19. Iterated Ultrapowers and L[U]

In this chapter we investigate inner models for measurable cardinals, using
Kunen’s technique of iterated ultrapowers.

The Model L[U]

Let £ be a measurable cardinal and let U be a r-complete nonprincipal ultra-
filter on k. Let us consider the model L[U]. By Lemma 13.23, L[U] = L[U],
where U = U N L[U].

Lemma 19.1. In L[U], U is a Kk-complete nonprincipal ultrafilter on k.
Moreover, if U is normal, then L[U]E U is normal.

Proof. A straightforward verification. For instance if U is normal and f €
L[U] is a regressive function on &, then for some v < k, the set X = {a :
f(a) =~} isin U;since X € L[U], LIU] E f is constant on some X € U. O

We shall eventually prove, among others, that the model L[U] satis-
fies GCH. For now, we recall Theorem 13.22(iv) by which 2% = R,
holds in L[U] for all sufficiently large «. Specifically, using the Condensa-
tion Lemma 13.24, we get:

Lemma 19.2. IfV = L[A], and if A C P(w,), then 28 =R, 1.

Proof. Let X be a subset of w,. Let A be a cardinal such that A € Ly[A]
and X € Ly[A]. Let M be an elementary submodel of (L)[4], €) such that
woe CM,Ae M, X € M, and |[M| = R,. Let 7w be the transitive collapse
of M, and let N = w(M). Since w, C M, we have m(Z) = Z for every Z C w,,
that is in M and in particular 7(X) = X; also, 7(4) = 7(ANM)=ANN.
Now N = L,[AN N] for some ~, and hence N = L,[A]. Since |[N| = X,, we
have v < wq41 and hence X € Ly, [A]. It follows that every subset of wq
isin L A] and therefore 2% = R, ;. O

wa+1[

Theorem 19.3 (Silver). If V. = L[D] where D is a normal measure on
a measurable cardinal k, then the Generalized Continuum Hypothesis holds.



340 Part II. Advanced Set Theory

Proof. If A\ > &k, then D C P()\) and hence 2* = At by Lemma 19.2. Thus
it suffices to show that 2* = A% for every infinite cardinal A < k. Let A < &
and let us assume that there are more than A1 subsets of \; we shall reach
a contradiction. If 2% > A%, then there exists a set X C A that is the ATth
subset of A in the canonical well-ordering <ppj of L[D]. Let a be the least
ordinal such that X € L, [D]. Since the well-ordering < p; has the property
that each L¢[D] is an initial segment of <pp) every subset of A preceding X
is also in L,[D] and hence the set P(\) N L, [D] has size at least A\T.

We shall now apply Lemma 17.36. Let n be a cardinal such that n > «
and that D € L,[D], and consider the model % = (4, €) where A = L,[D].
We have x C A, and we consider the set P = P(\)NA. Since 2* < x, we have
|P| < k. By Lemma 17.36, there is an elementary submodel B = (B,€) < 2
such that AU{D,X,a} C B, kN B € D and |[PNB| < A Let 7 be the
transitive collapse of B onto a transitive set M; we have M = L,[n(D)] for
some 7.

Using the normality of D, we show that w(D) = DNM. Clearly, 7(k) = &
because |k N B| = k. The function 7 is one-to-one, and for every & < &,
m(€) < &. Since D is normal, there is a set Z € D such that 7(§) = £ for all
€ Z Henceif Y € Bisasetin D, then n(Y) Dn(YNZ)=Y NZ, and so
7m(Y') is also in Dj; similarly, if Y € B and n(Y') € D, then Y € D. It follows
that #(D) = DN M.

Hence M = L,[D]. Since A C B, m maps every subset of A onto itself,
and so P(A\) N M = P(A) N B. In particular, we have 7(X) = X and so
X € L,[D]. By the minimality assumption on «, we have o <, and this is
a contradiction since on the one hand |P(A\) N Ly [D]| > A*, and on the other
hand |P(A) N L,[D]| < A. O

One proves rather easily that the model L[D] has only one measurable
cardinal:

Lemma 19.4. If V = L[D] and D is a normal measure on , then k is the
only measurable cardinal.

Proof. Let us assume that there is a measurable cardinal A\ # x and let us
consider the elementary embedding jyy : V' — M where U is some nonprin-
cipal A-complete ultrafilter on A. We shall prove that M = L[D] = V thus
getting a contradiction since U ¢ M by Lemma 17.9(ii).

Since j is elementary, it is clear that M = L[j(D)]. If A > &, then j(D) =
D and so M = L[D]. Thus assume that A < k.

Since k is measurable, the set Z = {a < k : « is inaccessible and a > A}
belongs to D. By Lemma 17.9(v), j(k) = x and j(a) = a for all « € Z. We
shall show that j(D) = D N M. It suffices to show that j(D) C D N M since
J(D)is (in M) an ultrafilter. Let X € j(D) be represented by f : A — D. Let
Y =Neey f(§); we have Y € D, and clearly j(Y) C X. Now if « € Y N Z,
then j(a) =aandso X D j(Y) D j“(YNZ)=YNZ € D and hence X € D.

Thus j(D) = DN M, and we have M = L[j(D)] = LIDNM] = L[D]. O
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Iterated Ultrapowers

Let x be a measurable cardinal and let U be a k-complete nonprincipal ul-
trafilter on . Using U, we construct an ultrapower of V mod U; and since
the ultrapower is well-founded, we identify the ultrapower with its transi-
tive collapse, a transitive model M = Ulty (V). Let us denote this transitive
model Ultg)(V) or just Ult™. Let j© = j; be the canonical embedding
of V in Ult™, and let s = j(O) (k) and UM = jO/(U).

In the model Ult(), the ordinal () is a measurable cardinal and U™ is
a kM-complete nonprincipal ultrafilter on x(!). Thus working inside Ult("),
we can construct an ultrapower mod U™): Ulty ) (Ult™M). Let us denote this
ultrapower Ult®®, and let j(!) be the canonical embedding of Ult()) in Ult()
given by this ultrapower. Let £ = j() (k1) and U®?) = ;) (UM).

We can continue this procedure and obtain transitive models

o™, @, o U, L (n <w).

[That we can indeed construct such a sequence of classes follows from the
observation that for each «, the initial segment V,, NULt(™) of each ultrapower
in the sequence is defined from an initial segment V3 of the universe (where
0 is something like x + o + 1).]

Thus we get a sequence of models Ult(™)| n < w (where Ult® = V). For
any n < m, we have an elementary embedding %y, : ULt — ULt which
is the composition of the embeddings j(™, j(+1  jm=1).

inm(z) = j0D (@) (e Ur™).
These embeddings form a commutative system; that is,
im,k: o in,m = Z‘nﬁk (m <n< k)

We also let k() = i0,n(k), and U = i0,,(U). Note that O <M < <
k(" < and U > UM 5 ..o UM > ..
Thus we have a directed system of models and elementary embeddings

(19.1) {UIt™) 4y iy € W}

Even though the models are proper classes, the technique of Lemma 12.2 is
still applicable and we can consider the direct limit

(19.2) (M, E) = limdir,, ., {ULt"™ i,y },

along with elementary embeddings i, : Ult(™ — (M, E). The direct limit
is a model of ZFC and we shall prove below that it is well-founded. Thus we
identify it with a transitive model Ult(*). (We shall also prove that Ult() ¢
Ult™ for every n.)
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Let k) = ig (k) and U =g ,(U). Since Ult(*) satisfies that U“) is
a k“)-complete nonprincipal ultrafilter on ), we can construct, working
inside the model Ult(), the ultrapower of Ult*) mod U®) and the corre-
sponding canonical embedding 7).

Let us denote Ult“*1) the ultrapower of Ult(*) mod U“) and let lw w41 be
the corresponding canonical elementary embedding. For n < w, let iy 41 =
Z‘u),u)Jrl o in,uw

This procedure can be continued, and so we define the iterated ultrapower
as follows:

(U1, BO) = (v, €),
(Ultlet D) Bty = Ulty o) (UL B(@),
(U1, EX)Y = lim dirg . { (UL, B@®) i, 5} (X limit)

where U(® = ig ,(U), for each a. We do not know yet that all the mod-
els Ult(® are well-founded; but we make a convention that if Ult(®) is well-
founded, then we identify it with its transitive collapse.

