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Additivity of measure implies additivity of category. Trans. Amer.
Math. Soc. 281 (1984), no. 1, 209–213. MR 85b:03083.

[1987] Combinatorial aspects of measure and category. Fund. Math. 127
(1987), no. 3, 225–239. MR 88m:04001.

[∞] Invariants of measure and category. In “Handbook of Set Theory”
(A. Kanamori, M. Foreman, et al., eds.).

[1976]
J. E. Baumgartner

Almost disjoint sets, the dense set problem and the partition calculus.
Ann. Math. Logic 9 (1976), no. 4, 401–439. MR 53 #5299.

[1980] Chains and antichains in P(ω). J. Symbolic Logic 45 (1980), no. 1,
85–92. MR 81d:03054.

[1983] Iterated forcing. In “Surveys in Set Theory” (A. R. D. Mathias, ed.).
London Math. Soc. Lecture Note Ser. 87, Cambridge University Press,
Cambridge-New York, 1983, 1–59. MR 87c:03099; the entire collection
MR 86m:03005.

[1984] Applications of the Proper Forcing Axiom. In “Handbook of Set-
Theoretic Topology” (K. Kunen and J. E. Vaughan, eds.). North-
Holland Publishing Co., Amsterdam-New York, 1984, 913–959. MR
86g:03084; the entire collection MR 85k:54001.

[1991] On the size of closed unbounded sets. Ann. Pure Appl. Logic 54 (1991),
no. 3, 195–227. MR 92m:03072.

[1973]
J. E. Baumgartner and A. Hajnal

A proof (involving Martin’s axiom) of a partition relation. Fund. Math.
78 (1973), no. 3, 193–203. MR 47 #8310.

[1975]
J. E. Baumgartner, A. Hajnal, and A. Máté
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Gesellschaft d. Wiss. (Math.–Phys. Kl.) 31 (1909), 296–334.
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Math. Logic 11 (1977), no. 1, 57–103. MR 56 #15406.

[1970]
K. Kunen

Some applications of iterated ultrapowers in set theory. Ann. Math.
Logic 1 (1970), 179–227. MR 43 #3080.

[1971a] Elementary embeddings and infinitary combinatorics. J. Symbolic
Logic 36 (1971), 407–413. MR 47 #40.

[1971b] On the GCH at measurable cardinals. In “Logic Colloquium ’69”
(R. O. Gandy, ed.), Proc. Summer School and Colloq., Manchester,
1969. North-Holland Publishing Co., Amsterdam, 1971, pp. 107–110.
MR 43 #3081; the entire collection MR 42 #7479.

[1978] Saturated ideals. J. Symbolic Logic 43 (1978), no. 1, 65–76. MR
80a:03068.

[1980] “Set theory, An introduction to independence proofs.” North-Holland
Publishing Co., Amsterdam, 1980. MR 82f:03001.

[1970/71]
K. Kunen and J. B. Paris

Boolean extensions and measurable cardinals. Ann. Math. Logic 2
(1970/71), no. 4, 359–377. MR 43 #3114.

[1922]
K. Kuratowski
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A. Lévy and R. M. Solovay

Measurable cardinals and the continuum hypothesis. Israel J. Math. 5
(1967), 234–248. MR 37 #57.

[1955]
J. �Loś
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der Lusinschen und Sierpińskischen Mengen. Fund. Math. 30 (1938),
215–217. Zbl. 018.39401.

[1941] Sur les familles indénombrables de suites de nombres naturels et les
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[1928] Sur une décomposition d’ensembles. Monatsh. Math. 35 (1928), 239–

242.
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W. Sierpiński and A. Tarski
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On strongly measurable cardinals. Bull. Acad. Polon. Sci. Sér. Sci.
Math. Astronom. Phys. 14 (1966), 587–591. MR 35 #2747.

[1967] The consistency of some theorems on real numbers. Bull. Acad. Polon.
Sci. Sér. Sci. Math. Astronom. Phys. 15 (1967), 107–111. MR 37
#1255.



732 Bibliography

[1988]
W. H. Woodin

Supecompact cardinals, sets of reals, and weakly homogeneous trees.
Proc. Natl. Acad. Sci. U.S.A. 85 (1988), no. 18, 6587–6591. MR
89m:03040.

