22. Saturated Ideals

One of the key concepts in the theory of large cardinals is saturation of ideals.
In this chapter we investigate o-saturated, x-saturated and x*-saturated x-
complete ideals on k.

Let k be a regular uncountable cardinal. Let I be a k-complete ideal on
containing all singletons; thus X € I whenever X C x is such that |X| < k.
We shall be using the following terminology: X has measure zero if X € I,
measure one if Kk — X € I, and positive measure if X ¢ I; the phrase almost
all o means that the set of all contrary o’s has measure 0.

Let us consider the Boolean algebra B = P(k)/I. Recall that if X is
a cardinal, then B is called A-saturated if every pairwise disjoint family of
elements of B has size less than \; sat(B) is the least A such that B is
A-saturated. Let us say that I is A-saturated if B is A-saturated and let

sat(I) = sat(B).

In other words, I is A-saturated just in case there exists no collection W of
size X of subsets of k such that X ¢ I for all X € W and X NY € I whenever
X and Y are distinct members of W. If sat([) is finite, then & is the union
of finitely many atoms of I; if sat() is infinite, then it is uncountable and
regular, by Theorem 7.15. If A < k, then I is A-saturated if and only if there
is no disjoint collection W of size A of subsets X of x such that X ¢ I (see
Exercise 22.1). Clearly, every I on « is (27)*-saturated. Thus if I is atomless,
then sat(I) is a regular cardinal and

R < sat(I) < (2%)*.

Since I is k-complete, it follows that B = P(k)/I is a k-complete Boolean
algebra.

Real-Valued Measurable Cardinals

By Ulam’s Theorem 10.1, if there exists a nontrivial o-additive measure then
either there exists a measurable cardinal or there exists a real-valued mea-
surable cardinal.

In this section we prove the following theorems:
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Theorem 22.1 (Solovay).

(i) If k is a real-valued measurable cardinal, then there is a transitive
model of set theory in which k is measurable.

(ii) If k is a measurable cardinal, then there exists a generic extension in
which k = 2% and k is real-valued measurable.

Theorem 22.2 (Prikry). If 2% is real-valued measurable, then 2 = 2%o
for all infinite X < 2%0.

If 41 is a k-additive real-valued measure on x, then the ideal I, of all sets
of measure 0 is a o-saturated x-complete ideal on k. We have proved that if
an uncountable cardinal x carries a o-saturated k-complete ideal, then k is
weakly inaccessible.

We shall prove Theorem 22.1(i) and Theorem 22.2 for this generalization
of real-valued measurability, namely under the assumption that x is uncount-
able and carries a o-saturated k-complete ideal. Thus let k be an uncountable
cardinal and let I be a o-saturated k-complete ideal. Thus let k£ be an un-
countable cardinal and let I be a o-saturated k-complete ideal on k.

Let us call A C k an atom if A has positive measure and is not the union
of two disjoint sets of positive measure. I is atomless if it has no atoms. What
we proved in Lemma 10.9(ii) can be formulated as follows: If I is atomless,
then x < 2% Tt follows that if 280 < &, then every set X of positive measure
contains an atom A C X, and hence there exists an at most countable disjoint
collection W of atoms such that x = (J{A: A € W}.

We start with the following analog of Theorem 10.20. We recall that a x-
complete ideal on k is normal if every function f : .S — k regressive on a set
S C k of positive measure is constant on some T C S of positive measure.
A real-valued measure 1 is normal if I, is normal.

Lemma 22.3.

(i) If I is a o-saturated k-complete ideal on an uncountable cardinal K,
then there exists a function f : k — k such that

J=f)={X Cr: f(X) €T}

is a normal o-saturated k-complete ideal on K.
(ii) If p is a k-additive real-valued measure on k, then there exists a func-
tion f: k — K such that v = f.(u) defined by

v(X) =p(f-1(X)) (X Ck)
18 a normal k-additive real-valued measure on k.

Proof. We shall prove (i) and leave the completely analogous proof of (ii) to
the reader. Let us say that a function g : S — k is unbounded on a set S of
positive measure if there is no v < x and no T' C S of positive measure such
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that g(a) < v for all v € T. Let us consider the family F of all functions g
into k defined on a set of positive measure and unbounded on its domain.
Let us define g < h if dom(g) C dom(h) and if g(a) < h(a) everywhere on
dom(g). Let us also define g < h if dom(g) C dom(h) and if g(o) < h(w)
everywhere on dom(g). Let us call g € F minimal if there is no h € F such
that h < g.

We shall first show that there exists a minimal ¢ € F. Otherwise, for
every g € F there is h € F such that h < g. Thus let g € F be arbitrary.
Let W be a maximal collection of elements of F such that h < g for each
h € W, and that dom(h;) N dom(hy) = @ whenever hy and hs are distinct
elements of W. Since I is o-saturated, W is at most countable and by our
assumption, the set dom(g) — (J{dom(h) : h € W} has measure zero. Thus
if we let f = J{h : h € W}, we have dom(g) — dom(f) € I, and f < g.
Since g was arbitrary, we can construct a countable sequence gg > g1 > ... >
gn > ... such that dom(g,) — dom(g,+1) € I for each n. It follows that
ﬂffzo dom(g,,) has positive measure and we get a contradiction since for any
a €N, dom(g,) we would have go(a) > g1(a) > ....

The same argument shows that for every h € F there exists a minimal
g € F such that g < h. Thus if W is a maximal family of minimal functions
g € F such that dom(g;) N dom(gs) = @ whenever g; and g, are distinct
elements of W, W is at most countable and | J{dom(g) : g € W} has measure
one. Thus if we let f = (J{g : g € W}, then dom(f) has measure one and
f is a least unbounded function: On the one hand, if v < &, then there is no
S C k of positive measure such that f(a) < 7 everywhere on S; on the other
hand, if S is a set of positive measure and g is a function on S such that
g(a) < f(a) everywhere on S, then ¢ is constant on some T' C S of positive
measure. We can clearly assume that dom(f) = k.

Let f : Kk — K be a least unbounded function; we shall show that J =
f«(I) is a normal o-saturated x-complete ideal on k. It is obvious that J is
a k-complete ideal. For every v € k, f_1({7}) has measure zero and hence
{v}eJ It X ¢ J, then f_1(X) ¢ I, and if X NY = 0, then f_1(X) N
f-1(Y) = 0, and hence J is o-saturated because I is o-saturated.

To show that J is normal, let S ¢ I, and let g(a) < « for all & € S. Then
g(f(&)) < f(&) for all £ € f_1(S) and since f is a least unbounded function,
g(f(&)) is constant on some X C f_1(5) of positive I-measure. Hence g is
constant on f(X) and f(X) ¢ J. O

Lemma 22.4. Let I be a normal o-saturated k-complete ideal on k. If S is
a set of positive measure and f : S — K is regressive on S, then f is bounded
almost everywhere on S; that is, there exists v < K such that {a € S :

fla) =~} el

Proof. For every X C S of positive measure there exists Y C X of positive
measure such that f is constant on Y. Thus let W be a maximal disjoint
family of sets X C S of positive measure such that f is constant on X. Let
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T = |J{X : X € W}. The family W is at most countable and hence there
is v such that f(«) < for all « € T. Clearly, S — T has measure 0. O

Corollary 22.5. If k is real-valued measurable (or if k carries a o-saturated
k-complete ideal), then k is a weakly Mahlo cardinal.

Proof. Let I be anormal o-saturated k-complete ideal on «. Since I is normal,
every closed unbounded set has I-measure one (see Lemma 8.11). Because
k is weakly inaccessible, it suffices to show that the set of all regular cardinals
a < Kk has measure one.

Let us assume that the set S of all limit ordinals @ < & such that cf a < «
has positive measure. Considering the regressive function a — cf o, we find
a set T' of positive measure and some A < x such that cfa = A foralla € T.
For each aw € T', let (v, : ¥ < A) be an increasing A-sequence with limit «.

For each v < A, the function o — «, is regressive on T and so, by
Lemma 22.4 there is 7, such that a, < v, for almost all « € T. Let v =
sup{~y, : ¥ < A}. Since A < &, we conclude, by k-completeness of I, that for
almost all @ € T, o, < v of all v < A. But this means that for almost all
a €T, a=lim, o <. This is a contradiction since T is unbounded. O

Since every closed unbounded set has measure one (if I is a normal o-
saturated s-complete ideal on k), every set of positive measure is stationary.
It can even be proved that if S has positive measure, then SN« is stationary
in « for almost all a. Then it follows that  is the xth weakly Mahlo cardinal,
kth cardinal which is a limit of weakly Mahlo cardinals, etc. We shall return
to this subject later in this chapter.

We shall now show that every real-valued measurable cardinal is a Row-
bottom cardinal; we shall show that the statement of Lemma 17.36 for
a measurable cardinal holds under the weaker assumption that x carries a o-
saturated k-complete ideal.

Lemma 22.6. Let I be a normal o-saturated k-complete ideal on k, and let A
be an infinite cardinal less than k. Let A = (A, ...) be a model of a language L
such that |L| < A, and let A D k. If P C A is such that |P| < &, then 2 has
an elementary submodel B = (B, ...) such that B Nk has measure one and
|P N B| < \. Moreover, if X C A has size at most A\, then we can find B
such that X C B.