If M is a transitive model of set theory and U is (in M) a s-complete
nonprincipal ultrafilter on k, we can construct, within M, the iterated ultra-
powers. Let us denote by Ultgja)(M ) the ath iterated ultrapower, constructed
in M.

Lemma 19.5 (The Factor Lemma). Let us assume that Ult(®) is well-

founded. Then for each B, the iterated ultrapower Ult;ﬁ)a) (Ult(®)) taken

in Ult(® is isomorphic to the iterated ultrapower Ult(e+P),
Moreover, there is for each [ an isomorphism e,(;‘) such that if for all

& and 1, zéan) denotes the elementary embedding of Ultgfga)(Ult(a)) into

Ultgjn()u) (ULt(®), then the following diagram commutes:

()
UL, (Ulele)) =1 Ui (ulee)
eéa)l J/e;a)
ue Y ——— Ut

(@)
at§,at+n

Proof. The proof is by induction on §. If 3 = 0, then the Oth iterated

ultrapower in Ult(® is Ult(®); and we let e(()a) be the identity mapping.

If Ultgﬁ)@ and Ult§f+’6 ) are isomorphic and el is the isomorphism, then
Ult;ﬁj)l) and Ultgﬁﬁﬂ) are ultrapowers of Ult;ﬁ)u) and Ultg”ﬁ), respec-

tively, mod ig?‘ﬁ)(U(“)) and mod ig o+ 3(U), respectively; and since iy o4+3(U) =

(@)

e,(;‘) (z(()og(U (@))), the isomorphism e,(;‘) induces an isomorphism e/

ULt 7Y and Ul oY,

1 between
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If A is a limit ordinal, then Ultg\()u) and Ultg}H)‘) are (in Ult(*)) the di-

rect limits of {Ult{,, 352 : 8,7 < A} and {Ulty™ iaig.aiq 1 5,7 < A},
respectively. It is clear that the isomorphisms ega), 8 < A, induce an isomor-

phism e&a) between Ul , and Ultg””. ]

Ula
Corollary 19.6. For every limit ordinal X, if Ult®) is well-founded then
ULt ¢ UL for all a < A.

Proof. Ult™ is a class in Ult(®); it is the iterated ultrapower Ult;ﬁ)a) (Ult(*))

where o + 3 = A ]

Next we show that the iterated ultrapowers Ult;}l) are all well-founded.
Theorem 19.7 (Gaifman). Let U be a k-complete nonprincipal ultrafilter
on k. Then for every «, the ath iterated ultrapower Ult(®) is well-founded.

Proof. Clearly, if Ult(®) is well-founded, then Ult(®*+1) is well-founded. Thus
if v is the least v such that Ult(?) is not well-founded, then v is a limit
ordinal. The ordinals of the model Ult(?) are not well-ordered; let & be the
least ordinal such that the ordinals of Ult” below i ~(§) are not well-ordered.

Let g, o1, T2, . .. be a descending sequence of ordinals in the model Ult()
such that xg is less than ig.(¢). Since Ult(?) is the direct limit of Ult(*),
a < 7, there is an o < 7 and an ordinal v (less than iy ,(§)) such that
2o = ia,~(v). Let 0 be such that o+ 5 = .

By our assumptions, the following is true (in V):

(19.3) (V9 < ) (V€ < £) the ordinals below ig.(£') in UltO") are well-
ordered.

When we apply the elementary embedding i, to (19.3), we get:

(19.4) UL® E (Y < ig.a(y)(VE < io.a(€)) the ordinals below i\, (¢') in

0,7/
Ult & 2) are well-ordered.

Now 8 < v < ip,a(7), and v < igo(§). Hence if we let 4/ = § and &' = v
in (19.4), we get

Ult(® E the ordinals below i(()a)(u) in U1t

3 17(ey are well-ordered.

By the Factor Lemma, Ult;ﬁ)u) is (isomorphic to) Ult(®+#)  and iéaﬁ) (v)
i8 iq,a+5(V). Since o+ = v and i, (V) = x0, and since being well-ordered
is absolute (for the transitive model Ult(*), we have:

The ordinals below zq in Ult(?) are well-ordered.

But this is a contradiction since x1, x2, 3, ... is a descending sequence of
ordinals below zo in Ult(). O
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Thus for any given k-complete nonprincipal ultrafilter U on x we have
a transfinite sequence of transitive models, the iterated ultrapowers Ultg}x) V),
and the elementary embeddings i, 5 : Ult(*) — Ult(®). Let x(®) =iy (k) for
each a; we shall show that the sequence £(*), o € Ord, is a normal sequence.

Lemma 19.8.

() If v < £ then i g(y) =7 for all B > a.
(i) If X C k™ and X € Ult®), then X Cin5(X) for all B> «; in fact
X = Ii(a) N Z'aﬁ(X).

Proof. By the Factor Lemma, it suffices to give the proof for a = 0.

(1) As we know, g1 (y) = for all ¥ < k. By induction on 3, if i () = v,
then ig g1 1(7) = ip p41(7) =7 because v < £ if X is limit and i 5(&) = ¢
for all £ <~ and 8 < A, then igA(y) = 7.

(ii) Follows from (i). O

Lemma 19.9. The sequence (%) : o € Ord) is normal; i.e., increasing and
continuous.

Proof. For each o, 1) =i o1 1(k(®) > k(®). To show that the sequence is
continuous, let A be a limit ordinal; we want to show that () = lim,_.» ().
If v < kKM, then v = iy (8) for some o < A and § < x(®). Hence v = § and
soy < K@), a

Lemma 19.10. Let D be a normal measure on r, and let for each o, Ult(®)
be the ath iterated ultrapower mod D, k(%) = ig o(k), and D® = ig (D).
Let X\ be an infinite limit ordinal. Then for each X € UtV X ¢ kW),

(19.5) X eDW ifand only if Ga <N X D{M:a<y<A}

Proof. Since for no X can both X and its complement contain a final segment
of the sequence (/i(“/) 7y < A), it suffices to show that if X € DO then there
is an a such that k() € X for all v > a.

There exists an o < A such that X = i, \(Y) for some Y € D(®). Let us
show that x(") € X for all v, @ <y < X. Let v > a and let Z = i, (Y).
Then Z € D) and since D) is a normal measure on £?) in Ult("), we have
k) € iy 41(Z). However, iy 01 1(Z) C iyy1a(inr41(Z)) = X and hence
k) € X. O

Representation of Iterated Ultrapowers

We shall now give an alternative description of each of the models Ult(®) by
means of a single ultrapower of the universe, using an ultrafilter on a certain
Boolean algebra of subsets of k. This will enable us to obtain more precise
information about the embeddings ig . : V — Ult(®),
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We shall deal first with the finite iterations. Let U be a k-complete non-
principal ultrafilter on . Let us use the symbol V*« for “almost all a < k:”

Vap(a) ifand only if {a<k:p(a)} eU.
If X C k™ and a < &, let
Xy ={{a1,...,an1) s {a,a1,..., 1) € X}
We define ultrafilters U,, on k", by induction on n:
U, =0,
Ung1 ={X C " :V*a X, €U}

Each U, is a nonprincipal k-complete ultrafilter on ™, and if Z € U, then
Z"™ € U,. It is easy to see that for all X C r™,

X eU, ifandonlyif V'agV'a;...V'a,_1{ag,...,an_1) € X.
Note that U,, concentrates on increasing n-sequences:
{{ag,...;an_1) ER"tap < ... <an_1} €U,
(because Vag (Vo > ap) ... (Vap—1 > ap_2)ag < ... < ap_1).

Lemma 19.11. For every n,
Ulty, (V) = ULt (V)

and jUn = 1o,n-

)

Here jy, is the canonical embedding j : V' — Ulty, (V).

Proof. By induction on n. The case n = 1 is trivial. Let us assume that
the lemma is true for n and let us consider Ulty,,,. Let f be a function
on k"1 For each t = {ag,...,an_1) € K", let fy be the function on &
defined by f(+)(§) = f(ao,...,an_1,§) and let F be a function on ™ such
that F'(t) = f for all t € x™. In Ulty, = Ult(™) the function F represents
a function on jy, (k) = k(™: Let f = [F]y,. This way we assign to each
function f on x" ! a function f € ULt on x(™.

Conversely, if h € Ult(™ is a function on x(™), there is an f on k™! such
that h = f: There exists some F on k™ such that h = [F]y, and that for
each ¢t € k™, F(t) is a function on k; thus we let f(ao,...,a,) be the value
of Fag,...,n—1) at a,.



