. Hence H is D-generic. ]

Independence of Suslin’s Hypothesis

Suslin’s Hypothesis (SH) is the statement there are no Suslin lines. In Chap-
ter 15 we showed that the negation of SH is consistent; by the following
theorem, SH is independent.

Theorem 16.16. If MAy, holds, then there is no Suslin tree.

Proof. Let us assume that T'is a normal Suslin tree and let Pr be the partially
ordered set obtained from T by reversing the order. Pr satisfies the countable
chain condition. For each a < wy, let D, be the union of all levels above a:
D, ={x € T :o(zx) > a}. Each D, is dense in Pr; if we let D = {D,, :
a < wi} and if G is a D-generic filter on P, then G is a branch in T of
length wy. A contradiction. a

The proof of independence of SH was the first application of iterated
forcing (and led to the formulation of Martin’s Axiom). The model for SH,
due to Solovay and Tennenbaum [1971], was constructed by iteration of the
forcing notions Pr, for all prospective Suslin trees in the final model. The
forcing Pr “kills” the Suslin tree T by forcing an wj-branch in T'.

In the proof of the following theorem, Suslin trees are killed by a different
method: by specializing the tree. Recalling the definition in Chapter 9 (and
Exercise 9.9), an Aronszajn tree T is special if there exists a function f :
T — w such that each f_1({n}) is an antichain.

Theorem 16.17 (Baumgartner, Malitz, and Reinhardt [1970]). If
MAy, holds, then every Aronszajn tree is special.

Lemma 16.18. IfT is an Aronszajn tree and W is an uncountable collection
of finite pairwise disjoint subsets of T, then there exist S, S’ € W such that
any x € S is incomparable with any y € S’.



16. Iterated Forcing and Martin’s Axiom 275

Proof. Since uncountably many elements of W have the same size, we may
as well assume that there exists a natural number n such that |S| = n for
all S € W; furthermore let us consider a fixed enumeration {z1,...,z2,} of
each set S € W. Let D be an ultrafilter on W such that every X € D is
uncountable.

Let us assume that the lemma is false. For each x € T and each k = 1,

, n, let Yy 1, be the set of all S € W such that = is comparable with the
kth element of S. Since any S and S’ contain comparable elements, we have

U UYx,k:W

zeS k=1

for every S € W. Thus pick, for each S € W, an element z = xg of S
and k = kg such that Y, ; € D. Now, there is k& < n such that the set
Z ={S € W : kg = k} is uncountable. We shall show that the elements xg,
S € Z, are pairwise comparable; and that will be a contradiction since T' has
no uncountable branch.

If 51,5 € Zandz = xg,,y = x5,, then Y =Y, ;NY,  is in the ultrafilter
and thus uncountable. If S € Y, then the kth element of S is comparable
with both x and y. Since Y is uncountable, there must exist S € Y such that
the kth element of S is greater than both = and y. But then it follows that
x and y are comparable. O

Let T be an Aronszajn tree and let us consider the following notion of
forcing (P, <): Forcing conditions are functions p such that
(16.6) (i) dom(p) is a finite subset of T’
(ii) ran(p) C w;
(iii) if z,y € dom(p) and = and y are comparable, then p(z) # p(y);
(iv) p is stronger than ¢ if and only if p extends g.

Lemma 16.19. (P, <) satisfies the countable chain condition.

Proof. Let W be an uncountable subset of P. Note that the set {dom(p) :
p € W} is uncountable (there are only countably many functions from a fi-
nite set into w). By A-Lemma, there is an uncountable W; C W, and a fi-
nite set S C T such that dom(p) N dom(q) = S for any distinct elements
p,q € Wi. Then there is an uncountable Wy C W; such that p[S = ¢[S for
any p,q € Ws. By Lemma 16.18 there exist p and ¢ € W5 such that any
x € dom(p) — S is incomparable with any y € dom(g) — S. Then p U ¢ is
a function that satisfies (16.6) and extends both p and ¢. Thus p and ¢ are
compatible elements of W and so (P, <) satisfies the countable chain condi-
tion. ad

Proof of Theorem 16.17. For each x € T, let D, be the set of all p € P such
that « € dom(p); clearly, each D, is dense in P. Let D ={D, : z € T'}.
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It follows from MAy,, that (P, <) has a D-generic filter G. The elements
of G are pairwise compatible and since G is D-generic, every x € T is in the
domain of the function f = |JG. The function f maps T into w and witnesses
that T' is a special Aronszajn tree. ]

More Applications of Martin’s Axiom

Theorem 16.20 (Martin-Solovay). Martin’s Aziom implies that ¢ is reg-
wlar, and 2" = ¢ for all infinite cardinals k < c.