The proof of Lemma 22.6 uses Skolem functions and arguments similar to
those in Theorem 17.27 and Lemma 17.36. The key ingredient is the following
lemma:

Lemma 22.7. Let I be a normal o-saturated k-complete ideal on k, let v < &
and let f : [k]<¥ — 7 be a partition. Then there exists H C k of measure one
such that the image of [H|<* under f is at most countable.
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Proof. We proceed as in the proof of Theorem 10.22. It suffices to show that
for each n = 1, 2, ... there is H,, of measure one such that f([H]") is at
most countable; then we take H =, H,.

We prove, by induction on n, that for every partition of [k]™ into less
than s pieces there is H C x of measure one such that f([H]™) is at most
countable. For n = 1, let f : kK — ~ and v < k; let W be a maximal
pairwise disjoint family of subsets X C x such that X has positive measure
and f is constant on X. Let H = [J{X : X € W}. Since |W| < Xy, we have
|f(H)| < N, and since v < & and I is k-complete, we clearly have k — H € I.

Let us assume that the assertion is true for n and let us prove that it
holds also for n + 1. Let f : [s]**! — ~ where v < k. For each a < K, we
define f, on [k — {a}]™ by fo(z) = f({a} Uz). By the induction hypothesis,
there exists for each oo < k a set X, of measure one such that f,([Xo]") is
at most countable; let A, be the image of [X,]|™ under f,. Let X be the
diagonal intersection

X={a<k:ae ) X¢}

(<a
The set X has measure one since I is normal; also if @ < a1 < ... <
ap are in X, then {ai,...,a,} € [Xa]” and so f{a,aq,...,0n}) =

fa({ah ) an}) € AD&‘

For each a € X, let Ay = {aqn : n < w}. For each n, consider the
function g, : X — « defined by g,(a) = aq,n. There exists a set H, C X of
measure one such that g,(H,) is at most countable. Thus let H = (), Hy;
the set H has measure one, and moreover | J{A, : a € H} = U, gn(H) is
at most countable. It follows that f([H]"*!) is at most countable. O

We can now proceed as in Theorem 19.3 and prove that if I is a normal
o-saturated k-complete ideal on xk and V = L[I], then GCH holds. In fact,
if D denotes the filter dual to I, that is, the filter of all sets of I-measure
one, then the proof of Theorem 19.3 goes through in the present context (use

Now we recall the results of Chapter 18: If x carries a o-saturated -
complete ideal then either £ < 280 or k is measurable. Thus we conclude:
If I is a normal o-saturated k-complete ideal on k and V = L[I], then & is
measurable.

Proof of Theorem 22.1(i). Let x be real-valued measurable. Then there is
a normal x-additive measure p on x by Lemma 22.3. Let I be the ideal of
sets of measure zero. I is a normal o-saturated s-complete ideal on k. Let
J = 1N L[I. We have L[J] = L[I], and in L[], J is a normal N;-saturated
r-complete ideal on k. (If we could assume that RFU = Xy, it would now
follow that x is a measurable cardinal in L[].)

Since we are not able to show directly that if I is o-saturated, then I N L[I]
is o-saturated in L[], let us consider a somewhat more general situation.



414 Part II. Advanced Set Theory

Let v be a regular uncountable cardinal less than k, and let us consider
v-saturated k-complete ideals on k.

Lemmas 22.3 and 22.4 hold again; in Lemma 22.7 we have to replace “at
most countable” by “of size less than v.” Lemma 22.6 holds for all A > v and
the analog of Theorem 19.3 is: If V' = L[I] and I is normal, then 2<¥ = v
and 2* = AT for all A > v.

Lemma 10.9 can also be generalized, and we get: If I is atomless, then
k < 2<%, Hence if V = L[I], every set of positive measure contains a subset
that is an atom, and therefore « is the union of a disjoint family W of atoms
such that |W| < v.

Lemma 22.8. Let v < k be a regular uncountable cardinal, and let I be
a normal v-saturated k-complete ideal on k; let F be the dual filter. Then
in L[F], F N L[F] is a normal measure on k (and L[F] is the model L|D] of
Chapter 19).

Proof. 1t is easy to verify that L[F| = L[I], and that in L[F], I N L[I] is
a normal v-saturated k-complete ideal on x. Thus we may assume that V =
L[F]; we want to show that F is an ultrafilter.

We know that  is the union of a disjoint family W of atoms. (What we
want to show is that W has only one element.) For A € W, let

F4y ={X C k: X N A has positive measure}.

Since A is an atom, F4 is a filter, and F4 is in fact a normal measure on k.
Hence F4 N L[F4] is the unique normal measure D in L[F4], and L[F4] is
the model L[D].

We shall now show that F' N L[D] = D. Let X € L[D] be a subset of . If
X € F,then X € Fyforall A€ Wandhence X € FANL[F4]|=D.If X ¢ F,
then there is A € W such that X ¢ F4 and hence X ¢ Fa NL[Fa] =D. It
follows that F N L[D] = D and so F N L[D] € L[D].

Consequently, L[F] = L[D]; since we assumed that V' = L[F] and because
FNL[D]= D, we have F = D. O

Proof of Theorem 22.1(ii). Let x be a measurable cardinal, and let A > & be
a cardinal such that A®0 = X\. We shall construct a generic extension in which
2% = X and & is real-valued measurable.

Let F be a g-algebra of sets and let © be a measure on F'. Let I C F be the
ideal of sets of measure 0 and let us consider the Boolean algebra B = F/I.
That is, the members of B are equivalence classes [X] where X € F and
where X =Y if and only if u(X AY)=0.

Since both F' and I are countably complete, it follows that B is countably
saturated and >~ [X,,] = [U,—, X»]. Since p is a measure, I is countably
saturated and so B satisfies the countable chain condition. Now a Boolean
algebra that is both o-complete and o-saturated is complete, and so B is
a complete Boolean algebra.
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For [X] € B, let us define m([X]) = u(X). Clearly, the definition of m
does not depend on the particular choice of X, and furthermore, m has the
following properties:

(22.1) (i) m is a real-valued function on B;
(ii) m(0) =0, m()>01fa750,andm(1):1;
(iii) if @ < b, then m( ) < m(b);
)

(iv) if ap, n =0, 1, , are pairwise disjoint, then
[e.e] [e.e]
m(z an) = X mlan).
n=0 n=0

A Boolean algebra B with a measure m (satisfying (22.1)) is called a measure
algebra; a set S with a field of sets F and a measure p on F is called a measure
space.

We need from measure theory the following basic fact about products of
measure spaces. Let I be a set (of indices), and for each i € T let (S;, Fi, i)
be a measure space. Let us consider the product S = [[,c; Si, and let us
consider the following o-algebra of subsets of S: Let E be a finite subset of I,
and for each i € F, let Z; € F;. Let Z C S be as follows: If t € Hie] S;, then

(22.2) teZ ifandonlyif t(i)€ Z; forallie€ E.

Let F be the least o-algebra of subsets of S such that F contains every Z C S
of the form (22.2), for any finite E C I and any Z; € F;, i € E.

There exists a unique measure g on F (the product measure) such that
for every Z of the form (22.2), u(Z) is the product of u;(Z;), i € E. (In case
of the product S = S; x S5, the measure of a “rectangle” Z; x Zs is equal to
w(Zr) - i(Z2).)

We shall use the following simple example of a product measure space (cf.
Example 15.31). Let I be an infinite set, and for each ¢ € I let us consider
the space {0, 1} of two elements. We give measure 1/2 to both {0} and {1}:

(22.3) S;={0,1},  Fi = P(S)),
mi({0}) = ({1 =1/2, (@) =0,  p({0,1}) =1.

Let S =[];c; Si, and let uu be the product measure on F, the least o-algebra
of subsets of S containing the sets {t € {0,1}! : t(i) = 0} for all i € I.

Let M be a transitive model of ZFC (the ground model). In M let A be
an infinite cardinal such that A = \. Let (S, F, 1) be the product measure
space {0,1}! defined above, where I = A\ x w. Let B be the corresponding
measure algebra F/the ideal of sets of measure 0.

Let G be an M-generic ultrafilter on B. Since B satisfies the countable
chain condition, the generic extension M[G] preserves cardinals. We shall
show that in M[G], 2% = \.
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On the one hand, an easy computation gives |F| = A (because A% = ))
and since B satisfies the c.c.c., we get |B| = A. Therefore

(2%)ME < (IBI*)M = A

and we have (2%)MI[C] < ),
On the other hand, we shall exhibit A distinct subsets of w in M[G]. For
each a < A and each n < w, let uq ., = [Ua,n|, where U, ,, is as follows:

(22.4) Uan = {t € {0, 13 : t(a,n) = 1}.
For a < A, let &, be the B-valued subset of w such that
(22.5) In € ol = van (n <w).

Let x, be the G-interpretation of Z.
We shall show that z, # g whenever a # 3, and in fact that
|£o = @g|| = 0. Let k be any natural number. Then

[Ea Nk = @5 N K[| = [Na,p.xl;

where
Nogr = {t:tla,n) =t(8,n) for all n < k}.

It is easy to verify that for each k, u(Napxr) = 1/2F. But |i, = 5] =
[Treo[Nask) = [Neeo Na,g,k) = 0 since p((Ng—y Na,3,k) = 0. This completes
the proof that 2% = X in M[G].

Now let us assume that x is a measurable cardinal in the ground model,
and let A >  be such that A® = \. We construct a generic extension M|[G]
of M, using the measure algebra described above. In M[G], we have 2% = \,
and we show that & is real-valued measurable in M[G]. This follows from this
general lemma;:

Lemma 22.9. Let k be a measurable cardinal in the ground model M, let
B be (in M) a measure algebra, and let G be an M-generic ultrafilter on B.
Then in M[G], there exists a nontrivial k-additive measure on k.