346 Part II. Advanced Set Theory

i1 — [flye is an isomor-

and ULt 1) = Ult e (ULLM). We have

We shall show that the correspondence [f]y
phism between Ulty, .,
o, =9, <= YVag ... Va1 V¢ fao,...,on-1,§) = g(ao,...,

an-1,§)
SV <k: f)(§) =9 ()} €U
= Ult, F{€ < ju, (k) : (&) = (&)} € ju, (U)
= ULt =& <rM™: () =g(©)}e U™

< [floow = [Flum

and similarly for € in place of =.

Thus Ulty,,, = Ut("*Y. To show that ju,,, !
the constant function on x™*! with value z. It follows that f is the constant
function on (™ with value g, (z), and therefore

= lo,n+1, let f = c; be

jUn+1 (ZL') - [CI]U7L+1 = Z‘n,nJrl(iO,n(x)) - Z‘O»nJrl(x)' O

The infinite iterations are described with the help of ultrafilters U on x¥,
where E ranges over finite sets of ordinal numbers. If F is a finite set of
ordinals, then the order isomorphism 7 between n = |E| and E induces, in
a natural way, an ultrafilter Ug corresponding to U,:

Ug={n(X): X Ckr"}

where m({ag, ..., an_1)) =t € k¥ with t(r(k)) = oy forallk =0, ..., n — 1.
If S is any set of ordinals and F C S is a finite set, we define a mapping
ing s (an inclusion map) of P(kF) into P(k”) as follows:

inps(X)={ter’:t|IEc X} (all X C &P).
Lemma 19.12. If E C F are finite sets of ordinals, then for each X C k¥,
X eUg if and only if ing p(X) € Up.

Proof. By induction on (m,n) where m = |E| and n = |F|. Let E C F be
finite sets of ordinals. Let a be the least element of F', and let us assume
that ¢ € E (if a ¢ E, then the proof is similar). Let B/ = F — {a} and
F'=F —{a}.

If X C w¥, let us define for each o < k, the set X C xE" as follows:
Xy = {tIE' : t € X and t(a) = a}; for Z C kT, let us define Za) C k"
similarly (for all a < k). It should be clear that

(19.6) X €Up = VaXy €Up and Z€Up < VaZy € Up.

Now we observe that if Z = ing p(X), then Z,) = ing/ r/(X(q)), and the
lemma for E, F follows from (19.6) and the induction hypothesis. O
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Let us now consider an ordinal number «. If £ C « is a finite set, let us
say that a set Z C k® has support E if Z = ing o(X) for some X C xF.
Note that if Z has support £ and E C F, then Z also has support F'. Let B,
denote the collection of all subsets of k“ that have finite support. (Bq, C) is
a Boolean algebra.

Let U, be the following ultrafilter on B,: For each Z € B,, if Z =
ing o(X) where X C k¥, let

Z €U, ifandonlyif X € Ug.

By Lemma 19.12, the definition of U, does not depend on the choice of
support F of Z.

We shall now construct an ultrapower mod U,,. If f is a function on x°, let
us say that f has a finite support E C «if f(t) = f(s) whenever ¢, s € k* are
such that t[E = s|E. In other words, there is g on £¥ such that f(t) = g(t|E)
for all t € k. Let us consider only functions f on K with finite support and
define

(19.7) f=ag ifandonlyif {t:f(t)=g(t)} € Uy,
. fEyg ifandonlyif {t: f(t) €g(t)} € U,.

The sets on the right-hand side of (19.7) have finite support, namely E U F'

where E and F' are, respectively, supports of f and g.

Let (Ulty, (V), E4) be the model whose elements are equivalence classes
mod =, of functions on x* with finite support.

We are now in a position to state the main lemma.

Lemma 19.13 (The Representation Lemma). For every «, the model
(Ulty, (V), Eq) is (isomorphic to) the ath iterated ultrapower Ultgja)(V), and
the canonical embedding jy, : V — Ulty, s equal to io,o. Moreover, if a < 3
and [flu, € UL, then ia g([flu.) = l9lu, where g is defined by g(t) =
f(tlQ) for all t € KP.

Proof. By induction on «a. The induction step from « to a + 1 follows closely
the proof of Lemma 19.11; thus let us describe only how to assign to [f]u, .,
the corresponding [f]y in Ult®+D). Let f be a function on xk®*! with
support £ U {a} where E' C a. For each t € xk* let f;)(§) = f(t7¢) for all
§ < K, and let F' be a function on x (with support E) such that F'(t) = f)
for all t € k. Let f = [F|p,; f is in Ult(® and is a function on x(®).

When A is a limit ordinal, a routine verification shows that Ulty, is the
direct limit of {Ulty,, , 90,5 : ., 8 < A} and that the embeddings is, ) commute
with the ¢4 g. ]
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Uniqueness of the Model L[D]

Theorem 19.14 (Kunen).

(i) If V. = L[D] and D is a normal measure on K, then k is the only
measurable cardinal and D is the only normal measure on k.
(ii) For every ordinal k, there is at most one D C P(k) such that D € L[D]
and
L[D] E D is a normal measure on k.

(iii) If k1 < ke are ordinals and if D1, Do are such that
L[D;] E D; is a normal measure on k; (i=1,2)

then L[Ds] is an iterated ultrapower of L[D1]; i.e., there is a such that
L[DQ] == Ultg? (L[Dl]), G/Ild D2 = iO,a(Dl)-

The proof of Theorem 19.14 uses iterated ultrapowers. The following
lemma uses the representation of iterated ultrapowers.

Lemma 19.15. Let U be a k-complete nonprincipal ultrafilter on k and let,
for each o, igo : V — Ult(® be the embedding of V in its ath iterated
ultrapower.

(i) If o is a cardinal and o > 2%, then ig,o (k) = a.
(i) If A is a strong limit cardinal, X > «, and if cf A > K, thenigo(N) = .

Proof. Tt follows from the Representation Lemma that for all £, n, the ordinals
below 4 ¢(n) are represented by functions with finite support from k¢ into n
and hence |io.e(n)| < || - ]

(i) We have ig (k) = limg_qai0,(k), and for each £ < a, |ige(r)| <
|€] - 2 < a. Hence ig (k) = a.

(ii) Since cf A > &k, every function f : k* — A with finite support is
bounded below A: There exists v < A such that f(t) < «y for all £ € k*. Hence
10,0 (A) = limy_ » i0,o (7). Since A is strong limit, we have |ig.o ()| < A for all
v < A and hence ip ) = A O

It is clear from the proof that in (ii) it is enough to assume that v* < A
for all cardinals v < ), instead of that A is a strong limit cardinal.

Let U C P(k). If 0 is a cardinal and U € Ly[U], then by absoluteness of
relative constructibility, every elementary submodel of (Ly[U], €) that con-
tains U and all ordinals < &, is isomorphic to M = L4[U] for some «. (If
7 is the transitive collapse of the submodel, then 7(U) = U N M € M, and
M = L,[U].) Let 6 be a cardinal such that U € Ly[U] and let us consider
the model (Lg[U], €,U) where U is regarded as a constant. This model has
a definable well-ordering, hence definable Skolem functions, and so we can
talk about Skolem hulls of subsets of Lg[U].
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Lemma 19.16. Assume that in L[D], D is a normal measure on . Let A be
a set of ordinals of size at least K+ and let 0 be a cardinal such that D € Lg[D]
and A C Lg[D]. Let M < (Lg[D], €, D) be the Skolem hull of kU A. Then
M contains all subsets of k in L[D].

For every X C k in L[D] there is a Skolem term t such that for some
A1y Oy < K GNA Y1, Ym € A,

Lo[D]E X =tlat, .., Qny Y1y -+« Ym, D).

Proof. Let 7 be the transitive collapse of M. We have n(M) = L,[D] for
some «, and since A C M, we have necessarily o > 7. By Lemma 19.2,
every X C & in L[D] is in L.+[D], and since 7 is the identity on s, we have
X € M for all X C kin L[D]. O

The following is the key lemma in the proof of uniqueness of L[D]:
Lemma 19.17. Let D C P(k) be such that D € L[D] and
L[D] E D is a normal measure on k.