Proof. Assuming MA, we prove that 2% = 2% for every x < 280. Regularity
of ¢ follows, as cf2%0 = ¢cf2% > g for all k < 2%0. Let k < 2% and let
{A4 : a < Kk} be an almost disjoint family of subsets of w.

Let X be a subset of k. We shall find a set A C w such that for all a < &

(16.7) a€ X ifandonlyif AN A, is infinite.

In other words, X = {a € K : AN A, is infinite} is “coded” by the set A.
Therefore there exists a mapping of P(w) onto P(k), and so 2 < 280,

Let (P, <) be the following notion of forcing: A condition is a function p
from a subset of w into {0, 1} such that:

(16.8) (i) dom(p) N A, is finite for every o € X;
(ii) {n:p(n) =1} is finite.

The set P is partially ordered by reverse inclusion: p < ¢ if and only if p
extends q.

We first show that P satisfies the countable chain condition. If p and ¢
are incompatible, then {n : p(n) = 1} # {n : ¢(n) = 1} and since there are
only countably many finite subsets of w, it follows that P satisfies c.c.c.

For each § € k — X, let Dg = {p € P: Ag C dom(p)}. Any ¢ € P can
be extended to some p € Dg: Simply let p(n) = 0 for all n € Ag — dom(p).
Since Ag is almost disjoint from all A,, o € X, p has property (16.8)(i) and
hence is a condition. Thus each Dg is dense.

For each o € X and each k € w, let

Eor={peP:{ne A, :p(n)=1} has size at least k}.

It is easy to see that each E, j is dense in P.

Let D be the collection of all Dg for 3 € k — X and all £, for a € X
and k € w. By MA, there exists a D-generic filter G on P. Note that f = JG
is a function on a subset of w. We let

(16.9) A={n:f(n) =1} ={n:p(n) =1 for some p € G}.

If « € X, then ANA,, is infinite because for each £ there is some p € GNE, 1.
If 6 € k— X, then AN Ag is finite because for some p € G, Ag C dom(p)
and {n : p(n) = 1} is finite. O
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The almost disjoint forcing defined in the proof of Theorem 16.20 is of-
ten used to code generically uncountable sets. A typical application is the
following:

Let V[X] be a generic extension where X C wy; furthermore, assume that
W/l = ;. Let A = {A, : @ < w1} be an almost disjoint family in V, and
let us consider the almost disjoint forcing P in V[X]. If G C P is generic
over V[X], then V[X][G] = V[X][A4], where A is defined by (16.9). Note that
WV XAl = .

Now in V[X][A], the set X satisfies (16.7), and since A € V, it follows
that X € V[A4], and we have V[X][A] = V[A]. Thus we have found a generic
extension V[A] such that A C w and X € V[A]. See Exercise 16.15.

The next theorem shows that under MAy,, countable chain condition is
preserved by products. Compare with Exercise 15.28.

Theorem 16.21. MAy, implies that every partially ordered set that satisfies
the countable chain condition has property (K).

Proof. Let P be a partially ordered set that satisfies the countable chain
condition and let W = {w, : @ < w1} be an uncountable subset of P. We
will use MAy, to find a filter G such that Z = G NW is uncountable.

First we claim that there is some py € W such that every p < pg is
compatible with uncountably many w,. Otherwise, for each a < w; there is
B > a and some v, < w, which is incompatible with all w., v > 3; then
we can construct an wi-sequence {vo; : 4 < wi} of pairwise incompatible
elements.

For each a < wy, let

Dy ={p <po:p < w, for some v > a}.

By the above claim, each D, is dense below pg. By MAy,, there exists a fil-
ter G on P such that pg € G and G N D, # 0 for all a < wy. It follows that
G NW is uncountable. Hence P has property (K). O

Corollary 16.22. MAy, implies that if every P;, i € I, satisfies the count-
able chain condition then so does the product Hie] P; (with finite support).

Proof. Theorem 15.15. a
The next result generalizes the Baire Category Theorem:

Theorem 16.23. Martin’s Axiom implies that the intersection of fewer
than ¢ dense open sets of reals is dense.