Proof. Let U be a k-complete nonprincipal ultrafilter on . Let B be a com-
plete Boolean algebra and let m be a measure on B. We shall define a B-
valued name ji and show that if G is a generic ultrafilter, then the G-
interpretation of f is a nontrivial k-additive measure on k.

Let a be a nonzero element of B, and let A € M B be a B-valued name
such that a IF A C k. For each o < &, we let

m(a- o € All)
m(a)

(226) fa(A7a) =
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Since U is a k-complete, there is a unique real number r such that fa(A, Q) =
r for almost all & (mod U). Thus let

(22.7)  pa(A) = the unique r such that f,(A,a) = r almost everywhere
(mod U).

Note that if a IF A = A’, then pq(A) = pa(A4’). Also, if a |- A; C As,
then ,ua(Al) < pa(Ag). If X C wisin M, then fo(X,a) =1 for all @ € X
and fo(X,a) =0 for all @ ¢ X. Hence ua(X) =1if X € U and pa(X) =0
it X ¢U.

Let v < k and let Ag, & < 7, be such that a IF Ag C k for all £ < 7y, and
that a IF AE ﬂAn = () whenever & # 1. Let A be such that a - A = Ug<«, AE
Then f.(A,a) = Deen fa(Ag,a) for all a < &, and hence (because U is
k-complete),

(22.8) pald) = 3 pua(de)

Let r be areal number, 0 < r < 1, and let {ay, }52, be a partition of a € B.
If iq, (A) < 7 for all n, then for almost all o, m(an-[la € Al) < r- m(ay), and
it follows that for almost all «, m(a - ||a € A||) < r-mf(a); hence pq(A) < 7.
As a consequence, we obtain:

(22.9) If for every nonzero b < a there is a nonzero ¢ < b such that

pe(A) < 7, then p,(A) < r.

(And a similar statement holds when < is replaced by <, > or >.)
Now if b IF A C k, we define

(22.10) MZ(A) = info<p Ma(A)'

Again, if b A; CVAQ, then i (Ay) < pf(Az), and if X € M, then pj(X) = 1
it X € U and pj(X) =01if X ¢ U. However, p is not additive and we only
have (using (22.8)), for v < k:

(22.11) pi(A) > g 1 (Ag)

under the assumptlon that b I+ AE N A77 = () whenever ¢ # 7, and that
biFA= U

Note that if b1 < by, then uy, (A) > py, (A).

Now we are ready to define fi. Let G be a generic ultrafilter; in M[G], we
define p : P(k) — [0,1] as follows:

(22.12) p(A) = supyec iy (A)

where A is a name for A. Let /i be the canonical name for 4 (defined in M*?
by (22.12) using the canonical G).
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It is clear that u does not depend on the name A for A, that A; C A,
implies p(A1) < pu(Az) and that if X € M, then u(X) =1if X € U and
w(X)=0if X ¢ U. It remains to show that u is k-additive.

Let r be a real number (in M) such that 0 <r < 1. We claim that

(22.13) pi(A) >r if and only if bl u(A) > 7.

If g (A) > 7, then for every generic G such that b € G, u(A) > r, and hence
bl (A) > 7. Thus assume that b Ik i4(A) > 7. Then

bl-Vg <7 3de G ui(A) > q,
that is,
(22.14) Vg <rVe<b3d<cus(A)>q

Let ¢ < r; we claim that pf (A) > q. If a < b, then Ve < a 3d < ¢ such that
15(A) > q and hence (by a variant of (22.9)), u.(A) > ¢. Thus u;(A) > q.
Since this holds for any ¢ < r, we have uj (A) >r.

Next we show that u is finitely additive. Let A, Al, and A2 be such that
every condition forces that A is the disjoint union of Al and AQ. If 1 and 7
are real numbers and if b I+ ((A;) > 7 and pu(Ag) > 7), then by (22.13)
and (22.11), b IF 1(A) > 71 + 72; hence pu(A) > u(A;) + u(As). Conversely,
let us assume that p(A) > p(Ar) + u(Asz). There are reals ri, 7o € M and
b € G such that

b I+ ,u(Al) <71, ‘LL(AQ) < To, and ,LL(A) > 71+ To.

Since b IF ﬂ(Al) < 74, there is for each ¢ < b some d < c such that
ud(Al) < rq; hence by (22.9), up(A1) < 7. Similarly, up(A2) < ro, and so
wi(A) < up(A) < ry + ro. This is a contradiction.
Now when we know that p is finitely additive, it suffices to show that
1(Ueery Ae) < 3¢ i(Ag) for any family {Ae : £ < 7} of fewer than x
subsets of k. Thus let v < « and let Ag, ¢ < v, and A be such that |A =
Ue<r A¢| = 1, and let us assume that p(A) > > ¢< 1(Ag). Then there exist
r € M and b € G such that

biE S u(Ag) < 7 and ju(A) > 7

E<y

Let E' C 7 be an arbitrary finite set, let Ag = [J¢cp Ae. Since H,u(AE) <
> ten 1(Ag)|| = 1, we have b I u(AE) < 7. By (22.9), we get uy(Ap) <.
Since uy(Ag) < r for all finite E C 7, it follows from (22.8) that
pp(A) < r. Hence pf(A) <, a contradiction.
This completes the proof that in M[G] p is a nontrivial k-additive measure
on K. O
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Example 22.10 (A model in which 2% carries a o-saturated ideal).
Let k be a measurable cardinal, and let A > & be a cardinal such that A¥e = \.
We shall construct a generic extension that satisfies 2% = X and such that
there is a o-saturated k-complete ideal on k.

Let P be the notion of forcing that adjoins A Cohen reals; i.e., a condition
is a finite 0-1 function p with dom(p) C A. If G is a generic filter on P, then
V[G] E 2% = X, and all cardinals are preserved in V[G] because P satisfies
the countable chain condition. That & carries in V|G| a o-saturated ideal
follows from this lemma:

Lemma 22.11. Let k be a measurable cardinal and let I be a nonprincipal
k-complete prime ideal on k. Let P be a notion of forcing that satisfies the
countable chain condition. Then in V[G], the ideal J generated by I is a o-
saturated k-complete ideal on K.

Proof. Let J be the ideal in V[G] defined as follows:
XeJ ifandonlyif X CY forsomeY € I.

First we show that J is k-complete. Let X = {X, : £ < 4} be a family of
fewer than  elements of J; let X be a name for X and let py € G be such
that po IF V€ <y X¢ € J.

For each ¢ < v and each p < pg, there exist ¢ < p and some YV € I
such that ¢ IF Xf CY. Let We be a maximal antichain of ¢ < py for which
there is Yz , such that ¢ I X¢ C Y¢,. Since P satisfies the countable chain
condition, each We is countable, and hence Y = [ {Yz 4 :{ <y and ¢ € We}
belongs to I. Now it is easy to verify that py I+ Ug<«, XE C Y and hence
Uxed.

To prove that J is countably saturated, let us assume that X = {X¢ :
¢ < wy} is a family of pairwise disjoint sets of positive J-measure. Let X be
a name for X and let p € G be such that p I+ Xg ¢ J, for each ¢ < wi, and
pl- Xen X, =0 for all £ # 7.

For each ¢ < wy, let Yy = {& < k : some g < p forces a € Xg}. Clearly
p Ik Xg C Y}g, and so Ye ¢ I. By the x-completeness of I, we have ¥ =
Ne<w, Ye ¢ 1. Thus Y # 0, and let o be some element of Y. For each { < wi,
let g¢ < p be such that g¢ IF o € Xg Since P satisfies the countable chain
condition, there are £, n such that g¢ and g, are compatible. Let g be stronger
than both g¢ and g,; then ¢ IF oo € X¢ N X,;, a contradiction. ]

Proof of Theorem 22.2. We shall prove that if 280 carries a o-saturated 2%o-
complete ideal then 2* = 2% for all A < 280, Let A be a regular cardinal; two
functions f, g on X are almost disjoint if there is v < X such that f(a) # g(«)
for all a > ~.

Lemma 22.12. Let k carry a o-saturated k-complete ideal, and let A < k be
a regular uncountable cardinal. If F is a family of almost disjoint functions
f:A— &, then |F| < k.
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Proof. If |F| > k, then because every f : A — k is bounded by some § < k&,
there exist some G C F and some 3 < k such that |G| = k and every f € G
is bounded by £.

Let F : [G]? — X be the following partition: F({f,g}) = some v such that
f(a) # g(a) for all @ > . By Lemma 22.7, there exists H C G of size &
such that the image A of [H]? under F is at most countable. Let a > sup(A4).
Then f(a) # g(a) whenever f, g € H, which is a contradiction since |H| = &
and f(a) < @ for all f € H. a

Now we are ready to prove the theorem. Let x = 280, We prove 2* = &
by induction on A < k. If A is a singular cardinal and 2 = k for all v < ),
then 2* = k by Corollary 5.17. Thus let A\ < & be regular and let us assume
that 2¥ = k for all v < A.

For each X C A let fx = (X Na:a<A).If X £Y, then fx and fy
are almost disjoint. For each av < A, the set {fx(«) : X C A} has size , and
hence {fx : X C A} yields a family F of 2* almost disjoint functions from A
into x. By Lemma 22.12 we get |F| < x and therefore 2* = k. 0

Generic Ultrapowers

We shall now introduce a powerful method for dealing with ideals on regu-
lar uncountable cardinals. The method is a generalization of the method of
ultrapowers from Chapter 10.