For each o, let Ultgx) (L[D]) denote the ath iterated ultrapower, constructed
inside L|D]. Let ig,o be the corresponding elementary embedding. Let \ be
a reqular cardinal greater than k*, and let F be the closed unbounded filter
on \. Then:

(i) ion(D) = Fn U (L[D)):;
(i) UltY(L[D]) = L[F]).

Proof. First, we have ig x(k) = A by Lemma 19.15(i) because A > x* >
(k)L = (27)L1P] Let DY) = ig \(D) and let M = ULt (L[D]). If X €
DWW then by (19.5), X contains a closed unbounded subset and hence X € F.
Since D™ is an ultrafilter in M and F is a filter, it follows that DY) = FnM.

As for (ii) we have
M = UtW(L[D]) = LIDW] = L[F N M] = L[F]. O

We shall now prove parts (i) and (ii) of Kunen’s Theorem. We already
know by Lemma 19.4 that in L[D],  is the only measurable cardinal. Thus
(i) and (ii) follow from this lemma:

Lemma 19.18. Let Dy, Dy C P(k) be such that Dy € L[D;], D2 € L[D5]
and

L[D;] E D; is a normal measure on & (i=1, 2).

Then D1 = Ds.
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Proof. Let D1, D2 C P(k) be such that L[D;] E D; is a normal measure on &,
for ¢ = 1, 2; we want to show that D1 = Ds. By symmetry, it suffices to show
that if X C k is in Dy, then X € Ds.

Let A be a regular cardinal greater than x* and let F be the closed
unbounded filter on A. Let us consider the Ath iterated ultrapowers M; =
Ultgi)(L[Di]) (i =1, 2), and the corresponding embeddings ig y, %5 y-

By Lemma 19.17, My = My = L[F), and i} , (D) = i ,(D3) = F N L[F).
Let G = F N L[F]. ’ ’

Let A be a set of ordinals, |[A| = T, such that all v € A are greater than A
and that i}),/\(’y) = ia/\(’y) for all v € A; such a set exists by Lemma 19.15(ii).
Let 6 be a cardinal greater than all v € A such that 4§ ,(0) = ig ,(6) = 6.

Now let X be a subset of x such that X € D;. By Lemma 19.16, X belongs
to the Skolem hull of kK U A in (Lg[D1], €, D1). Thus there is a Skolem term ¢
such that for some aq,...,q, < k and y1,...,%m € A,

(198) Lg[Dl]|=X:t[al,...,an,’yl,...,*ym,Dl].
Let Y € Lg[D5] be such that
(19.9) Lo[Do]EY =tlag, ... an, Y1, -« oy Ym, Dal.

We shall show that Y € Dy and Y = X, hence X € Ds.

First we observe that ij ,(X) = i§ \(Y): Let Z1 = ig\(X) and Z, =
ia/\(Y). We have Z'(l),/\(a) = aq, i(lm(fy) =7, i(lm(e) =46, and z'(l)M\(Dl) = G; and
thus when we apply i(l),/\ to (19.8), we get

(19.10) Ly[G)E Zy =tlag, -« oy ny Y1y - -+, Y, G

Similarly, when we apply Z%J\ to (19.8), we get (19.10) with Z5 instead of Z;.
Thus Z; = Z5.

Now, by Lemma 19.8(ii), we have X = Z; Nk and Y = Z3 N k. Hence
X =Y.

Finally, since i§ ,(Y) € F, it follows that i§ ,(Y) € i ,(D2) and hence
Y € Dsy. Thus X € D5 and this completes the proof of D1 = Ds. O

The key lemma in the proof of Theorem 19.14(iii) is the following:

Lemma 19.19. Let , D be such that L|D] F D is a normal measure on K,
and let vy be an ordinal such that k < v <'ig,1(k), where i1 is the embedding
of L[D] in Ultp(L[D]). Then there is no U C P(y) such that L[U| E U is
a normal measure on 7.

Proof. Let us assume that on the contrary there is such a U. Let j be the
canonical embedding of L[U] in Ulty (L[U]). Let A = |y|**, and let F' be the
closed unbounded filter on A. Let G = F'N L[F].

Since L[U] E GCH, we have j(\) = X (see the remark following Lem-
ma 19.15). In L[U], G is the Ath iterate of U, and in L[j(U)], G is the
J(A)th iterate of j(U); hence j(G) = G.
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Let f : k — x be a function in L[D] such that f represents v in Ultp(L[D]).
Since D is normal, the diagonal d(a) = « represents x, and thus we have
(i0.1(f))(k) = 7. Let ig.» be the embedding of L[D] in UltY (L[D]) = L[G).
It is clear that (igA(f))(x) = 7.

Now let A be a set of ordinals such that |A| = T, that all £ € A are
greater than A, and that i x(§) = £ and j(§) = & for all £ € A. Let 6 be
a cardinal greater than all £ € A, such that ip A (6) = 6 and j(0) = 0.

By Lemma 19.16, the function f is definable in Ly[D] from AUk U{D};
thus i x(f) is definable in Ly[G] from A U x U {G}. Hence + is definable
in Ly[G] from AUk U{G} U{k}, and so there is a Skolem term ¢ such that

(19.11) Lo[GlEvy =tlat,...,an, &1y Em, G, K]

for some a,...,a, < Kk and &1,...,&, € A.

Now we apply the elementary embedding j to (19.11); and since j(6) = 6,
J(G) =G, j(&) =¢&for £ € A and j(a) = « for all @ < v (hence j(k) = k),
we have

Lo[G) E j(y) =tlaa, ..oy am, &1y o vy Em,y Gy K]

which is a contradiction because j(y) > . O

Proof of Theorem 19.14(iii). Let k1 < kg and let Dy, Do be such that L[D;] E
D is a normal measure on k; (i = 1, 2). Let g, denote the embedding of
L[D4] in Ultg‘l) (L[D1]) and let a be the unique « such that ig (k1) < K2 <
i0,a+1(k1). By Lemma 19.19 (if we let K = igo(k1), D = i9,a(D1), and
¥ = Kg), it is necessary that ko = i o (k1). Now the statement follows from
the uniqueness of ig o (D1). O

Thus we have proved that the model V' = L[D] (where D is a normal
measure on k) is unique, has only one measurable cardinal and only one
normal measure on k, and it satisfies the Generalized Continuum Hypothesis.
The next lemma completes the characterization of L[D] by showing that for
every k-complete nonprincipal ultrafilter U on x, L[U] is equal to L[D].

Lemma 19.20. Let U be a nonprincipal k-complete ultrafilter on k. Then
L[U] = L|D] where D is the normal measure on & in L[D].

Proof. By the absoluteness of L[D], we have L[D] C L[U] because L[U] sat-
isfies that x is measurable. Thus it suffices to prove that U N L[D] € L[D].
Let j = ju be the canonical embedding j : V — Ulty(V), and let v = j(k).
Let d(a)) = a be the diagonal function and let é be the ordinal represented
in Ulty (V) by d; thus

(19.12) X eU ifandonlyif ¢€j(X)

for all X C k.
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Since L[j(D)] E j(D) is a normal measure on -, there exists an a such
that y = ig.o(k), j(D) = ig.o(D), and L[j(D)] = ULt (L[D]). We shall show
that for every X C k in L[D],

(19.13) J(X) =g,a(X).
This, together with (19.12), gives
(19.14) UNLD]={X e€L[D]: X Ckandd €ipa(X)}

and therefore U N L[D] € L[D].

The proof of (19.13) uses Lemma 19.16 again. We let A be a set of size kT
of ordinals greater than « such that i o(§) = j(§) = € for all £ € A, and let
0 be a cardinal greater than all £ € A, such that ig x(0) = j(0) = 6.

If X C xis in L[D], then there is a Skolem term ¢ such that

Ly[D|E X =tlaa,...,an, &1, &m, D]

for some ai,...,0, < &k and &,...,&, € A. Since ip, and j agree on
kUAU{0}, and ig (D) = j(D), it follows that i o (X) = j(X). O
The proof of Lemma 19.20 gives additional information about x-complete

ultrafilters in L[D]. Let us assume that V' = L[D] and let U be a nonprincipal
k-complete ultrafilter on k. By (19.14), we have

(19.15) U={XCk:0€ipa(X)}

where « is such that j(k) = i9,o(k), and § < j(k). Note that for any 8 > «,
we also have U = {X C k: 6§ € i9,3(X)}. Now a simple observation gives the
following characterization of k-complete ultrafilters on x in L[D]:

Lemma 19.21. Assume V = L[D]. If U is a nonprincipal k-ultrafilter on k,
then there exists some & < ig (k) such that

U={XCr:6€igu(X))

Proof. Let j = jy be the canonical embedding of V' = L[D] in Ulty. We have
J(K) =1ig,o(r) for some o. We shall show that « is a finite number; then the
lemma follows by (19.15).