Proof. Let k < ¢ and let U,, a < k, be dense open sets of reals. Let I be
a bounded open interval. We’ll show that (., Ua N1 # (. Let P be the
following notion of forcing: Conditions are nonempty open sets p such that
p C I, with p < ¢ if and only if p C ¢. Since every collection of disjoint
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open sets is at most countable, P satisfies the countable chain condition. For
each a < K, let D, = {p € P : p C Uy}; each D, is dense in P. Let G be
a D-generic filter on P where D = {D,, : a < k}. Since G is a filter, the
intersection [{p : p € G} is nonempty, and is contained in each U, since
GND, #0. O

If f and g are functions from w to w, we say that f eventually dominates g
if f(n) > g(n) for all but finitely many n € w (i.e., f > ¢ in the notation of
Lemma 10.16). A set of functions G is eventually dominated by f if f > ¢
for all g € G.

Theorem 16.24. Martin’s Axziom implies that every family G of fewer than ¢
functions from w to w is eventually dominated by some f € w*.

Corollary 16.25. MA implies that there exists a c-scale.

Proof. A scale is constructed by transfinite induction, using an enumeration
of w* of order-type c. O

Corollary 16.26. MA implies that ¢ is not real-valued measurable.
Proof. Lemma 10.16. a

The proof of Theorem 16.24 uses the Hechler forcing: Let G be a given
family of functions h : w — w. A forcing condition is a pair p = (s, E),
where s = (s(0),...,s(n —1)) is a finite sequence of natural numbers and
E is a finite subset of G. A condition (s', E') is stronger than (s, E) if:

(16.10) (i) sC s, and E C E';
(ii) if k € dom(s’) — dom(s), then s(k) > h(k) for all h € E.

If (s1,E1) and (sq, E2) are conditions and s; = $a, then (s1, F1) and
(s2, E3) are compatible. Hence (P, <) satisfies the countable chain condition.
Let G C P be generic; we let f = |J{s: (s, F) € G for some E}. We claim
that G is eventually dominated by f. Let h € G be arbitrary. First there
is a condition (s, E) € G such that h € E (by genericity). Secondly, every
condition (s', E’) < (s, E) satisfies (16.10)(ii), and so f(k) > g(k) for all
k ¢ dom(s). Thus in V[G], there is f : w — w such that h < f for all h € G.

Proof of Theorem 16.24. If G C w* and |G| < ¢, let P be the Hechler forcing
for the family G. Let D ={Dj : h € G} U{E, : n € w} where Dy, = {(s, E) :
h € E} and E, = {(s,E) : n € dom(s)}. Then if G is a D-generic filter,
the function f = U{s : (s, E) € G for some E} eventually dominates all
heg. O

Theorem 16.27 (Booth). Martin’s Aziom implies that there exists a p-
point.
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Proof. Let Ay, a < 280, be an enumeration of all decreasing sequences
{A,}2, of subsets of w. We construct, by induction on a < 2%, a chain
of families Gy C ... C G, C ... of nonempty subsets of w, such that each G,
is closed under finite intersections and |G, | < 2% for all a.

We let Go = {X C w: w— X is finite}. If o is a limit ordinal, we let
Gy = Uﬁ <a Yo Having constructed G,, we construct Go41 as follows: Let
Ao = {A,}32, be a decreasing sequence of subsets of w. If some A, is
disjoint from some X € G,, then we let G441 = G,. Otherwise, the family
G =G, U{A, : n € w} has the finite intersection property and we claim (see
Lemma 16.28 below), that there exists a Z C w such that Z — A,, is finite
for all n, and G’ = G U {Z} has the finite intersection property. Then we let
Gao+1 consist of all finite intersections X7 N ... N X}, of elements of G'.

Finally, we let G = [J{Ga : @ < 2%}, and let D be any ultrafilter such
that D D G. We claim that D is a p-point: If A4g D A1 D ... A, D ... is any
decreasing sequence of elements of D, then {4,,}5°, = A, for some o < 2%
and we have Z € G,41 such that Z — A,, is finite for all n. By Exercise 7.7,
D is a p-point. O

It remains to prove the claim:

Lemma 16.28. Assume MA, and let G be a family of subsets of w with the
finite intersection property such that |G| < 2%0. Let Ag D Ay D ... A, D ...
be a decreasing sequence of elements of G. Then there exists a Z C w such
that:

(i) GU{Z} has the finite intersection property;
(il) Z — A, is finite for alln € w.

Proof. We may assume that that if XY € G, then X NY € G. For each
X € G, let hy : w — w be some function such that hx(n) € X N A,.
By Theorem 16.24 the family {hx : X € G} is eventually dominated by
a function f; in particular for every X € G there exists some n such that
f(n) > hx(n). Now we let Z = (J;_ {k € An : k < f(n)}. It is readily
verified that Z — A,, is finite for each n, and that ZNX # () for every X € G.