Let x be a regular uncountable cardinal and let I be an ideal on x. Let
us view the universe as a ground model, let us denote this ground model M
and let us consider the generic extension of M given by the completion of
the Boolean algebra P(k)/I. In other words, consider the notion of forcing
(P, C), where P is the collection of all subsets of x of positive measure:

(22.15) (i) X € Pifand only if X ¢ I;
(ii) X is stronger than Y if and only if X C Y

Let G be a generic filter on P.

Lemma 22.13.

(i) G is an M-ultrafilter on k extending the filter dual to I.
(ii) If I is k-complete in M, then G is a k-complete M -ultrafilter.
(iii) If I is normal, then G is normal.

Proof. (i) If X C k has measure one, then {Y € P:Y C X} is dense in P
and hence X € G. That G is an M-ultrafilter is obvious.

(ii) If {Xo : a <7}, v < K, is (in M) a partition of , then by the -
completeness of I, the set {Y € P:Y C some X,} is dense in P and hence
X € G for some a.
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(iii) If X € G and if f € M is a regressive function on X, then {Y C X :
f is constant on Y} is dense below X, and hence f is constant on some
Y e G. O

From now on assume that I is a k-complete ideal on x containing all
singletons. Then G is a nonprincipal k-complete M-ultrafilter on k. Note
that if I is atomless, then G ¢ M (if I is prime, then G is the dual of I and
so G e M).

Let us consider (in M[G]) the ultrapower Ultg(M); let us call this ultra-
power a generic ultrapower. The generic ultrapower is a model of ZFC, but
is not necessarily well-founded. We have the analog of Los’s Theorem, in this
form

(22.16)  Ulta(M) E o([f1],-.., [fn])
if and only if {a: ME ¢o(fi(a),..., fa(a)} € G

whenever fi,..., fn € M are functions defined on a set X € G. In particu-
lar, we have an elementary embedding, the canonical embedding jo : M —
Ultg (M), defined by

ja (@) = [ea]

where ¢, is the constant function on x with value z, and [c,] is its equivalence
class in the ultrapower.

Let us denote the generic ultrapower by N and jo = j. The ordinal
numbers of the model N form a linearly ordered class, not necessarily well-
ordered, but we shall show that (because I is k-complete), Ord" has an
initial segment of order-type k. If = € OrdN, let us call the order-type of x
the order-type of the set {y € Ord™ - y < z}. If the order-type of x is an
ordinal number, we take the liberty of identifying = with this ordinal.

Lemma 22.14.

(i) For every v < K, j(y) = ; hence Ord™ has an initial segment of
order-type k.
(i) j(r) # k.
(i) If I is normal, then there exists x € Ord™ such that x = k; in fact
[d] = Kk where d is the diagonal function d(a) = a.

Proof. G is k-complete, nonprincipal, and if I is normal then G is normal. 0O

Let us mention again the fact that we already mentioned and that is fairly
easy to verify: If P is the notion of forcing (22.15) then B(P) = B(P(x)/I);
the mapping X — [X] gives the natural correspondence.

To illustrate the method of generic ultrapowers we present two examples.
The first is (a modification of) Silver’s proof of Theorem 8.12; the other is
a theorem of Jech and Prikry.
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Example 22.15 (Proof of Silver’s Theorem 8.12). Let us consider this
typical special case: Let k be a singular cardinal of cofinality N;, and assume
that 2% = At for all A < k. We shall show that 2% = kT, using a generic
ultrapower.

Let I be the ideal of nonstationary subsets of wy, let P be the correspond-
ing notion of forcing (i.e., forcing conditions are stationary sets) and let G be
a generic filter on P. Note that since |P| = 2% < k (in M), all cardinals > &
remain cardinals in M[G].

Let us work in M[G]. G is a normal o-complete M-ultrafilter on w. Let
N = Ultg(M) be the generic ultrapower and let j : M — N be the canonical
elementary embedding. N is not necessarily well-founded.

Let (ko : @ < wi) be (in M) an increasing continuous sequence of cardi-
nals converging to k. Let e be the cardinal number in NV represented by the
function e(a) = k4. Let e™ denote the successor cardinal of ¢ in N.

For each X C x in M let fx be the function on wi defined by fx(a) =
X N Kq. Clearly, each fx represents in IV a subset of e. Moreover, if X # Y,
then fx and fy are almost disjoint and hence represent distinct subsets of e.
It follows that |PM (k)| < |PN(e)|, where PN (e) denotes the collection of all
subsets of e in V.

Now N F 2¢ = eT (because M F 2F> = g} for all ), which means that
in the model N there is a one-to-one correspondence between the power set
of e and e™. It follows that there is a one-to-one correspondence between
PN (e) and the set ext(e™) = {z € Ord" : <V et}. Thus we have so far
PY (k)] < Jext(ct)].

Next we observe that e = sup{j(x,) : v < w}}. This is because if f rep-
resents an ordinal less than e, then there is a set of limit ordinals X € G such
that f(a) < ko for all a € X; thus f(a) < ky(q) for some y(a) < a, and
by normality of G, there is v such that [f] <" k.. Now for each v < w,
lext(j (k)] < [(k5)M] < £, and therefore |ext(e)| < k.

If + <V et, then there is in N a one-to-one mapping of x into e, and
therefore, |ext(z)] < |ext(e)] < s. Thus ext(e™) is a linearly ordered set
whose each initial segment has size at most . Therefore |ext(e™)| < kT, and
we have

PY (k)] < .

We have argued so far in M[G]; in other words, we have proved that
|PM ()| MIGT < (k+)MIG], But since all cardinals > & in M remain cardi-
nals in M|G], it is necessary that |PM(x)|™ < (k7)M; in other words we
have proved that 2F = k™ (in M). 0

Theorem 22.16. Let I be a o-complete ideal on wy. If 280 < R, then
281 < %o L gat(T).

Corollary 22.17. If there exists an No-saturated ideal on wy, then
(i) 2% =Ry implies 2™ = Ny;
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(ii) Ry < 2% < N, implies 280 = 2%, o

Proof of Theorem 22.16. Let 2% = X, < R, and let I be a o-complete
A-saturated ideal on wq. We shall show that 2% < Ry - A

Let P be the notion of forcing corresponding to I, and let G be generic
on P. Since sat(P) = sat(I) < A, all cardinals > A in M are cardinals
in M[G].

Let us work in M[G], and let N = Ultg(M) and j = jo : M — N. For
each X C wy in M let fx be the function on w} defined by fx(a) = X N
Each fx represents in N a subset of the countable ordinal d represented by
the function d(o) = «; moreover, if X = Y, then fx and fy are almost
disjoint and hence [fx] # [fy]. It follows that |PM (w})| < |PN(d)|. Let e
be the cardinal number in N such that N F 2% = e (we recall that w” = w).
Since N E |P(d)| = e, we have |PY(d)| = | ext(e)| and so

(22.17) |PM (M) < |ext(e)|.

Next we shall compute the size of ext(e). Since M F 2% = R, and j :
M — N is elementary, we have e = j(w,). We shall now prove by induction
on v < wi¥ that

(22.18) lext(j(wd )| < A |wd].

Let us denote j(w)) = e, for all v < wi’. By Lemma 22.14, the ordinals
of N have an initial segment of order-type wi; thus the infinite cardinals
of N also have an initial segment of order-type w, namely {ey 17 < wMl.

If v = 0, then e, = w and (22.18) is true. If v is a limit ordinal, then
ey = sup{es : § < v} and (22.18) is again true provided it is true for all
0 < 7. If v = 1, then ext(e;) is a linearly ordered set whose each initial
segment is countable, and hence |ext(e;)| < Ry. Since A is a cardinal (now
we are in M[G]), we have Ry < A, and (22.18) holds.

Let us assume that (22.18) holds for v and let us show that it also
holds for v+ 1. Every function f : w1 — w,41 in M is bounded by some
constant function, and therefore j(wy41) = sup{j(§) : £ < wy4+1}. Hence
the linearly ordered set ext(e,11) has a cofinal set of order-type w%l and
each its initial segment has size < X-|wl!| (because if & < wyy1, then
lext(j(€))] < |ext(ey)] < A-|wl]). It follows that |ext(ey41)] < A-Jwl].

Now we put (22.17) and (22.18) together and get

[P ()] < AR

This we proved in M [G]; but since all cardinals > X in M remains cardinals
in M[G], the same must be true in M. Hence (in M)

2™ < NN, O
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Precipitous Ideals

In an early application of generic ultrapowers, Solovay proved that if I is
kT-saturated then the generic ultrapower is well-founded (see Lemma 22.22
in the next section). It has been recognized that this property of ideals is
important enough to single out and study such ideals.

Definition 22.18. A k-complete ideal on « is precipitous if the generic ul-
trapower Ultg (M) is well-founded.

We give below several necessary and sufficient (combinatorial) conditions
on I to be precipitous.

Let I be a k-complete ideal on k containing all singletons. Let S be a set
of positive measure. An I-partition of S is a maximal family W of subsets
of S of positive measure such that X NY € [ for any distinct X,Y € W. An
I-partition Wi of S is a refinement of an I-partition Wy of S, Wy < Wa, if
every X € W is a subset of some Y € Ws. A functional on S is a collection F'
of functions such that Wr = {dom(f) : f € F} is an [-partition of S and
dom(f) # dom(g) whenever f # g € F.

We define F' < G for two functionals on S to mean that:

(i) each f € FUQG is a function into the ordinals;
(i) Wp < Wg; and
(iii) if f € F and g € G are such that dom(f) C dom(g), then f(a) < g()
for all o € dom(f).