[1999] “The Axiom of Determinacy, Forcing Axioms, and the Nonstationary
Ideal.” de Gruyter Series in Logic and its Applications 1, Walter de
Gruyter & Co., Berlin, 1999. MR 2001e:03001.

[∞]
W. H. Woodin, A. R. D. Mathias, and K. Hauser

“The Axiom of Determinacy.” de Gruyter Series in Logic and its Ap-
plications, Walter de Gruyter & Co.

[1906]
W. H. Young

“The Theory of Sets of Points.” Cambridge Univ. Press, London and
New York, 1906.

[1996]
J. Zapletal

A new proof of Kunen’s inconsistency. Proc. Amer. Math. Soc. 124
(1996), no. 7, 2203–2204. MR 96i:03051.

[1904]
E. Zermelo

Beweis, dass jede Menge wohlgeordnet werden kann. Math. Ann. 59
(1904), 514–516.

[1908] Untersuchungen über die Grundlagen der Mengenlehre. Math. Ann.
65 (1908), 261–281.

[1935]
M. Zorn

A remark on method in transfinite algebra. Bull. Amer. Math. Soc. 41
(1935), 667–670. Zbl. 012.33702.



Notation

ZF Zermelo-Fraenkel axiomatic theory 3
ZFC the theory ZF with the Axiom of Choice 3
x ∈ y, x = y atomic formulas: x is a member of y, x is equal to y 5
∧,∨,¬,→,↔ logical connectives: conjunction, disjunction, negation, im-

plication, equivalence 5
∀x, ∃x quantifiers: for all x, there exists x 5
{x : ϕ(x, p1, . . . , pn)} the class of all x satisfying ϕ(x, p1, . . . , pn) 5
C = D a class C is equal to a class D 5
V universal class (universe, {x : x = x}) 6
C ⊂ D a class C is included in a class D 6
C ∩D the intersection of classes C and D 6
C ∪D the union of classes C and D 6
C −D the difference of classes C and D 6
S

C the union of sets from a class C 6
{a, b} the pair 7
{a} the singleton 7
(a, b) the ordered pair 7
(a1, . . . , an+1) the ordered n + 1-tuple 7
∅ the empty set 8
T

C the intersection of sets from a class C 8
S

X the union 9
{a1, . . . , an} the set with elements a1, . . . , an 9
X � Y symmetric difference of X and Y 9
P (X) the power set of X 9
X × Y the product of X and Y 10
X1 × . . .×Xn+1 the product of n + 1 sets 10
Xn the power of a set X 10
dom(R) the domain of a relation R 10
ran(R) the range of a relation R 10
field(R) the field of a relation R 10
y = f(x) y is the value of f at x 11
f : X → Y f is a function from X to Y 11
Y X the set of functions from X to Y 11
f�X the restriction of a function f to a set X 11
f ◦ g composition of f and g 11
f“X, f(X) the image of a set X by a function f 11
f−1(X) the inverse image of a set X by a function f 11
f−1 the inverse of a function f 11
F“C, F (C) the image of a class C by a class function F 12
[x] the equivalence class of x 12
X/≡ the quotient of X by an equivalence relation ≡ 12
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N the smallest inductive set 13
0, 1, 2, 3, . . . the natural numbers 13
(P, <) a partially ordered set 17
sup X the supremum of X 17
inf X the infimum of X 17
Ord the class of ordinals 19
α + 1 the successor of an ordinal α 20
ω, N the set of finite ordinals (natural numbers) 20
〈aξ : ξ < α〉 an α-sequence; a (transfinite) sequence of length α 21
s�x, sx the extension of a sequence s by an element x 21
〈aα : α ∈ Ord〉 a sequence 21
limξ→α γξ the limit of a sequence 〈γξ : ξ < α〉 22
α + β the sum of ordinals α and β 23
α · β the product of ordinals α and β 23
αβ the power of an ordinal α by an ordinal β 23
ε0 the least ordinal α such that α = ωα 24
ρ(x) the rank of an element x in a well-founded relation E 25
|X| = |Y | sets X, Y have the same cardinality 27
|X| ≤ |Y | the cardinality of a set X is less or equal to the cardinality