O

Iterated Forcing

We conclude this chapter with the general definition of iterated forcing. We
shall return to the general method in later chapters. Below we follow closely
Definition 16.8 of finite support iteration. As before, for each ordinal av > 1,
P, denotes an iteration of length «, <, is the partial ordering of P, and I, is
the corresponding forcing relation, and Q. is a name in VFe for a forcing
notion with a greatest element 1. The general definition differs from Defini-
tion 16.8 by its handling of limit stages.
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Definition 16.29. Let > 1. A forcing notion P, is an iteration (of
length «) if it is a set of a-sequences with the following properties:

(i) If & =1 then for some forcing notion Qo,
(a) Py is the set of all 1-sequences (p(0)) where p(0) € Qo;
() G(0) %1 4(0) f s uly i 40) < 500,
(ii) If « = B+ 1 then Ps = P,[3 = {p]B : p € P,} is an iteration of
length (3, and there is some forcmg notion Qg € V5 such that
(a) p € P, if and only if p|3 € Ps and IF5 p(B) € Qgs;
(b) p <a g if and only if p[B <g ¢[B and p[B -5 p(B) < q(B).
(ii) If « is a limit ordinal, then for every 8 < «, Pg = P,[8 = {p|f :
p € P, } is an iteration of length 5 and
(a) the a-sequence (1,1,...,1,...) is in Py;
(b) if p € Py, f < o and if ¢ € Pg is such that ¢ <g p[f, then
r € P, where for all £ < a, 7(§) = q(§) if £ < 8 and r(§) = p(§) if
f<E<
(¢) p <q qif and only if VB < a p[8 <g q|p.

Clearly, an iteration with finite support is an iteration. In general, prop-
erty (iii)(b) guarantees that if Pg = P,[3 then V5 C V7P see Exer-
cise 16.17.

A general iteration depends not only on the Qﬁ but also on the limit
stages of the iteration. Let P, be an iteration of length o where « is a limit
ordinal. P, is a direct limit if for every a-sequence p,

(16.11) pe P, ifandonlyif 38 < «aplB € Pgand V¢ > [ p(§) = 1.
P, is an inverse limit if for every a-sequence p,
(16.12) p € P, ifandonlyif V8 < aplae Ps.

In practice, forcing iterations combine direct and inverse limits. Finite sup-
port iterations are exactly those that use direct limits at all limit stages. In
general, let s(p), the support of p € P,, be the set of all 8 < « such that it is
not the case that IFg p(5) = 1. If I is an ideal on « containing all finite sets
then an iteration with I-support is an iteration that satisfies for every limit
ordinal v < a,

(16.13) pe P, ifandonlyif VB <~y plf € Psands(p) el

One of the most useful tools in forcing are iterations with countable support,
where in (16.13) I is the ideal of at most countable sets. A countable support
iteration is an iteration such that for every limit ordinal  if ¢f v = w then P,
is an inverse limit, and if c¢fy > w then P, is a direct limit. We shall return
to countable support iterations later in the book.

The following generalizes Theorem 16.9:
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Theorem 16.30. Let x be a regular uncountable cardinal and let o be a limit
ordinal. Let P, be an iteration such that for each 3 < o, P3 = P, |3 satisfies
the k-chain condition. If P, is a direct limit, and either cfa # k or (if
cf a = k) for a stationary set of B < «, Pg is a direct limit, then P, satisfies
the k-chain condition.

Proof. Exactly as the proof of Theorem 16.9. The only difference is that we
apply Fodor’s Theorem not to C', but to the stationary subset of C' consisting
of all § such that P,, is a direct limit. ]

Exercises

16.1. B(Px Q)= B(P) =« B(Q).
16.2. P x Q embeds densely in P * Q.
16.3. In VE, D: B = D/I where for each d € D, ||d € I||p = >{b € B:b-d =0}.

16.4. ||D : B is a complete Boolean algebral|g = 1, and D is isomorphic to B x
(D: B).

[Every name for an element of D : B has the form d/I where d € D. To see
that D : B is complete in V2, let A be a name for a subset of D : B, and let
e=>{d:||d/I € A||} =1. Then |e/I => Al =1]

16.5. Let h: P+ Q — P be defined by h(p,§) = p. Then h satisfies the conditions
in Lemma 15.45.

16.6. If P has property (K) and IFp Q has property (K), then P x Q has prop-
erty (K).

16.7. If P is k-distributive and I-p Q is k-distributive then P Q is s-distributive.

16.8. Let P,, « a limit ordinal, be a finite support iteration, and Bz = B(Pa[f)
for all 8 < a. Then B, is the completion of the direct limit of the algebras Bjg,
g < a.