The reason we define functionals is that they represent functions in the
Boolean-valued model M B (and so are canonical representatives for elements
of Ultg(M)): Let f € MPB be such that

(22.19) S Ik f is a function with dom(f) € G and f € M.

Then there is an I-partition W of S, and for each X € W a function fx on X
such that for all X € W, X I+ f]X = fx. Thus the functional {fx : X eW}
represents the Boolean-valued f on S.

Conversely, if F is functional on S, then there is some f € M5 such that
(22.19) holds; and for each f € F, if X = dom(f), then X I+ f1X =f.

Note also that if F < @ are functionals on S and f, ¢ are corresponding
Boolean-valued names, then

(22.20) Sk f,g € M and dom(f) C domg and f(a) < g(a) for all a €
dom(f).

Conversely, if f and ¢ satisfy (22.20), then there are functionals F and G
that represent f and ¢, and F' < G.

Lemma 22.19. The following are equivalent:
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(i) I is precipitous.
(ii) Whenever S is a set of positive measure and {W,, : n < w} are I-
partitions of S such that Wy > Wy > ... > W, > ..., then there exists
a sequence of sets Xo D X1 D ... D X, D ... such that X,, € W,, for
each n, and ﬂff:o X, is nonempty.
(iii) For no set S of positive measure is there a sequence of functionals
on S such that Fy > Fy > ... > F, > ....

Proof. In view of the preceding discussion on functionals, (ii) is equivalent
to (i): If Fy > Fy > ... are functionals on S, and fo, fl, ..., the corresponding
elements of M then S forces that [fo], [fl], ... is a descending sequence of
ordinals in the generic ultrapower. Conversely, if S forces that Ultg (M) has
a descending sequence of ordinals, we construct Fy, Fi, ... on S such that
Fo>F >...

The implication (ii) — (iii) is easy. If Fy > Fy > ... are functionals
on S, then the partitions Wg,, Wg,, ... constitute a counterexample: If
Xo D X1 D ...areelements of Wg,, Wg,, ..., let fo € Fy be the function with
domain X, f1 € Fy with domain X7, etc.; now if ﬂ;’io X,, were nonempty,
we would get fo(a) > fi(a) > ... for a € .2y Xn-

To show (iii) — (ii), let W > W1 > ... be partitions of some S ¢ I that
fail (ii). We shall construct functionals on S such that Fy > Fy > .. ..

Without loss of generality, let us assume that if X € W,,,1, Y € W,,, and
X CY,then X #Y. Let T = ;2 , Wy; note that the partially ordered set
(T, C) is an upside-down tree (of height w).

For each z € S, let us consider the set T, = {X € T : z € X }. Since every
descending sequence Xg D X1 D ... in T has empty intersection, it follows
that for every z, T, has no infinite descending sequence Xy O X; D ...;
hence the relation C on T, is well-founded. Thus there is, for each z, an
ordinal function p, on T (the rank function) such that p,(X) < p,(Y) when
X C Y. It is clear that if X € Wy41, Y € W,,, and z € X C Y, then
p-(X) < pa(Y).

Thus we define, for each X € T, a function fx on X as follows:

fx(z)=p.(X) (all z € X).

Now it is clear that if we let F,, = {fx : X € W,,} for each n, then Fy, Fi, ...
are functionals on S and Fy > F} > .... O

Lemma 22.20. Let k be a regqular uncountable cardinal. The ideal I =
{X C k:|X| < Kk} is not precipitous.

Proof. Let I = {X C k: |X]| < k}. A set X C k has positive measure just
in case |X| = k. For each such X, let fx be the unique order-preserving
function from X onto k.

For each set X of positive measure there exists a set Y C X of positive
measure such that fy(a) < fx(«) for all @ € Y; namely if we let ¥ =
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{a € X : fx(a) is a successor ordinal}, then fx(a) = fy(a) + 1 for all
a €Y. Thus for each X ¢ I there is an I-partition Wx of X such that for
allY € Wx, fy(a) < fx(a) onY.

Now we construct I-partitions Wy > Wy > ... as follows: We let Wy =
{k}, and for each n, we let W,,11 = J{Wx : X € W, }. For each n, we let
F,, be the functional F,, = {fx : X € W,,}. It is clear that Fy > F} > ... >
F,, > ..., and therefore I is not precipitous. ]

An alternate characterization of precipitousness is in terms of infinite
games. Gy is the infinite game played by two players, Empty and Nonempty,
who alternately choose sets S, of positive I-measure such that S,+1 C S,.
Empty plays first and wins if (), S, = 0.

Lemma 22.21. [ is precipitous if and only if Empty has no winning strategy
in the game Gr.

Proof. If I is not precipitous then there is a set S of positive measure and
a sequence of functionals on S such that Fy > Fy > ... > F, > .... Empty
chooses Sy = S for his first move. When Nonempty plays S, —1, Empty finds
some f € F,, such that the set X = dom(f)NSa,_1 has positive measure and
chooses S5, = X for his move. It follows that ﬂzozo S, is empty, and hence
Empty wins.

Now suppose that I is precipitous and o is a strategy for Empty; we will
show that o is not a winning strategy. Let Sy be Empty’s first move by o.
Then Sy forces that in M[G] there is an infinite sequence (S, : n € w) of
moves in which Empty follows o and each S, € G. If j : M — Ultg(M) is
the canonical embedding then (j(Sy,) : n € w) is an infinite sequence of moves
(of §(Gr)) in which Empty follows j(c) and & € ()~ j(Sn). Since Ultg (M) is
well-founded, there exists (by absoluteness) such a sequence in Ultg (M), and
since j is elementary, there exists a sequence (S, : n € w) in M in which
Empty follows o but for some o < k, & € (2, Sy, Thus o is not a winning
strategy. O

Saturated Ideals

Results from Chapter 10 and those proved earlier in this chapter establish the
following facts about the existence of a o-saturated x-complete ideal on x:
If k carries a o-saturated k-complete ideal then either x is measurable, or
x < 2% and k is weakly inaccessible (Lemma 10.9 and 10.14). If a o-saturated
ideal exists then there exists a normal one (Lemma 22.3), and its consistency
strength is that of a measurable cardinal (Lemma 22.8). These results gener-
alize easily to v-saturated ideals for v < k; the analog of Lemma 10.9 (with
the same proof) is that either  is measurable, or kK < 2<%,

In this section we investigate s-saturated and sT-saturated ideals. We
shall employ the technique of generic ultrapowers; this is particularly useful
because the generic ultrapower is well-founded:
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Lemma 22.22. Let s be a reqular uncountable cardinal. Every k™ -saturated
Kk-complete ideal on k is precipitous.

Proof. Let I be a xt-saturated s-complete ideal on k. Let S be a set of
positive measure and let Wy > Wy > ... be I-partitions of S. We shall find
Xo D> X1 D...in Wy, Wy, ... such that (), X, is nonempty.

We shall first modify each W, to obtain a new I-partition W) that is
almost like W, but is disjoint. We proceed by induction on n. Since |Wy| < &,
let Wy = {X, : o < 6} where § < &, and for each a < 0, let X! =
Xo = Upg<q Xp; then we let Wy = {X’: X € W}. Since I is r-complete,
we have X — X’ € [ for all X € Wy and thus W/ is an I-partition of S;
moreover, W{ is disjoint, and is a partition of Sy = |JW{ and S — Sy € I.
Having constructed W/, we enumerate W, 11 = {X, : a < 0} where 6 < &,
and for each a < 0, let X, = (Xo — Uz, Xp) N Z where Z is the unique
Z € W)/ that is almost all of the unique ¥ € W, such that X, C Y.
We let W), = {X': X € Wyy1}; W) is a partition of S,y1 = UW) 4,
S—8Spi1€l,and X — X' e forall X € W,,41.

Since each S, is almost all of S, the set (),—, S, is nonempty; let z be an
element of this intersection. For each n there is a unique Y;, € W/ such that
z € Yy; let X,, be the unique X,, € W, such that Y,, C X,,. It is clear that
Xo2X1D...0X, D, and 2, X # 0. O

In the next section we shall generalize Lemma 22.8: We shall prove that
if k carries a precipitous ideal then it is measurable in an inner model.

Let us first consider k-saturated ideals. First we observe that the proof
of Lemmas 22.3(i) and 22.4 works as well when I is only x-saturated, and so
we have:

Lemma 22.23.

(i) If there exists a k-saturated r-complete ideal on an uncountable car-
dinal K, then there exists a normal k-saturated rk-complete ideal on k.
(ii) Let I be a normal k-saturated r-complete ideal on k. If S ¢ I and if
f S — K is regressive on S, then there is v < k such that f(a) < v
for almost all o € S. O

Also, the proof of Lemma 10.14 works also for s-saturated ideals, and so
we have:

Lemma 22.24. If k carries a k-saturated k-complete ideal then k is weakly
inaccessible. O

It is consistent (relative to the existence of a measurable cardinal) that
an inaccessible cardinal x carries an ideal I such that sat(I) = k. (Such &
cannot be weakly compact, see Exercise 22.13.)

We shall now prove the main result on x-saturated ideals, using generic
ultrapowers. First we need a lemma on preservation of stationary sets by
forcing:
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Lemma 22.25. Let k be a regular uncountable cardinal. Let V|G| be a generic
extension of V' by a k-c.c. notion of forcing. Then every closed unbounded
C C k in V]G] has a closed unbounded subset D € V. Consequently, if S € V
is stationary in V, then S remains stationary in V|[G].