First we note that because V' = L[D] = L[U], we have Ult(Da) = Ulty =
Llig.«(D)] = L[j(U)]. Now if a > w, then in Ultg‘), i0,w(k) is an inaccessible
cardinal (because it is measurable in Ult(Dw)), while in Ulty, io.,(x) has cofi-
nality w (because it has cofinality w in V and Ulty contains all w-sequences
of ordinals). Hence o < w. O

Corollary 19.22. IfV = L[D], there are ezactly k™ nonprincipal k-complete
ultrafilters on k.

Proof. If k is measurable, then it is easy to obtain 2% nonprincipal k-complete
ultrafilters on x (because there are 2” subsets of & of size x such that | XNY| <
k for any two of them). By Lemma 19.21, if V' = L[D], there are at most
lip.w(k)] = KT of them. 0
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Indiscernibles for L[D]

If there exist two measurable cardinals, x < A, then it is possible to prove
analogous theorems for the model L[D] as we did in Chapter 18 for L under
the assumption of one measurable cardinal. More specifically, one can prove
the existence of a closed unbounded set I C  and a closed unbounded class J
of ordinals bigger than «, such that I U J contains all uncountable cardinals
except k, that every X € L[D] is definable in D from I U J, and that the
elements of JU J are indiscernibles for L[D] in the following sense: The truth
value of
LID)E ¢la,...,an, B1,- .., Om]

is independent of the choice of o1 < ... < ap, €l and 51 < ... < B, € J.In
analogy with Silver indiscernibles, the above situations can be described by
means of a certain set of formulas (1, ..., %, Y1, - ., Ym), which is called 0f
(zero-dagger).

If 0F exists, then one can prove the consistency of the theory ZFC +
“there exists a measurable cardinal;” and hence one cannot prove the relative
consistency of “0f exists” with ZFC + “there exists a measurable cardinal.”

We shall not give details of the theory of indiscernibles for L[D]. Instead,
let us present an argument showing that if there exist two measurable car-
dinals, Kk < A, then there is a proper class of cardinals that are inaccessible
in L[D].

Let U be a normal measure on A and let for each ¢, iy o be the elementary
embedding of V in UltU ;let i8¢ Ult(o‘) — Ult™®. Let C be the class of all
cardinals « such that cf @ > A and 4* < « for all ¥ < . By Lemma 19.15, if
a € C, then ig o(k) = o and i o () = B for all 8 € C greater than . Hence
if a, 8 € C, then iy g(a) = 5 and i, g(7y) = 7 for all v € C that are greater
than 3 or less than a.

Now if D is a normal measure on , then because x < A, we have i g(D) =
D for all a, 8 € C. Thus each ing (o, 3 € C), restricted to L[D], is an
elementary embedding of L[D] in L[D] such that i, g(a) = 0 and iq g(y) =7y
for all v € C below « or above (. Using these embeddings i,,s (as in the
proof of Lemma 18.26), one shows that the elements of C' are indiscernibles
for the model L[D].

Since some elements of C' are regular cardinals, and some are limit cardi-
nals, it follows that all elements of C' are inaccessible cardinals in L[D].

In the above argument, it was not necessary that x be a measurable
cardinal, only that x be measurable in L[D]. Thus we have proved:

Lemma 19.23. Let k be a measurable cardinal, and assume that:

(19.16) For some v < K, there exists a D C P(vy) such that L[D] E D is
a normal measure on .

Then there are arbitrarily large successor cardinals that are inaccessible
in L[D].
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We have proved in Lemma 19.21 that if U is a nonprincipal x-complete
ultrafilter on «, then jy (k) < o, (K), where ig,, is the embedding of L[D] in
Ult(Dw)(L[D]). We can prove a stronger statement:

Lemma 19.24. If there is a x-complete nonprincipal ultrafilter U on x such
that ju (k) > i0,w(K), then (19.16) holds.

Proof. Let us work in the model M = Ulty (V). The cardinal j(x) is mea-
surable while g (%) has cofinality w, and so i (k) < j(k). Let F' be the
collection of all subsets X of i (k) such that X D {ign(k) : n > ng} for
some ng. Using Lemma 19.10, we proceed as in the proof of Lemma 19.17 to
show that

L[F|E FNL[F] is a normal measure on 4g ().

Thus (19.16) holds in M for j(k). Since j is an elementary embedding,
(19.16) holds in V for . O

Corollary 19.25. If k is a measurable cardinal and 2% > k+, then (19.16)
holds. Consequently, it is impossible to prove the consistency of “k is mea-
surable and 2% > kT relative to ZFC + “k is a measurable cardinal.”

Proof. On the one hand, |ig(x)| = (x)*P] < k*; on the other hand, if
U is any s-complete ultrafilter on k, we have jy (k) > 2% > rt. O

General Iterations

We shall now describe two generalizations of iterated ultrapowers. The first
deals with iteration of ultrapowers of transitive models by ultrafilters that
are not necessarily members of the model.

Let M be a transitive model of set theory. In fact, it is not necessary
for the theory of iterated ultrapowers to assume that M satisfies all axioms
of ZFC. It is enough to assume that M is a model of ZFC™, set theory without
the Power Set Axiom. Thus M can be a set (e.g., (Lq, €) is a model of ZEC™
when « is a regular uncountable cardinal in L).

Let k be a cardinal in M, and let U be an M-ultrafilter on x (Defini-
tion 18.21).

Definition 19.26. An M-ultrafilter U on « is iterable if
(19.17) {a<k:Xq€U}eM whenever (X,:a<k)€e M.

We shall consider normal iterable M-ultrafilters, i.e., M-ultrafilters that
are nonprincipal, kK-complete, normal (as in Definition 18.21) and iterable.

Let U be a normal iterable M-ultrafilter on . Using functions in M, we
form an ultrapower Ulty (M), which may or may not be well-founded. Let
j = ju be the canonical elementary embedding j : M — Ulty (M).
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Lemma 19.27. If Ulty (M) is well-founded, and N is the transitive collapse
of the ultrapower, then

(i) PM(k) = P (k).
(ii) j“U is a normal iterable N-ultrafilter on j(k).

Proof. (i) It is a routine verification by induction that j(«) = « for all & < k.
For every X € PM(k), we have X = j(X) N k, and therefore X € PN (),
verifying PM (k) C PN (k).

IfY € PN(k), let f € M be such that Y € [f]y. Then Y € PM (k) follows
(by (19.17)) because for all a < &,

ac€Y ifandonlyif {{<k:a€ f(§)}el.

(ii) Let W = j“U. To verify that N and W satisfy (19.17), let (X, :
a < j(k)) € N be represented in the ultrapower by f € M. We may assume
that for each o, X, C j(k), and that f(&) = <X7§ :m < k) for each £ < k.
By (19.17), we have {(§,n) : X% € U} € M. Thus if we define g(¢§) = {n < s :
X% € U}, we have g € M. Now it is routine to show that [g]y = {a < j(k) :
X0 €W} O

If j is an elementary embedding j : M — N with critical point &, and
if PM(k) = PN (k), then the M-ultrafilter {X : k € j(X)} is iterable; see
Exercise 19.8.

Let U be a normal iterable M-ultrafilter on . If the ultrapower Ulty (M)
is well-founded, let M7 be its transitive collapse, let j : M — M;j be the
canonical elementary embedding, and let UM = j¢U; UM is a normal iter-
able M;-ultrafilter on x(!) = j(x). We can now proceed with the iteration
as when M =V and U € M, as long as the iterated ultrapowers are well-
founded. At limit stages we take direct limits, and use the following lemma
that is quite routine to verify:

Lemma 19.28. Let a be a limit ordinal, and let for each B < o, UP) be
a normal iterable Mg-ultrafilter on kP and assume that the direct limit
of {(Mﬁ,€,U(B)),iﬁN . B,y < a} is well-founded. If (My,€,U®) is the
transitive direct limit then U is a normal iterable M -ultrafilter on k(®) =
limg_.q kB O

The Representation Lemma 19.13 holds true in the present context as well.
The M-ultrafilters U, are defined as before, starting with M -ultrafilters U,
on PM(kn):

(19.18) X €Upyr ifandonly if {{<r: X eU,}eU

where Xy = {(§1,...,&) : (§,&1,...,6n) € X}. By induction on n one
proves that each U, is an iterable M-ultrafilter on x".