of a set Y (there exists a one-to-one mapping of X into Y ) 27
κ + λ the sum of cardinals κ and λ 28
κ · λ the product of cardinals κ and λ 28
κλ the power of a cardinal κ by a cardinal λ 28
χX the characteristic function of a subset X of a given set 28
|W | the cardinal of a well-ordered set W 29
α+ the cardinal successor of an ordinal α 29
h(X) Hartogs function 29
ℵα the αth infinite cardinal 30
ωα the αth infinite order-type of a well-ordered set 30
Γ the canonical well-ordering of Ord2 30
cf α the cofinality of an ordinal α 31
R the set of real numbers 37
c the cardinality of the continuum (continuum) 37
Q the set of rational numbers 37
C the Cantor set 37
CH the Continuum Hypothesis 37
Gδ , Fσ Gδ sets, Fσ sets 42
N the Baire space (ωω) 42
O(s) a basic clopen set in the Baire space 42
Seq the set of finite sequences of natural numbers 43
[T ] the set of infinite paths through a tree T 43
AC the Axiom of Choice 47
DC the Principle of Dependent Choices 50
[A]λ the set of subsets of A of cardinality λ 51
[A]<κ, Pκ(A) the set of subsets of A of cardinality less than κ 52
P

i∈I κi the sum of cardinal numbers κi, i ∈ I 52
Q

i∈I Xi the product of sets Xi, i ∈ I 53
Q

i∈I κi the product of cardinal numbers κi, i ∈ I 53
GCH the Generalized Continuum Hypothesis 55
�α the beth function 55
(κ)ג the gimel function (κcf κ) 56
SCH the Singular Cardinal Hypothesis 58
TC(S) the transitive closure of a set S 64
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Vα the αth set of the cumulative hierarchy of sets 64
rank(x) the rank of a set x (in the cumulative hierarchy of sets) 64
Ĉ the set of elements of a class C with minimal rank 65
[x] the type of an equivalence class of an equivalence relation

on a proper class 65
C/≡ the quotient of a (proper) class C by an equivalence rela-

tion ≡ 65
extE(x) the extension of x by a binary relation E ({z : z E x}) 67
BG Bernays-Gödel axiomatic theory 70
BGC the theory BG with the Axiom of Choice 70
P̂ {Q ∈ [A]<ω : P ⊂ Q} for P ∈ [A]<ω 73
u + u, u · v, −u the Boolean operations: the sum, the product, and the

complement 78
[ϕ] the class of equivalent sentences of a first order language

(member of the Lindenbaum algebra) 79
B+ the set of all nonzero elements of a Boolean algebra B 79
B�a the Boolean algebra {u ∈ B : u ≤ a} with the partial order

inherited from B 79
u� v (u− v) + (v − u) 80
B/I, B/∼ the quotient of a Boolean algebra B mod I 80
P{u : u ∈ X} the supremum (sum) of a set X in a Boolean algebra 82
Q{u : u ∈ X} the infimum (product) of a set X in a Boolean algebra 82
sat(B) the least κ that B is κ-saturated 84
f∗(U) the ultrafilter {X ⊂ T : f−1(X) ∈ U} 86
a = limU an a is the U -limit of an, n ∈ ω 86
u⊕ v (u− v) + (v − u) 87
�α<κ Xα the diagonal intersection of Xα, α < κ 92
INS the nonstationary ideal 93
P

α<κ Xα the diagonal union of Xα, α < κ 93
Eκ

λ {α < κ : cf α = λ} 94
Tr(S) the trace of a stationary set S 99
Lim(C) the set of all limit points of a set C 100
o(A) the order of a stationary set A 100
�a∈A Xa the diagonal intersection in Pκ(A) 101
X�A the projection of X ∈ Pκ(B) to a set A ⊂ B 102
Y B the lifting of Y ∈ Pκ(A) to B ⊃ A 102
κ→ (λ)n

m κ arrows λ 109
κ→ (α)n

m κ arrows α 112
κ→ (α, β)n κ arrows (α, β) 112
o(x) the order-type of {y : y < x} in a tree T 114
height(T ) the height of a tree T , sup{o(x) + 1 : x ∈ T} 114
κ→ (α)<ω