16.9. If P, is a finite support iteration and Ps = P, |3 then V% c VP~ The
projection h(p) = p|f satisfies Lemma 15.45; Gg = {p|8 : p € G} is a generic filter
on Pg.

16.10. Let (P, <) be the notion of forcing producing a Cohen generic real. There
is a collection D of size 2% of dense subsets of P such that there is no D-generic
filter on P.

[For each g:w — {0,1},let Dg={pe P:p ¢ g}]

16.11. Let (P, <) be the notion of forcing that collapses wi. There is a collection D
of size W1 of dense subsets of P such that there is no D-generic filter on P.
[For each o < w1, let Do ={p € P: a €ran(p)}.]

16.12. MA, is equivalent to the statement of M A, restricted to complete Boolean
algebras.
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16.13. MA, is equivalent to of MA restricted to partial orders of cardinality < k.

16.14. Let T be a Suslin tree and let P be the notion of forcing that adjoins
k Cohen generic reals. Let G be a generic filter on P. Then T is a Suslin tree
in V[G].

[Let Pr be the notion of forcing associated with the Suslin tree T'. P satisfies
the c.c.c. in any V[H] where H is a generic filter on Pr. Thus Pr x P is c.c.c., and
so Pr is c.c.c. in V[G].]

It follows that the existence of a Suslin tree is consistent with 2% > ;.

16.15. There is a generic extension V[A] where A C w, such that w} 4 = w;, and
ws is collapsed.

[Let f be a generic mapping of wi onto we and let X C wi be such that
V[f] = V[X]. Use almost disjoint forcing to find A C w such that V[A] = V[X][A].]

16.16. Assume MA, and let {X, : o < k} be a sequence of infinite subsets of w
such that Xg — X, is finite if & < 8. Show that there exists an infinite X such that
X — X, is finite for all o < k.

[A forcing condition is a pair (s, F') where s is a finite subset of w and F' is
a finite subset of x; (s', F') < (s,F) just in case s’ D5, F' D F, and s’ — s C Xa
for all @ € F. Consider the dense sets D, = {(s,F) : |s| > n}, n < w, and
E.={(s,F):a € F}, a<k]

16.17. If P, is an iteration and Ps = P, |83 then V76 C VFa,
[Use (iii)(b) in Definition 16.29 and Lemma 15.45.]

16.18. Let P, and P, be countable support iterations of {Qs}s and {Qfg}g, respec-
tively. Assume that for every 8 < o, if B(P3) = B(Pj) then IFg B(Qg) = B(Qj).
Then B(P.) = B(P.).

16.19. Let I be a r-closed ideal on «, and let P, be an iteration of {Qs}s with
I-support. If for each 8 < a, IFg Qs is <k-closed, then P, is <k-closed.

16.20. Let k > N2 be a regular cardinal. Let P be a countable support iteration
of length x such that for all 8 < k, P[( has a dense subset of size < k. Then
P satisfies the k-chain condition.

[Use Theorem 16.30.]

Historical Notes

Iterated forcing was introduced by Solovay and Tennenbaum [1971]. The formu-
lation in terms of Boolean algebras is based on their paper. Our presentation of
general iteration (Definitions 16.8 and 16.29) follows Baumgartner [1983].

Following Solovay and Tennenbaum’s construction of a model in which there
are no Suslin trees (Theorem 16.13), Martin formulated an axiom (MAxy,) which
implies that there are no Suslin trees, and whose consistency was obtained by
Solovay-Tennenbaum’s method. The consistency proof of MA + 280 > X, appears
in Solovay and Tennenbaum [1971].

Martin’s Axiom is investigated in detail in the paper [1970] of Martin and
Solovay. The paper contains various equivalent formulations of Martin’s Axiom and
numerous applications (including Theorem 16.20). Theorem 16.21 was discovered
by Kunen, Rowbottom, Solovay and possibly others.
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Baumgartner, Malitz, and Reinhardt [1970] proved that MAy, implies that
every Aronszajn tree is special (Theorem 16.17). Special Aronszajn trees have ap-
plications in model theory (this fact is due to Rowbottom and Silver) and are
investigated in Mitchell’s paper [1972/73].

Scales were investigated extensively by Hechler [1974]. Hechler introduced the
notion of forcing used in the proof of Theorem 16.24. Hechler, among others, showed
that if ¢f & > w, then there is a generic extension in which 280 > k and a s-scale
exists.

The construction of p-points (and Ramsey ultrafilters) under the assumption
of Martin’s Axiom is due to Booth [1970]. Our proof of Theorem 16.27 follows
Ketonen [1976].