To define the ultrafilters U, and the ultrapowers Ulty, (M), we restrict
ourselves, as before, to sets Z C k* and functions f on k™ with finite support,
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with the additional restriction imposed by M: If E = {a1,...,a,} with
a1 < ... < oy is the support of Z or f then the restriction of Z or f to k¥
is such that its isomorph Z C x™ or f : k™ — M is an element of M.

In general, iterated ultrapowers of M by an M-ultrafilter need not be
well-founded. If, however, all countable iterations are well-founded then all
iterations are well-founded (Exercise 19.9). An important sufficient condi-
tion for well-foundedness of iterated ultrapowers is the following (external
o-completeness):

(19.19) For any {X,}new C U, (oo Xn is nonempty

(see Exercise 19.10).

The other generalization deals with iterated ultrapowers of an inner model
where each successor step a + 1 of the iteration is obtained as an ultrapower
of M, by an arbitrary measure in M.

Definition 19.29. An iterated ultrapower of an inner model M is a sequence
(M., : v < ) constructed as follows:

(i) My =M.

(ii) M,41 = Ultye) (M,) where U™ € M, is a k.-complete ultrafilter
on k., and the ultrapower is constructed in M.; iy 441 : My — My
is the canonical embedding, and for all o <7, ta,y+1 = y,y+1 © ta,y-

(iii) If « is a limit ordinal, then M, is the direct limit of {Ma,iap: o <
B <}

Theorem 19.30 (Mitchell). Let M be an inner model of ZFC. Every it-
erated ultrapower of M is well-founded.

Proof. First we outline the proof of the theorem for M = V. The idea is to
represent each iterated ultrapower M, as an ultrapower by an ultrafilter U,.
The ultrafilters U, are defined by induction on 7. For each v we define an
ordinal function k, (that represents k. in the ultraproduct by U, ), the set D,
(the domain of k), the algebra P, of subsets of D, the class F, of functions
on D, and the ultrafilter U, on P,.

The domain D, of k, is the set

{p € Ord” :Va < v p(a) < ka(pla)}.

The algebra P, and the class F, are

P, ={X C D, : X has finite support},
F, ={f € VP> : f has finite support}.
If v is a limit ordinal, we let Uy =, ., Ua. If ¥ = @ + 1, then assume that

M, is transitive and isomorphic to Ulty_ (V). Let k, € F, be a function
that represents ko, and let ¢ € F, be a function that represents U(®, in
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the ultrapower My, i.e., [ka]u. = Ka, [g]lv, = U®). Thus for U,-almost all
p € Da, go(p) is an ultrafilter on k,(p). For X € P,41 we let

X €Uqqr ifand onlyif {p€ Dy: Xy €9(p)} € Uy

where X,y = {€ < ka(p) : pU{(a,§)} € X}. It is now routine to verify that
Ulty, ., (V) is isomorphic to Ultya) (Ma).

The proof that each Ulty, (V') is well-founded uses the argument presented
in Exercise 19.10.

Now if M is an arbitrary inner model, and (M, : v < A) is an iterated
ultrapower that is not necessarily defined inside M, we use an absoluteness
argument. We can still use the representation of M, by Ulty, (M); in this
case the functions p € Ord”, the sets X C D. and the functions f € VP
are all assumed to be members of M.

If £ C v is a finite set, then Pg and Fg denote the subsets of P, and F,,
respectively, of those sets or functions whose support is . Let Ug be the
restriction of U, to Pg, and let Mg be the ultrapower of M mod Ug (using
functions in Fg). For E C E’, let ig g be the canonical elementary embed-
ding of Mg in Mg and let ig , be the embedding of Mg in M,,.

If some iterated ultrapower of M is not well-founded, then, as in Exer-
cise 19.9, one can show that there is a countable A such that an iterated
ultrapower (M., : v < \) is not well-founded. Let x be the supremum of all
the K+, v < A, in this iteration. Let {ay, }n<. be a decreasing sequence of ordi-
nals in My, and let £y C F1 C ... C E, C ... be a sequence of finite subsets
of X\ such that UZOZO E,, = ), and that each E, is a support for (a function
representing) a,. For each n, let b, € Mg, be such that a, =ig, x(bn). Let
1 be sufficiently large so that b,, € VnM for all n. Thus there exists a sequence
{(En, Mp,bp) 2 such that Eg C Ey C ... C E, C ... are finite subsets
of A, that each M, is an iterated ultrapower of M indexed by E,, b, is an
ordinal in M,, = Ultg, (M), and for each n, M, 1 Fip, B, (bn) > bpt1.

As each M, is a finite iteration, it is clear that it is a class in M. Consider,
in M, the set of all triples (F, N, b) such that E is a finite subset of A\, N is
a finite ultrapower iteration indexed by F and using measures on ordinals <
Kk, and b is an ordinal in N represented by a function in V;,. Let (E', N',b') <
(E,N,b) if '/ D E and if N' E ig g/(b) > 0. We have established that
this relation < is not well-founded (in the universe). Thus by absoluteness
of well-foundedness, this relation is not well-founded in M. However, that
means that there is an iterated ultrapower constructed in M that is not well-
founded, contrary to the result of the first part of this proof. O

The Mitchell Order

Definition 19.31. Let k be a measurable cardinal. If U; and Uy are normal
measures on k, let

Uy < Uy ifand only if Uy € Ulty, (V).



358 Part II. Advanced Set Theory

The relation U; < U, is called the Mitchell order.

The Mitchell order is transitive, and by Lemma 17.9(ii) is irreflexive.
Moreover, it is well-founded:

Lemma 19.32. The Mitchell order is well-founded.

Proof. Toward a contradiction, let k be the least measurable cardinal on
which the Mitchell order is not well-founded, and let Uy > Uy > ... > U, >
... be a descending sequence of normal measures on k. Let M = Ulty, (V)
and let j : V' — M be the canonical elementary embedding. As x < j(k),
and j(k) is the least measurable cardinal in M on which the Mitchell order
is not well-founded, we reach a contradiction once we show that U; > Uy >
...>U, > ...1is a descending sequence in M.

The measures U,, n > 1, are in M, and so is the sequence {U,}52,, so
we need to verify that U, 11 < U, still holds in M. Since U, 41 € Ulty, (V),
U,+1 is represented in the ultrapower by a function f = (u, : @ < k). As
PM(k) = P(k) and M* C M, the function f is in M, and represents U, 1
in the ultrapower Ult[I\J/{L (M). Hence M E Uyq1 < U,. O

Definition 19.33. If U is a normal measure on k, let o(U), the order of U,
denote the rank of U in <. Let o(k), the order of k, denote the height of <.

Lemma 19.34. Let o be the function (o(a) : o < k). If U is a normal
measure on k then o(U) = [o]u.

Proof. Clearly, [o]y = o™ (k) where M = Ulty (V). The set {U' : U’ < U}
is the set of all normal measures in M, and since < is absolute for M (see
Lemma 19.32), the order of U in V is the order of x in M. O

Thus o(U) > 0 if and only if U-almost all @ < k are measurable. If
x 1s a measurable cardinal of order > 2 then s has a normal measure that
concentrates on measurable cardinals a < k. Thus the consistency strength
of o(k) > 2 is more than measurability. Measurable cardinals of higher order
provide a hierarchy of large cardinal axioms. A consequence of Lemma 19.34
is that |o(U)| < 2% and therefore o(x) < (2%)". In particular, if GCH holds,
then o(k) < xTT for every measurable cardinal .

There exist canonical inner models for measurable cardinals of higher
order, analogous to the model L[U]. We shall now outline the theory of these
inner models.

The key technical device is the technique of coiteration. It is the method
used in the proof of Lemma 19.35 below. Let U be a set of normal measures
(on possibly different cardinals). U is closed if for every measure U € U
on k, every normal measure on £ in jy(U) is in Y. If U is a closed set of
normal measures and U,W € U, let U <y W mean that U € jw (U). As
<y is a suborder of the Mitchell order it is well-founded and we define o (U)
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and o (k) accordingly. The length of U, I(U), is the least ¥ such that x < ¢
for all k with o (k) > 0.