m κ arrows α 121
Σ0

α, Σ0
α the hierarchy of Borel sets (Σ0

α sets, Π0
α sets) 140

A{As : s ∈ Seq} Suslin operation (
S

a∈ωω

T∞
n=0 Aa�n) 143

Σ1
n, Π1

n, ∆1
n the hierarchy of projective sets (Σ1

n sets, Π1
n sets, ∆1

n sets) 144
µ∗(X) the outer measure of a set X 146
v(I) the volume of an interval I 146
µ(A) the Lebesgue measure of a set A 147
tA [a1, . . . , an] the value of a term t in a model A 155
A � ϕ[a1, . . . , an] a formula ϕ holds in a model A 155
B ≺ A a model B is an elementary submodel of a model A 156
f =F g the functions f and g are equal modulo a filter F 158
ϕM,E , ϕM , (M, E) � ϕ the relativization of a formula ϕ 161
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Form the set of all formulas of the language {∈} 162
�ϕ� the set coding a formula ϕ (�ϕ� ∈ Form) 162
#σ the Gödel number of a sentence σ 162
T (x) the truth definition 162
Hκ the set of all x with |TC(X)| < κ 171
def(M) the set of subsets of M definable over (M,∈) 175
Lα, L the hierarchy of constructible sets 175
G1, . . . , G10 Gödel operations 178
cl(M) the closure of a set M under Gödel operations G1, . . . , G10 181

CM the class {x : ϕM (x)} where C = {x : ϕ(x)} 182
F M the operation F defined in a class M 182
cM the constant c defined in a class M 182
Σn, Πn, ∆n the hierarchy of properties, classes, relations, and functions 183
�n, �M

n the satisfaction relation restricted to Σn formulas 186
M ≺Σn N M is a Σn-elementary submodel of N 187
<n

α+1 the end-extensions of canonical well-orderings of the subsets
W α

n of Lα+1 189
<α+1 the canonical well-ordering of Lα+1 189
<L the canonical well-ordering of L 190
♦ the Diamond Principle 191
defA(M) the set of subsets of M definable over (M,∈, A ∩M) 192
Lα[A], L[A] the hierarchy of sets constructible from a set A 192
L(R) the smallest inner model that contains all reals 193
Lα(A), L(A) the hierarchy of sets constructible from elements of the tran-

sitive closure of a set A 193
OD the class of ordinal-definable sets 194
HOD the class of hereditarily ordinal-definable sets 194
OD [A] the class of ordinal-definable sets from A 195
HOD [A] the class of hereditarily ordinal-definable sets from A 195
OD(A) the class of ordinal-definable sets over A 195
HOD(A) the class of hereditarily ordinal-definable sets over A 196
ZF− Zermelo-Fraenkel set theory without the Power Set Axiom 198
L[A] the class of sets constructible from a class A 199
M [X] the least model of ZF such that M ⊂M [X] and X ∈M [X] 199
ȧ a name of a set from V [G] 203
x ∼ y the set of conditions compatible with x in a forcing notion

is the same as that for y 205
Q = P/∼ Q is the separative quotient of P 205
e : P → B(P ) the Boolean completion of a partially ordered set P 206
‖x = y‖, ‖x ∈ y‖ Boolean functions in a Boolean universe, the Boolean val-

ues of x = y and x ∈ y 206
‖ϕ‖ the Boolean value of a formula in a Boolean-valued model 207

V B the Boolean-valued model 209
ρ(x) the rank function in V B 209
u⇒ v −u + v 209
‖x ∈ y‖, ‖x ⊂ y‖, ‖x = y‖ the Boolean values of atomic formulas in V B 209
x̌ the canonical name for a set in the ground model 211
x̌ the canonical name for a set in the ground model 212
Ġ the canonical name for generic ultrafilter 214
MB the Boolean-valued model inside a transitive model M 214
MP the class of P -names, MP = MB(P ) 215
�, �P the forcing relation 215
p � ϕ p forces ϕ 215
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M̌ the canonical name for the ground model 215
xG the interpretation of a name by a generic ultrafilter 216
M [G] the generic extension of a transitive model M 216

xG the interpretation of a P -name by a generic filter 218
P ×Q the product forcing 229
G = G1 ×G2 a generic set G is the product of projections G1 and G2 in

a product forcing 229
Q

i∈I Pi the product of forcing notions Pi, i ∈ I 230
s(p) the support of a condition in an infinite product forcing,

s(p) = {i ∈ I : p(i) �= 1} 230
Gi, i ∈ I the projections of a generic filter G on the coordinates of

the product forcing
Q

i∈I Pi 230
P≤λ × P >λ the decomposition of Easton product into two parts, one

satisfying the λ+-chain condition and the other being λ-
closed 233

Col(κ, <λ) the Lévy collapsing algebra (λ is an inaccessible cardinal) 238
(PT , <) the forcing associated with a tree T 242
p ≤n q p ≤ q and every nth splitting node of q is an nth splitting