Proof. Let C be a name such that every condition forces that C is a closed
unbounded subset of k. Let D = {a : ||a € C|| = 1}. Clearly, D is a subset
of C' and is closed; we have to prove only that D is unbounded.

Let ap < k; we wish to find o > g such that every condition forces o € C.
For every p, there is ¢ < p and some 8 > o such that ¢ I- 3 € C. Thus there
is a maximal incompatible set W of conditions, and for each ¢ € W an ordinal
B = B4 such that ¢ I- 8 € C. Since |W| < k, we let a; = sup{fy : ¢ € W};
we have a; < k and

plF(E3eC)ap<f<m

for all conditions p. Similarly, we find oy < as < ag < ... such that for
every n and every condition p,

plF(38eC) an <f<an.
If we let a = lim,, o, it is clear that ||a € C| = 1. O

Theorem 22.26 (Solovay). Let k be a regular uncountable cardinal and
assume that K carries a k-saturated ideal.

(i) K is weakly Mahlo;
(i) {a < k: « is weakly Mahlo} is stationary;
(iii) of X C k has measure one in a normal k-saturated ideal, then X N
M(X) has measure one, where

M(X)={a<k:cfa>w and X Na is stationary in o}.

Proof. If there exists a k-saturated ideal on k, then x is weakly inaccessi-
ble by Lemma 22.24, and there exists a normal x-saturated ideal on x (by
Lemma 22.23). Let I be a normal x-saturated ideal on x. We first prove:

Lemma 22.27. If S C k is stationary, then for I-almost all a < k, SN« is
stationary in o.

Proof. If not, then there is a set X of positive measure such that SN« is not
stationary in a (or cf @ = w) for all @ € X. Let G be a generic ultrafilter on &
(corresponding to I) such that X € G. Let N = Ult¢(M). N is a transitive
model. Since I is normal, x is represented in N by the function d(a) = a.
Since S = j(S) Nk, we have N E S is not stationary.

However, the notion of forcing is k-saturated and hence x is a regular
cardinal in M[G], and by Lemma 22.25, M[G] E S is stationary. Now N C
M]G] and so N E S is stationary. A contradiction. O
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Since I is normal, every set of positive measure is stationary. Thus (iii) fol-
lows since if X has measure one then M (X) has measure one by Lemma 22.27,
and so does X N M (X).

To prove (i), it suffices to show that almost all & < k are regular cardinals.
Otherwise, let X be a set of positive measure such that all « € X are singular.
Let G 5 X be generic and let N = Ultg(M). Then N F « is singular, contrary
to the fact that x is regular in M[G] and N C M[G].

Now (ii) follows by an application of (iii): Let X = {a < k : a is regular},
then X N M (X) = {a < k : « is weakly Mahlo}. O

As a corollary of Theorem 22.26 we have Solovay’s original proof of The-
orem 8.10:

Let x be a regular uncountable cardinal and let S be a stationary subset
of k. We claim that S is the disjoint union of k stationary subsets.

Otherwise, the ideal I = {X C k : X NS is nonstationary} is a normal
k-saturated ideal. By Lemma 22.27, S — M (S) has measure zero and hence
is nonstationary, which contradicts Lemma 8.9. O

Now let us consider xt-saturated ideals.

Lemma 22.28. Let I be a xT-saturated k-complete ideal on k.

(i) There exists a least unbounded function, i.e., a function f : kK — K such
that for any v < k there is no S of positive measure such that f(a) <~y
on S (unbounded) and that for any g : k — K, if g(a) < f(a) on a set
of positive measure then g is constant on a set of positive measure.

(ii) There exists a normal k¥ -saturated k-complete ideal on k.

Proof. By Lemma 22.22 [ is precipitous. Since I is x-saturated, the Boolean-
valued names for functions on k in the ground model can be represented
not by functionals but by ordinary functions: Let F' be a functional (on k).
Let W = {dom(f) : f € F}; since I is xT-saturated, W can be replaced
by a disjoint W’ such that for each X € W there is X’ € W’ such that
X' € X and X — X’ € I. If we replace each f € F by its restriction to
the corresponding X’ € W', we get a functional F’ whose elements have
disjoint domains. Then f = |JF’ is a function, and if f € V7 is the name
corresponding to F', then ||f = fll=1.

Let f € VB be such that I f represents & in the generic ultrapower| = 1
and let f : k — & be such that ||f = f|| = 1. Then f is the least unbounded
function.

If f is the least unbounded function then f.(I) = {X C k: f_1(X) € I}
is a normal x-complete ideal and is xT-saturated. ]

Unlike k-saturation, the existence of a xt-saturated ideal on x does not
imply that x be a limit cardinal. However, the consistency strength of a k-
saturated ideal on a successor cardinal k is considerably stronger than mea-
surability (while the existence of an ideal I on an inaccessible x such that
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sat(I) = k™ is equiconsistent with measurability). It is consistent, relative
to a Woodin cardinal, that the nonstationary ideal on ®; is No-saturated; we
shall study this problem in Part III. We shall also return to the subject of
saturation of the nonstationary ideal in general in Chapter 23.

Saturated ideals have influence on cardinal arithmetic, similar to measur-
able cardinals:

Lemma 22.29. Let k be a regular uncountable cardinal and let I be a xt-
saturated ideal on k. If 2% = A\t for all \ < k, then 2F = k.

Proof. Let M be the ground model. Let P be the notion of forcing corre-
sponding to I, let G be generic on P, and let N = Ultg(M). Since [ is
kT-saturated, N is well-founded and hence we identify it with a transitive
model N C M[G]. Let j : M — N be the canonical embedding. We have
Jj(v) =~y forall v < k, and j(k) > k. If X C Kk and X € M, then X € N
because X = j(X) N k. Thus PM (k) C PN (k).

We assume that M F (2% = At for all A < k) and hence N F (2* = At for
all A < j(k)), and in particular, N F |P(k)| = kT, where a™ denotes the least
cardinal greater than o. Now (k)N < (k1)MICl: and because sat(P) = x*
(in M), (kT)M is a cardinal in M[G] and we have also (kT)MIG] = (5+)M.
Thus we have, in M[G],

PM ()] < ()M

and since all cardinals above x* in M are preserved, the last formula is also
true in M, and we have 2% = g¥. O

Lemma 22.30. Let I be an Ny-saturated ideal on wyi. Then

(1) If 2% =Ny, then 2% = N,.

(ii) If Ny < 280 < X1 then 281 = 280,

(iii) If 2% =R, then 28 <N,,.

(iv) If N, is strong limit, then 281 < X,,.

(v) Let ®(a) denote the ath member of the class {k : N, = k}. If ®(w1) is
strong limit, then 2%(«@1) < D(ws).

Proof. (i) and (ii) are as in Corollary 22.17.

Let G be a generic ultrafilter on wy, let N = Ultg(M) and let j : M — N.
N is a transitive model, N C MI[G].

Let us denote x = w}M. We have j(vy) = v for all ¥ < x, and j(k) > k.
Thus k is a countable ordinal in N. Moreover, every f : K — Ord in M
belongs to N, and so every 7 < wd! is countable in N. Since sat(I) = R,

wd is a cardinal in M[G], hence in N, and so

j(wih) = wi'.

We shall now prove (iii), (iv), and (v). To prove (iii), let us assume that
M E 2% =N, . Since N F [w}| = Ry, and j is elementary, we have M[G]



22. Saturated Ideals 431

|PM (k)| < (2%)N and N E 2% = Ry, Now RN < RMIGT: and since
j(k) = Wi, NM[ l'is the wd’th cardinal in M[G]. However, all cardinals > R}/
are preserved and hence NM [G} = NM Thus

[PM ()] < RE

holds in M[G]; and because cardinals above N, are preserved, this also holds
in M.

To prove (iv) or (v), note that if Y., (or ®(w;)) is strong limit, then
2N = N8 (29(1) = (@(w;))™). Let A denote R, in (iv) and ®(w;) in (v).
It is easy to see that j(A) > A. Now N EVa < j(A) |a®| < j(N), and because
(AM (AN we have M[G] E |[(AF)M]| < 5(N).

In case (iv) we have j(A) < R as in (iii); and in case (v) we obtain
similarly j(A) < ®(j(k)) < ®(w2). The rest of the proof of either (iv) or (v)
is as before. O

To conclude this section we prove a generalization of Lemma 22.11; we
show in Lemma 22.32 that for all A\ < s, if V[G] is a generic extension by
A-saturated forcing, then a A-saturated ideal in V generates a A-saturated
ideal in VI[G].

Lemma 22.31. Let I be a xt-saturated x-complete ideal on k. Let G be
a corresponding generic ultrafilter and let N = Ultg(M) be the generic ultra-
power. Then every s : k — M in M[G] is in N.

Proof. Let $ be a name for s; for each a < k, let $, be a name such that
I$(a) = $4|| = 1. Each $, is represented by a function f, € M on k. Let
h : kK — Kk be the least unbounded function. Let f be the function on
defined by f(a) = (fs(a) : 8 < h(«)). Then f represents $ in the generic
ultrapower. O

Lemma 22.32. Let B be a complete Boolean algebra, let G be a V -generic
ultrafilter on B and let k be an uncountable reqular cardinal. Let A < kt be
reqular and assume that sat(B) < X\ and sat(B) < k. If I is a A-saturated
k-complete ideal on k, then in V[G], I generates a A-saturated k-complete
ideal.

Proof. Let J € V[G] be the ideal generated by I. Since sat B < k, J is k-
complete. Let J € VE be the canonical name for .J, and let C' € VZ be the
Boolean algebra C' = P(k)/J.