Let M and N be inner models of ZFC, and let / € M and W € N be
closed sets of normal measures in M and N, respectively. We say that U is
an nitial segment of W if

(19.20) (1) IU) <UW),
(ii) for every o < I(U), M (a) = 0¥ (),
(iii) for every k < l(U), if U € M and W € N are on x and
MU)=0YW), then UNMNN=WNMNN.

Lemma 19.35. Let M and N be inner models of ZFC and let U and VW be
closed sets of measures in M and N, respectively. Then there exist iterated
ultrapowers ig » : M — M)y and jo,» : N — Ny, using measures in U and W,
respectively, such that either ig x(U) is an initial segment of jo x(W), or vice
versa.

Proof. By induction on vy, we define iterated ultrapowers M, and N, and
the embeddings ig., : Mg — M, and jg, : Ng — N,. We let My = M
and Nyg = N, and if X\ is a limit ordinal, M, and N, are direct limits of
{M,,ig~: 0,7 <A} and {N,,js~: 3,7 < A}, respectively.

If at stage v, Uy = ig(U) and W, = jo (W) are not initial segments
of one another, then there exist ordinals ., and ¢, such that a, < [(U,),
oy < Wy, Uylay and W, o, agree on M, N N,, the measures on a. of
order < d, in U, and in W, agree on M, N N, and

. either (1 =o0"(a) <o («a), or
19.21) either (i) &, = o W
(ii) 8, = o™ (ay) < o (ay), or
(iii) 6, < o™ (), 84 < () and for some U, € U, and W, €
W, of order ¢ there exists an X, € M,NN, such that X, € U,
but X, ¢ W,.

If (i) occurs, let iy 41 be the identity and jy 441 : Ny — Nyp1 = Ultw (V)
where W is any W € W, such that oY+ (W) = §,. Similarly, if (ii) occurs,
then j, ~+1 is the identity and M,41 is an ultrapower. If (iii) occurs, let
i’y,'y—i—l : M"/ — M'y—i—l = UltU,y (M’Y) and j’Y,'Y-i-l : N"/ i N’Y+1 = Ulth (N’Y)

Note that if 8 < «y then ag < a,. Moreover, in cases (i) and (ii) we have
Qg1 > iy as 01 (ay) = 0™ +1(ay) = §,, and the measures of order < 4§,
agree.

We will show that the process eventually stops. Thus assume the contrary.

For every limit ordinal v, M, is a direct limit, and so there exists some
B = B(v) < v such that ay is in the range of ig, oy, = ig () for some
a = afy) < 1(Up). There is a stationary class 'y of ordinals such that 5(vy) is
the same § for all v € I'y. Also, there is a stationary class I's C I'; such
that a(y) is the same a < [(Ug) for all v € T's. It follows that if § < « are
in 'y then ig(ag) = a. Similarly there is a stationary class I's C I'y such
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that jg(ag) = a, whenever 3 < « are in I's. Continuing in this manner,
we find a stationary class I' C I's such that for all 5 <y in T, ig~(ag,dg) =
Jjs(ap,03) = (ay,dy), and (in Case (iii)) ig,y(Xp) = jg.5(Xp).

Let 5 € T' and assume that (19.21)(i) occurs. Let v € T be greater than 3.
Since ig,g+1 is the identity, and crit(Ug) = ag > ags1 > ag for all £ > 3,
we have ig~(ag) = ag, while jg(ag) > jgs+1(ag) > ag, contrary to
ig,y(eg) = jg(cg). Thus (i) does not occur, and similarly, (ii) leads to
a contradiction.

Case (iii) gives a contradiction as follows: Let v > 8 be in I'. Since X3 €
Ug, we have ag € ig(Xg), and since Xg ¢ W3, we have ag ¢ jg,(Xg). This
contradicts ig,,(X3) = jg,4(Xg), and therefore the process must eventually
stop. O

The Models L[U]

If A,, a < 6, is a sequence of sets, let us define the model
(19.22) L{A, :a<0)

as the model L[A] where A = {(a, X) : X € Ay}. Under this definition,
L{Ay : o < 0) = L[(By : a < 0)], where By, = Ay N LA, : o < ) for all
a <.

If ko, a < 6, is a sequence of measurable cardinals, and for each «, U, is
a Kqo-complete nonprincipal ultrafilter on Ky, then in L{U, : a < 6), each
Uy N L{U, : a < ) is again a k,-complete nonprincipal ultrafilter on k.

More generally, let U be a set of normal measures indexed by pairs of
ordinals (a, 8) such that U, g is a measure on «. Then L[U] denotes the
model L{U, g : @, 3).

The technique described in the preceding section can be used to gener-
alize many results about the model L[U] to obtain canonical inner models
for measurable cardinals of higher order. We shall illustrate the method by
constructing a model with exactly two normal measures on a measurable
cardinal of order 2.

Definition 19.36. A canonical inner model for a measurable cardinal x of
order 2 is a model

(19.23) LU = LU, U°, UM pea
such that in L[]

(19.24) (i) U! is a normal measure on  of order 1.
(i) U° is a normal measure on & of order 0 and U® < U,
(ili) A € U', each U, is a normal measure on « of order 0, and
(Uy : o € A) represents U° in the ultrapower by U?.



19. Iterated Ultrapowers and L[U] 361

If o(k) > 2 then a canonical model L[] is obtained as follows: Let A C &
be the set of all measurable cardinals below &, let U! be a normal measure
on k of order 1, let UY be a normal measure on x such that U° < U?,
and let U,, a € A, be normal measures such that [(U, : a € A)];n = U°.
Then L(U,,U% U')4ea is a canonical inner model (with ¢ = (U, N L[],
USNLUL, U N LU aea)-

The canonical model is unique (for the particular choice of the set A), in
the sense that if W = (W, W° W), ca is any other sequence that satis-
fies (19.24), then L{U] = L[W]. We prove below a more general result.

Theorem 19.37 (Mitchell). Let A C k, and let U = (Uy, U, UY) pea and
W = (Wao, WO W) e be such that for each o € A, U, and W, are normal
measures on « of order 0, U° and W° are normal measures on k of order 0,
and U' and W' are normal measures on  of order 1. Then L{U] = L|W]
and

(19.25) (i) Us NLU = Wa NLV]  (all o € A),
(i) USNLU] =WeNLW]  (e=0,1).

Proof. We use Lemma 19.35. Let D be the following set of measures:
The Uy,’s, the Wy’s, U, U°, W', W9 and all the normal measures on &
in jyi (U UW) and jy1 (U UW) (so that D is a closed set of measures).

By Lemma 19.35 (applied to D) there exist iterated ultrapowers i = ig x :
V — M and j = jo,n : V — N such that ¢(D) is an initial segment of j(D).

We have [(i(D)) = i(k) + 1, and by (19.20), 0P (i(x)) = 0’ P)(j(k)) = 2
and for all o < i(k), o'P)(a) = 0/P)(a) = 1 if a € i(A) and o'P)(a) =
0" P)(a) =0 if a ¢ i(A). It follows that i(x) = j(x) and i(A) = j(A).

By (19.20)(iii), if D € (D) and E € j(D) are normal measures on some
a € i(A) then DNMNN = ENMNN; the same is true if D € (D) and E €
§(D) are measures on i(x) and 0'P)(D) = o!P)(E). Tt follows that L[i(U)] =
LjU)] = L[j(W)] = Lli(W)] € MON,i(U=) N LiU)] = 5(U%) N LliU)] =
JWVEYNL[iU)] = i(We)NL[i(U)] (¢ = 0, 1), and for every a € i(A
(iU)o = (iIW)a, where ((i)a,iU°% iU 0cia = i = i(({Ua,U% UM pea
(By induction on v, one shows that L. [i(U)] = L,[i(W)]).

Now (19.25) follows since i is an elementary embedding, and ¢ : L[] —
L[iU)], i : LIW] — L[i(W)]. O

),
).

The analog of Theorem 19.14(i) for L[] is the following:

Theorem 19.38 (Mitchell). In L], k and o € A are the only measurable
cardinals, and Uy, U and U' are the only normal measures.