node of p 244
p�s the tree {t ∈ p : t ⊂ s or t ⊃ s} 245
B1�a the algebra {x · a : x ∈ B1} for an a ∈ B2 ⊃ B1, a �= 0 248
ZFA set theory with atoms 250
P α(S), P∞(S) the cumulative hierarchy in ZFA 250
P∞(∅) the kernel in ZFA 250
sym(x) the symmetry group of a set in ZFA, the group of permuta-

tions {π ∈ G : π(x) = x} 251
fix(E) the subgroup of permutations fixed on a set E of a given

group 252
sym(ẋ) the symmetry group of a name ẋ ∈ V B , the group of auto-

morphisms of B, {π ∈ G : π(ẋ) = ẋ} 253
HS the class of hereditarily symmetric names 253
x �→ x̃ an embedding of a permutation model U with the set of

atoms A into a symmetric model N of ZF so that (Pα(A))U

and (Pα(Ã))N are ∈-isomorphic 256
♦′ a principle equivalent to the Diamond Principle ♦ 263
P ∗ Q̇ two-step iteration of forcing notions 267
�P ϕ ‖ϕ‖B(P ) = 1 267
G ∗H two-step iteration of generic filters 267
B ∗ Ċ the iteration of two complete Boolean algebras 269
D : B the quotient of a complete Boolean algebra D by a filter

generated by the generic ultrafilter on a complete subalge-
bra B 269

Pα the iteration of a sequence 〈Q̇β : β < α〉 of names of forcing
notions 270

MA, MAκ Martin’s Axiom 272
SH Suslin’s Hypothesis 274
s(p) the support of p, s(p) = {β : not �β p(β) = 1} 280
f =∗ g f equals g modulo an ultrafilter U , {x ∈ S : f(x) = g(x)} ∈

U 285
[f ] the class of f in =∗ 285
f ∈∗ g, [f ] ∈∗ [g] a function f is a member of a function g modulo an ul-

trafilter U , {x ∈ S : f(x) ∈ g(x)} ∈ U 285
Ult, UltU (V ), (Ult,∈∗) the ultraproduct of the universe 285
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j, jU an elementary embedding of V in Ult 285
ext(f) the extension of the equivalence class [f ], {[g] : g ∈∗ f} 286
M(X) the Mahlo operation for a class X, M(X) = {α : X ∩ α is

stationary in α} 290
Lκ,ω a language with κ variables, and infinitary connectives

W

ξ<α,
V

ξ<α, for α < κ 293
Lκ,κ a language with κ variables, infinitary connectives

W

ξ<α,
V

ξ<α, and infinitary quantifiers ∃ξ<αvξ , ∀ξ<αvξ for α < κ 293
cϕ
ξ , ξ < α Skolem constants 293

∃ξ<αvξ ϕ(vξ, . . .)ξ<α → ϕ(cϕ
ξ , . . .)ξ<α a Skolem sentence for a formula ϕ in

an Lκ,κ language 294
Πn

m, Σn
m the hierarchy of higher order formulas 295

hϕ(x1, . . . , xn) a definable Skolem function for a formula ϕ(u, v1, . . . , vn) 300

0� zero-sharp, 0� = {ϕ : Lℵω � ϕ[ℵ1, . . . ,ℵn]} 312
hϕ(v1, . . . , vn) the canonical Skolem function for ϕ(u, v1, . . . , vn) 313

HA(X) the Skolem hull of X 314
Σ(A, I) the set of all formulas ϕ(v1, . . . , vn) true in A for increasing

sequences of elements of a set of indiscernibles I 314
Ult = UltD(M) the ultraproduct of M by an M -ultrafilter D 324
x� x-sharp, x� = {ϕ : (Lℵω [x],∈, x) � ϕ[ℵ1, . . . ,ℵn]}, for x ⊂ ω 328

Hδ(α ∪ p) the Skolem hull of α ∪ p in (Lδ,∈) 331
Hρ

n(Z) the Σn Skolem hull of a set Z in (Lρ,∈) 333

{(Ult(α), E(α)), iα,β : α, β ∈ Ord}, Ult
(α)
U (V ) the iterated ultrapowers 342

U (α) the κ(α)-complete ultrafilter on κ(α), U (α) = i0,α(U) 342
κ(α) the measurable cardinal in Ult(α), κ(α) = i0,α(κ) 344
Un the product ultrafilters, U1 = U , Un+1 = {X ⊂ κn+1 : {α :