We want to show that VB E C is A-saturated; by Lemma 16.5 it suffices
to show that B (' is A-saturated because B is M-saturated. Let D = P(k)/I.
We shall find in V2 a Boolean algebra E such that VP E F is A-saturated,
and such that D x E is isomorphic to B % C. Since D is A-saturated, it will
follow that D * F is A-saturated and we shall be done.

In VP, consider the generic ultrapower N = Ults(V), where G is the
canonical ultrafilter on D. Let j : V' — N be the corresponding elementary
embedding. Let E = j(B).
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Let sat(B) = v < k. Since j is elementary, we have N F sat(j(B)) = j(v);
and since j(v) = v and by Lemma 22.31 all v-sequences in VP are in N, we
have VP E sat(F) = v. Thus VP £ F is A-saturated.

It remains to show that B C and D % E are isomorphic. Let ¢ € B * C.
Then ¢ € VB and ||é € C||p = 1. Thus there is some X € VZ such that
| X C |z =1 and that

||¢ is the equivalence class of X mod J| 5 = 1.

Let f : K — B be the function f(a) = ||a € X|. Since f(a) € B for all
a < K, f represents in N = Ultg(B) C VP an element ¢ € j(B) = E; and
¢€DxE. Welet h(¢) = é.

The proof is completed by verifying that the definition of h(¢) does not
depend on the choice of X and that A is an isomorphism. O

Consistency Strength of Precipitousness

Theorem 22.33.

(i) If k is a regular uncountable cardinal that carries a precipitous ideal,
then k is measurable in an inner model of ZFC.

(ii) If k is a measurable cardinal, then there exists a generic extension in
which k = Ny, and Kk carries a precipitous ideal.

The proof of (i) uses the technique of iterated ultrapowers (compare with
(20.5)-(20.8)).

Let s be a regular uncountable cardinal, and let I be a precipitous ideal
on k. Let C be the class of all strong limit cardinals v > 2" such that
cfv >sat(l). Let 70 <71 < ... <Y < ... (n < w), be elements of C' such
that |y, NC| =y, let A={v,:n=0,1, ...} and let A = sup(A).

Lemma 22.34. There exists an L[A]-ultrafilter W on k such that W is
nonprincipal, k-complete normal and iterable, and every iterated ultrapower
Ult{®) (L[A]) is well-founded.

Proof. Since I is precipitous, the generic ultrapower is well-founded, and so
the diagonal function d(a) = a represents some ordinal number in Ultg (V).
Thus there is a set S of positive measure, and an ordinal v such that

(22.21) S |- d represents % in Ultg (V).

We shall first show that for every X € L[A], X C &, either SN X or S — X
has measure 0, and so

(22.22) U={X € P(k)NL[A]: X NS has positive measure}

is an L[A]-ultrafilter.
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Let H = HMAl(k U C U {A}) be the class of all sets definable in L[A]
from elements of kK UC' U {A} (this is expressible in ZF similarly to the way
in which ordinal definability is; or we can use Ly[A] for some large #). Since
|C N yn| = 4n for each n, it follows that if 7 is the transitive collapse of H,
then 7(A) = A and n(H) = L[A]. Now if X C k and X € L[A], then
because 7 is the identity on x, we have X = n(Y) =Y N« for some Y € H,
and Y = {¢: L[A] F p(§, E, A)}. Thus for every X € P(r) N L[A] there is
a formula ¢ and a finite set £ C x U K such that

(22.23) X = {¢ <w:LIA]F (¢, B, A)}.

We shall now show that (22.22) defines an L[A]-ultrafilter. Recall that
for any generic ultrafilter G on k, jg is the identity on k, and moreover,
ja(v) =v for all v € C (this follows from the definition of C').

If X € L[A], and X N S has positive measure, then because X I- X € ¢
and because (22.21) holds, we have

XNSIF7 e ja(X).
Now using (22.23), and the fact that jg(A) = A and jg(E) = E, we have
(22.24) XNSIF (LA - (3, E, A)).
But the formula forced by X NS in (22.24) is about V, and thus true. Hence
17 € je(X)Il =1,

and by (22.21),
SIFXedG.
This, however, means that S — X has measure 0.

Since I is k-complete, it is clear that U is L[A]-k-complete, and moreover
the intersection of any countable family of elements of U is nonempty. It is
less clear that U is iterable: Let (X, : a < k) € L[A]; it suffices to show
that S IF ({a : X, € U} € L[A]). If G is generic such that S € G, then
{a <k:Xo €U} ={a<k:v € ja(Xa)}, but this is in L[A] because
ja({Xa a <k)) € L[jg(A)] and je(4) = A.

By Exercise 19.10, Ulty (L[A]) is well-founded; let f : Kk — &k be the
function that represents  in Ulty (L[A]). Let W = f,.(U).

It is easy to verify that W is a normal, L[A]-k-complete, iterable L[A]-
ultrafilter on k, and that the intersection of any countable family of elements
of W is nonempty. By Exercise 19.10, every iterated ultrapower Ult(vi,x) (L[A])
is well-founded. ad

Proof of Theorem 22.33(1). Let A = {v, : n =0, 1, ...} be as above, let
A = sup(A), and let W be an L[A]-ultrafilter as in Lemma 22.34. Let us
define in L[A]

(22.25) F={XCA:3ngVn>npy, € X}
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(compare with (20.6)). We claim that D = F N L[F] is a normal measure
on \in L[D].

For each a, let ig o : L[A] — Ult%;;)(L[A]) be the canonical elementary
embedding. It follows from the definition of the class C' that:

(22.26) if @ < 7y, then dg o (yn) = Yn;

00,5, (K) = Y
if a < A, then ipo(A) = A

Hence for all a < A, ig,o(L[A]) = L[A], i0,o(F) = F, and i9,o(D) = D.

We shall now prove that D is an ultrafilter in L[D]. Otherwise, let X C A
be the least X (in the canonical well-ordering of L[D]) such that X ¢ D and
A—X ¢ D. Since ig (D) = D for all a < A, we have ig(X) = X for all
a < X; in particular, 49 4, (X) = X for all n. Now for any n, if v,, € X, then
10,y, (K) € 10,4, (X) and hence k € X, and vice versa. Hence either all ,, are
in X or none, and so either X € F or A — X € F, a contradiction.

The proof that D is A-complete (in L[D]) and normal is similar and is
left to the reader.

Thus we have proved that there exists a D in L[A] such that

(22.27) L[D] E D is a normal measure on A.

The proof will be complete if we find a transitive model M and an elementary
embedding i : M — L[D] such that i(k) = A. Then & is measurable in some
transitive model.

Let us recall that for each a, g, is the elementary embedding ig o :
L[4] — Ult%,?,) (L[A]). As we have seen, if o < A, then igo(\) = A and
10, (L[A]) = L[A]. Let Cy be a proper class of ordinals, greater than A such
that igA(v) = v for all v € C4.

Let H = H*Pl(x U {\} U C}) be the class of all sets definable in L[D]
from elements of kU {A}UCy. (As before, the problem of expressibility of H
in ZF can be overcome by replacing L[D] by a suitable large segment Ly[D].)
H is an elementary submodel of L[D].

If @« < A then igq(v) = v for all v € kU {A} U Cy; it follows that
i0,a(x) = x for all x € H. Observing that for every v such that x < v < A
there exists @ < A such that i o(v) > v, we conclude that H contains no
ordinal v such that kK < v < A. Hence if 7 is the transitive collapse of H,
and M = 7(H), then 7()\) = k; thus i = 7! is an elementary embedding of
some transitive model M into L[D], and i(k) = . O

The proof of (ii) uses the notion of forcing which collapses all a < &
onto w and makes K = Ny (the Lévy collapse).

Proof of (ii). Let k be a measurable cardinal. We shall show that if V[G] is
the generic extension by the Lévy collapse such that x becomes Xy, then V]G]
has a precipitous ideal on R;.
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Let P be the set of all functions p such that dom(p) is a finite subset of
k X w and such that p(a,n) < « for all (a,n) € dom(p); p is stronger than ¢
if p D ¢q. Let G be a V-generic filter on P. In V[G], k is ¥;.

Let D be a normal measure on &, let M = Ultp(V) and let j : V — M be
the elementary embedding j = jp. In V]G], let I be the ideal on k generated
by the dual of D; i.e.,

(22.28) X el ifandonlyif XNY =0 for someY € D.

A routine argument (using sat P = k) shows that [ is in V[G] a countably
complete ideal containing all singletons. It can be proved that I is precipitous;
instead, we shall prove a weaker (but sufficient) property, namely that there
exists an S C Wy, S ¢ I, such that I|S = {X C Xy : X NS € I} is
a precipitous ideal.

For that, it suffices to show that there exists an S ¢ I such that (when
forcing with sets X ¢ I) S forces that the generic ultrapower is well-founded.
In turn, it suffices to construct an extension of V[G] in which there exists
a V[G]-ultrafilter W on &, generic over V[G] (with respect to forcing with
sets X ¢ I) such that the generic ultrapower Ulty (V[G]) is well-founded.

For every v, let P, be the set of all p € P such that a < v whenever
(a,n) € dom(p), and let PY = {p € P: a > v for all (o, n) € dom(p)}; P is
isomorphic to the product P, x PY.

Let us consider the notion of forcing j(P). Clearly, (j(P)), = P, and thus
J(P) is isomorphic to P x Q where Q = (§(P))". Every ¢q € Q is represented
in the ultrapower M by a function (g, : & < k) such that ¢, € P* for all
a < K.