Proof. For every ordinal v < k, let Uy = (U, : a € ANy); if vy > k, Uy = U.
Toward a contradiction, let v be the least ordinal such that in L[i/[v] there
are normal measures other than those in U [y, and let D = U[~. Let « be the
least cardinal in L[D] that carries a normal measure not in D, and let D be
such a measure of least Mitchell order.
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If « ¢ AU{k}, let M = L[D], N = Ultp(L[D]) = L[jp(D)], and apply
Lemma 19.35 to M, N and (closed) sets of measures D and jp(D). There
are iterated ultrapowers ¢ = 49y : M — My and j = jo» : N — N, such
that #(D) is an initial segment of j(jp(D)) or vice versa. Now because of
the choice of D as a minimal counterexample in L[D] to the theorem, no
proper initial segment of either i(D) or j(jp(D)) can be a counterexample,
and consequently, My = Ny = L[i(D)] = L[j(jp(D))]. As jp(D)[(a+1) =
Di(a+ 1), we have i(a) = j(a) = «, which contradicts the fact that D € M
but D ¢ N.

The same argument works if « € Aand U, < D, orifa =k and U' < D.

Ifae Aand o(D)=0,let U =U,; if a =k and o(D) =¢ (¢ =0, 1), let
U ="Uc®. Let M = Ulty(L[D]) = L[ju(D)] and N = Ultp(L[D]) = L[jp(D)].
By Lemma 19.35 there are iterated ultrapowers i : M — My and j : N — N
such that i(jy (D)) is an initial segment of j(jp(D)) or vice versa. Using
the minimality argument again, we get My = Ny = L[i(ju(D))] = L(£)
where £ = i(ju (D)) = j(jp(D)). Again, ju(D)i(a + 1) = jn(D)(a+1), o0
i(a) =j(a) =a.

To reach a contradiction we show that X € U if and only if X € D,
for every X C « in L[D]. We proceed as in the proof of Lemma 19.18. If
X € PHPl(q) then X is definable in L[D] from D and ordinals that are not
moved by ju, jp, ¢ or j. As in (19.8)—(19.10) it follows that X = ZN«a where
Z =i(X), that Z = j(ZNa) = j(X) and that X € U if and only if « € i(X)
if and only if o € j(X) if and only if X € D. a

Theorems 19.37 and 19.38 admit a generalization to yield canonical inner
models for measurable cardinals of higher order. We shall state the following
result without proof:

Theorem 19.39 (Mitchell). There exists an inner model L{U] such that

(i) for every a, OL[“](a) = oM(a) = min{o(a), (o )EMUI};
(it) U = (Uap: B < o*(a));
(iii) each Uy, is in LIU] a normal measure of order [3;

i u
)
(iv) every normal measure in L{U] is Uy g for some o and 3;
(v) L] £ GCH. O

Exercises

19.1. Let k be a measurable cardinal and j : V — M be the corresponding ele-
mentary embedding. Let My =V, M1 = M, and for each n < w, My11 = j(My)
and in,n+1 = j[Mn. The direct limit of {Mn,in,m : n,m < w} is not well-founded.

[i0,w(K), t1,0(K), ---, inw(K), ... is a descending sequence of ordinals in the
model.]

19.2. Show that if m < n, then for each f on K™, imn([flu.) = [glu
the function on k™ defined by g(ao,...,an-1) = f(ao,...,®m-1).

where g is

n
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19.3. Prove this version of Lo$’s Theorem (for functions with finite support):
(Ultv, Ea) = @([f1], -+, [fa]) if and only if {t : o(f1(t),- .., (1))} € Ua.

Let Dy, be the measure on " defined from a normal measure D, and let () —
i0,n (k) where ig, : V — Ult(D").

19.4. The ordinal ™V is represented in Ultp,, by the function dn(a1,...,an) =
n.

19.5. A € D, if and only if (x, PN n("_l)) € jp. (A).

19.6. If A € D, then there exists a B € D such that [B]" C A.

[Let n = 3. Let By = {Cll : (al, K, l€(1>) S 7;[L2(A)}, By = {az € By : (Val € Bin
Oéz) (Otl, o, li) S 7:071(14)} and B = B3 = {0[3 € By : (VOJQ S Bzﬂag)(Val S Bzﬂaz)
(o1, 02,03) € A}]

Compare with Theorem 10.22.

19.7. Assume V = L[D]. If U is a k-complete nonprincipal ultrafilter on x and if
U # D, then there is a monotone function f : kK — & such that x < [f]luv < [d]u.
(Hence U does not extend the closed unbounded filter.)

[U satisfies (19.15) for some 8; if § = x™ for some n, then U = D. Let n be

such that k™Y < § < k™ let g : k™ — K represents § in Ultp,. Let f(£) =

least « such that g(aa,...,an—1,a) > € for some a1 < ... < an—1 < a. The
function f is monotone. To show that [f]u < [d]u, we argue as follows: For almost
all (mod D) ai, ..., an, g(ai,...,an) > an; hence for almost all a1, ..., an,

flglar,...,an)) < glaa,...,an). Hence (jp, (f))(8) < 4, and hence for almost
all € (mod U), f(§) < ¢&. Thus [flu < [d]u.]

19.8. If M and N are transitive models of ZFC™, if j : M — N is an elementary
embedding with critical point &, and if PM (k) = PN (k), then {X € PM(k) : s €
j(X)} is a normal iterable M-ultrafilter.

19.9. If Ulty, (M) is well-founded for all a < w1, then Ulty, (M) is well-founded
for all a.

[Assume that Ulty, (M) is not well-founded and let fo, fi, ..., fa, ... constitute
a counterexample. Each f, has a finite support E,. Let 8 be the order-type of
Un—o En; we have § < wi. Produce a counterexample in Ulty, (M).]

19.10. If arbitrary countable intersections of elements of U are nonempty, then
Ulty,, (M) is well-founded for all a.

[Let fo, fi, ..., fn, ... be a counterexample, let X, = {t € &% : fn(t) 2
Jnt1(t)}. To reach a contradiction, find ¢ € (), Xn. Construct ¢ by induction
such that for each v < « if @ = v 4+ 7, then t[v has the property that for all n,
{s € k" : (tlv)"s € Xpn} € Uy: Given t]v, there is t(v) such that the condition is
satisfied for ¢](v +1). Then ¢t € (72, Xn.]

19.11. Assume that every constructible subset of w; either contains or is disjoint
from a closed unbounded set. Let F' be the closed unbounded filter on w;. Then
D = FNLis an iterable L-ultrafilter and Ultp, (L) is well-founded (and hence
equal to L) for all a.

19.12. If LU], U = (Ua,U°,U")qca, is a canonical inner model for a measurable
cardinal of order 2, if B € U' is a subset of A, and if W = (Woé,WO,WlﬁeB7
Wao = Ua N LIW], W& = U® N L[W], then L[W)] is also a canonical inner model.

19.13. If there exist two different normal measures of order 1 on k, then there
exist canonical inner models L[] and L]W)] such that U = (Ua, U, U e, W =
(W5, WO Wh)gep and such that A = U' and B = W' are disjoint subsets of .
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Historical Notes

Most of the results in the first part of Chapter 19 are due to Kunen, who
in [1970] developed the method of iterated ultraproducts invented by Gaifman
(cf. [1964] and [1974]). Kunen found the representation of iterated ultraproducts
(Lemma 19.13) and generalized the construction for M-ultrafilters. Kunen applied
the method to obtain the main results of the model L[D] (Theorem 19.14).

Theorem 19.3 (the proof of the GCH in L[D]) is due to Silver [1971d].

The description of k-complete ultrafilters on k in L[D] (Lemma 19.21) is due
to Kunen [1970] and Paris [1969]. Lemma 19.4 was first proved by Solovay. The-
orem 19.7 is due to Gaifman; cf. [1974]. The proof of well-foundedness in Exer-
cise 19.10 is due to Kunen. Lemmas 19.20 and 19.24 are results of Kunen [1970].
0" was formulated by Solovay.

Kunen generalized the basic results on L[D] to the model L(D, : a < 6)
constructed from a sequence of measures (with § < the least measurable cardinal
in the sequence). Mitchell [1974] and [1983] generalized the theory of L[D] to inner
models for sequences of measures. The definition of o(k), Theorem 19.30 (well-
foundedness of iterated ultrapowers) as well as the results on L[] are all due to
Mitchell.

The results in Exercises 19.9, 19.10 and 19.11 are due to Kunen [1970].

Exercise 19.7: Jech [1972/73].