{〈α1, . . . , αn〉 : 〈α, α1, . . . , αn〉 ∈ X} ∈ Un} ∈ U} 345
UE the ultrafilter induced by Un via the order isomorphism be-

tween n = |E| and E 346
inE,S(X) the inclusion map, inE,S(X) = {t ∈ κS : t�E ∈ X} for

X ⊂ κE 346
(Bα,⊂) the Boolean algebra of sets Z ⊂ κα having a finite support,

i.e., Z = inE,α(X) for some X ⊂ κE with finite E ⊂ α 347
0† zero-dagger 353
〈Mγ : γ ≤ λ〉 the iterated ultrapower of an inner model M 356
o(U) the order of a normal measure U (the rank of U in the

Mitchell order) 358
o(κ) the order of a cardinal κ (height of the Mitchell order) 358
U <U W U is a closed set of normal measures, U, W ∈ U , and U ∈

jW (U) 358
oU (U) the order of U ∈ U in <U 358
oU (κ) the order of a cardinal κ in <U 358
l(U) the length of a set of normal measures U 359
L〈Aα : α < θ〉 the model L[A] where A = {(α, X) : X ∈ Aα} 360
L[U ] the model L〈Uα,β : α, β〉 where U = {Uα,β : α, β} 360
x̂ {y ∈ Pκ(A) : x ⊂ y} 365
Ult−, Ult−U (V ) the version of ultrapower considering only functions on λ+

that assume at most λ values; U is an ultrafilter on λ+ for
a cardinal λ 367

[f ]− the element of the transitive collapse of Ult−(V ) represented
by the function f 367

κx, λx κx = x ∩ κ and λx = the order-type of x, for x ∈ Pκ(λ) 374
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αx the order type of x ∩ α 377
VP Vopěnka’s Principle 380
E = {Ea : a ∈ [λ]<ω} the (κ, λ)-extender derived from an elementary em-

bedding j with critical point κ 382
UltE the direct limit of the directed system {UltEa , ia,b : a ⊂ b ∈

[λ]<ω} associated with an extender E 382
jE : V → UltE the elementary embedding associated with an extender E 382
Ṗ

(α)
β the forcing iteration of 〈Q̇α+ξ : ξ < β〉 inside V Pα so that

Pα+β is isomorphic to Pα ∗ Ṗ
(α)
β 396

�s As {α < κ : α ∈ T{As : max(s) < α}} 402
A � s A− (max(s) + 1) for A ⊂ κ and s ∈ [κ]<ω 403
sat(I) sat(P (κ)/I) where I is an ideal on κ 409
f∗(I) the ideal {X ⊂ κ : f−1(X) ∈ I} where I is an ideal and f is

an ideal on κ 410
f∗(µ) the measure ν defined by ν(X) = µ(f−1(X)) where f : κ→

κ and µ is a (real-valued) measure on κ 410
g < h dom(g) ⊂ dom(h) and g(α) ≤ h(α) for α ∈ dom(g) where

g and h are functions into κ defined on a set of positive
measure 411

UltG(M) the generic ultrapower where G is a generic ultrafilter on
P (κ)/I 421

jG the canonical embedding from M into UltG(M) 421
W1 ≤W2 the I-partition W1 is a refinement of the I-partition W2 424
WF the I-partition {dom(f) : f ∈ F} associated with a func-

tional F 424
GI the infinite game on sets of positive I-measure played by

the players Empty and Nonempty 426
♦(E) the Diamond Principle restricted to a stationary set E 442
♦κ the Diamond Principle ♦(κ) 442
�κ Jensen’s Square Principle 443
PS the forcing shooting a closed unbounded set (conditions are

bounded closed subsets of a stationary set S; p is stronger
than q if q = p ∩ α for some α) 445

I+ {S ⊂ κ : S /∈ I} 450
I�S {X ⊂ κ : X ∩ S ∈ I}, the ideal concentrating on a set S 450
Reg {α < κ : α is a regular cardinal} 452
‖ϕ‖ the (rank) norm of a function ϕ : ω1 → ω1 458
f =I g, f ≤I g, f <I g the relations between functions modulo an ideal on

an infinite set 460
f =F g, f ≤F g, f <F g the relations between functions modulo the dual

ideal to a filter F 460
‖f‖ Galvin-Hajnal norm of an ordinal function f 460
fη , η < κ+ the canonical ordinal functions 461
cof D, cof