Let H be a V[G]-generic filter on Q; thus G x H is V-generic on P x Q.
As in Theorem 21.3 we define in V[G x H] a V[G]-ultrafilter W on k as
follows:

(22.29) X eW ifandonlyif &e (j(X))“*H,

The definition (22.29) does not depend on the choice of the name X because
p € G implies j(p) € GXx H. Let W be the canonical name for W. As in (21.8)
we have for any p € P, g € Q,

(22.30) (p,q)IF X € W if and only if for almost all o, pU o IF & € X

(here X is a P-valued name and (ga : @ < K) Tepresents ¢ in M; “almost all”
refers to the normal measure D).
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First we observe that the ultrapower Ulty (V[G]) is well-founded. This is
because the following commutative diagram holds:
J

V(G -~ MG x H]

Jw 2
A\

Ultw (V[G))

In the diagram, j is the extension of j : V' — M defined by

jla) = (j(@)
and k is defined as follows: If f € V[G] is a function on x representing [f]
in Ultw (V[G]), then

k([f1) = G))()-

Both j and k are elementary and the diagram commutes.

It remains to show that W is V[G]-generic with respect to forcing with
sets X ¢ I. It suffices to show that if X = {X; : ¢ < 0} is an [-partition of &,
then X; € W for some 4. Let X € V' be a name for X and let X;, i < 6, be
names for the X;. Let us assume that there are conditions p € G and ¢ € H
such that

p - X is an I-partition of &
and for each ¢ < 6, ' '
We shall derive a contradiction.

Let ¢ be represented in M by (g, : @ < k). By (22.30) there is for each i
a set A; € D such that for all o € A;,

(22.31) PUGaIFa ¢ X;.
Let us define (in V[G]),
(22.32) T={a<k:qs €G}.

We shall prove that T ¢ I and that TN X; € I for all ¢ < 6, thus reaching
a contradiction since X is an I-partition.

For eachi < 6,if & € T and « € A;, then pUq,, € G and hence, by (22.31),
a ¢ X;. Tt follows that TN X; N A; = 0, and so by (22.28), TN X, € I.

Let us finally show that T' ¢ I. It suffices to show that TNZ # () whenever
Z € D. Thus let Z € D, and let us prove that ¢, € G for some o € Z. Let

E={reP:r<gq, for some o € Z}.

It is easy to see that F is dense in P because Z is unbounded and ¢, € P¢
for each o < k. Thus ENG # () and hence T N Z # (). O
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Exercises

22.1. Let I be a xk-complete ideal and let X\ < k. If I is not A-saturated then there
exists a family {Z, : @ < A} of pairwise disjoint sets of positive I-measure.

[If {Xa : @ < A} is such that Xo N Xg € I whenever a # 3, let Zo = Xa —
U5<a Xﬁ}

22.2. Let I be a k-complete o-saturated ideal on k. If g is a minimal unbounded
function then g.(I) is a normal x-complete o-saturated ideal.

22.3. Let 4 be as in (22.5). Show that zo ¢ M.
[Let @ € M. Show that for each k, ||¢a Nk = aNk|| = [Dx] where u(Dy) = 1/2% ]

22.4. Let I be a o-saturated k-complete ideal on k, and let {Y¢ : £ < wi} be
a family of sets of positive measure. Then there is an uncountable W C w; such
that (,cy Ye is nonempty.

[Assume that {Yz : £ < w1} is a counterexample. For each v < w1, let Z, =
Ne>, (£ — Ye). Show that Zo C Z1 C ... C Z, C ... and that |J,_,, Zv = k. Hence
there is v < wy such that Z = J,__ Z,, then K — Z € I. This is a contradiction

. vy
since Y, C k — Z.]

22.5. If I is a o-saturated s-complete ideal on k and P is a o-saturated notion of
forcing then in V[G], the ideal generated by I is a o-saturated k-complete ideal.
[Proceed as in Lemma 22.11 and use Exercise 22.4 to show that J is o-saturated.]

If k is measurable and if we adjoin A > k Cohen reals, then k carries a o-
saturated k-complete ideal but is not real-valued measurable:

22.6. Show that in V[G] there are functions f, : w — w, & < A, such that whenever
g : w — w, then for at most countably many a’s we have fo(n) < g(n) for all n.

[V[G] is also obtained by forcing with the product of A copies of the notion of
forcing that adjoins a generic function f : w — w, thus V[G] = V[(fa : @ < A)].
Show that if g : w — w, then there is a countable A C A such that g € V[(fa :
a < A)]; if B ¢ A, use the genericity of fz over V[(fo : @ < A)] to show that
fa(n) > g(n) for some n.]

22.7. In V[G], k is not real-valued measurable.
[Use Exercise 22.6 and the proof of Lemma 10.16.]

22.8. If I is k" -saturated, then P(k)/I is a complete Boolean algebra.

[By Exercise 7.33 it suffices to show that B is x'-complete. Show that > W
exists in B for every incompatible W C B. Extend W to a partition Z of B;
Z ={[Xa] : @ <k} Let Yo = Xa — Uz, Xp, and Y = J{Ya : [Xa] € W}. Show
that [Y] = S W in B]

22.9. If the GCH holds and B = P(k)/I is complete, then I is x'-saturated.

[If B is not x'-saturated, let W be an incompatible fubset of B of size k7.
For each X C W let u, = Y X. It follows that |B| > 2% |, but clearly |B| < 2";
a contradiction.

22.10. If I is normal, then P(x)/I is x*-complete.

[Let Xa, a < K, be disjoint subsets of k such that X, ¢ I for all a. For each
a < k let Y, be X, without the least element of X,; let Y = Ua<N Y.. On the
one hand, [Y] > [X,] for all o; on the other hand, if Z C Y and Z ¢ I, let f be
the function on Z defined such that for all z € Y,, f(x) = the least element of Xa.
Since f is regressive, and I is normal, f is constant on some S ¢ I, and hence
ZNYy ¢ I for some . Thus [Y]=>__ [Xa]]

a<k
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22.11. Let I be a normal k-complete ideal on k. If I is not x'-saturated, then
there exists an almost disjoint family of k¥ sets of positive measure.

[Let X;, i < kT, be sets of positive measure such that X; N X; has measure
zero. For each i < k™, enumerate {X; : j < i} by {Za : a < k}, and let Y; be the
diagonal intersection of {X; — Z, : @ < k}. Now Y; contains almost all elements
of X;, and Y; N Zs C a+ 1 for every a < k. Thus any Y;, Y; are almost disjoint.]

22.12. If I is a k-complete ideal on x with the property that every regressive
function is bounded almost everywhere (i.e., if f(a) < « for almost all «, then
there is v < & such that f(a) < « for almost all «), then [ is k-saturated (and

normal).
[Otherwise, let X, a < k, be a partition of x into disjoint sets of positive
measure. For @ > 0, let Yo = Xo — {aa} where an = min X, and let Yy =

XoU{aa : @ > 0}. The function f that has value an on each Y, is regressive almost
everywhere but is not bounded almost everywhere.]

22.13. If I is an atomless k-complete k-saturated ideal on an inaccessible cardi-
nal k, then k is not weakly compact.

[Show that x does not have the tree property. Use I to construct a tree (T, D)
whose elements are sets of positive measure. At successor steps, split each X on
the top level into two disjoint sets of positive measure. At limit steps, take all those
intersections along branches that have positive measure. Since I is k-saturated,
each level has size < k; each level o < k is nonempty because « is inaccessible and
I is k-complete. Then use sat(I) < x to show that T has no branch of length &.]

22.14. If I is a precipitous ideal on x, then there exists a minimal unbounded
function.

[There is a set X of positive measure and a function f on X such that X forces
that f represents x in the generic ultrapower.]

Historical Notes

Saturated ideals, a concept introduced by Tarski in [1945], were brought to promi-
nence in Solovay’s work [1971]. Solovay introduced the technique of generic ultra-
powers and proved Theorems 22.1 and 22.26 (as well as Theorem 8.10).

Theorem 22.2 is due to Prikry [1975], and so is the model in Example 22.10 in
which & carries a o-saturated ideal [1970]. Theorem 22.16 is due to Jech and Prikry
([1976] and [1979]).

Precipitous ideals were introduced by Jech and Prikry in [1976]; their pa-
per [1979] investigates generic ultrapowers. Lemma 22.21: Jech [1976]. Lemma 22.28:
Solovay [1971]. Lemmas 22.29 and 22.30: Jech and Prikry [1976, 1979].

Kunen’s paper [1978] contains a number of results on saturated ideals. Kunen
constructs several generic extensions with saturated ideals, including a model (using
a huge cardinal) in which X; carries an Np-saturated ideal. In [1970], Kunen proves
that if k carries a kT -saturated ideal then there is an inner model with a measurable
cardinal; in [1971a] Kunen shows that if moreover & is a successor cardinal then
there is an inner model with many measurable cardinals. Mitchell [1983] improved
this to measurable cardinals of order x*. Part (i) of Theorem 22.33 is due to Jech
and Prikry and part (ii) was proved by Mitchell; see Jech et al. [1980].

Exercise 22.4: Silver.

Exercises 22.5, 22.6 and 22.7: Prikry [1970].

Exercise 22.8: Smith and Tarski.
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Exercise 22.9: Solovay [1971].

Exercise 22.11: Baumgartner, Hajnal, and Maté [1975].
Exercise 22.12: Kanamori [1976]

Exercise 22.13: Lévy, Silver.