Q

A/D the cofinality of the ultraproduct
Q

A/D in the order-
ing <D 466

pcf A the set of all cofinalities of ultraproducts
Q

A/U 466
Ma

α, α < ωk an elementary chain of submodels of some (Hϑ,∈,≺) where
≺ is a well-ordering of Hϑ with Ma

α ⊃ a∪ωk for a countable
set a ⊂ ωk 468

χa
α the characteristic function of Ma

α for a countable set a ⊂ ωk

and α < ωk, χa
α(n) = sup(Ma

α ∩ ωn) 468
Ma Ma =

S

α<ωk
Ma

α for a countable set a ⊂ ωk 468
χa the characteristic function of Ma for a countable set a ⊂ ωk 468
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Bλ ⊂ A, λ ∈ pcf A the generators of pcf A 470
Jλ the ideal generated by the sets Bν , ν < λ 470
Jκ[Bκ] the ideal generated by Jκ ∪ {Bκ} 471

Bλ, λ ∈ A the transitive generators of pcf A 474
Σ1

n, Π1
n, ∆1

n the lightface hierarchy of projective sets 479
Σ1

n(a), Π1
n(a), ∆1

n(a) the relativization of the hierarchy of projective sets 479
Σ0

n, Π0
n the lightface Borel hierarchy (hierarchy of arithmetical sets) 480

um, m ∈ N (or zm, m ∈N ) the canonical homeomorphism between N
and Nω; um(n) = u(Γ(m, n)) 482

Seqr the set of r-tuples of sequences of natural numbers of the
same length 483

T (x) the tree {(s1, . . . , sr) ∈ Seqr : (x�n, s1, . . . , sr) ∈ T where
n = length si} 483

T/s the tree {t : s�t ∈ T} 484
‖T‖ the height of a well-founded tree T 484
ρT (t) the rank of an element t of a well-founded tree T 484
[T ] {f ∈ Xω : ∀n f�n ∈ T} 484
Seq(K) the set of all finite sequences in K 485
p[T ] {x ∈ N : T (x) is ill-founded} 485
Ex the relation {(m, n) : x(Γ(m,n)) = 0} coded by x ∈ N 485
WF {x ∈ N : x codes a well-founded relation} 485
WO {x ∈ N : x codes a well-ordering on N} 485
�ϕ the prewellordering induced by a norm ϕ; a �ϕ b↔ ϕ(a) ≤

ϕ(b) 496
δ1
2 sup{α : α is the length of a Σ1

2 prewellordering} 502
I1, I2, . . . , Ik, . . . a recursive enumeration of open intervals with rational

endpoints 504
u(c), vi(c) the elements of N defined, for c ∈ N and i ∈ N , by

u(c)(n) = c(n + 1), vi(c)(n) = c(Γ(i, n) + 1) 504
Σα, Πα the set of Σ0

α-codes and the set of Π0
α-codes, respectively,

0 < α < ω1 504
BC the set of all Borel codes

S

α<ω1
Σα =

S

α<ω1
Πα 504

Ac the Borel set coded by a c ∈ BC 504
Im, Ic the ideals {B ∈ B : µ(B) = 0} and {B ∈ B : B is meager},

respectively 511
Bm, Bc the quotient algebras B/Im and B/Ic, respectively 511
B∗ the Borel set Ac if B = AM

c for some c ∈M 511
R(M), C(M) the sets of all random and all Cohen reals over M , respec-

tively 514
Col(ℵ0, λ) the collapsing algebra 516
A � s A− (max(s) + 1) for A ⊂ ω and s ∈ [ω]<ω 524
[s, A] {X ∈ [ω]ω : s ⊂ X and X � s ⊂ A} 524
add(LM), cov(LM), unif(LM), cof(LM) the cardinal invariants of Lebesgue

measure 532
add(BP), cov(BP), unif(BP), cof(BP) the cardinal invariants of the Baire

property 532
d, b the dominating number and the bounding number, respec-

tively 533
t the least cardinality of a tower 540
u the least cardinality of a family of subsets of ω that gener-

ates an ultrafilter 540
rud(M) the rudimentary closure of M ∪ {M} 548
Jα, α ∈ Ord the Jensen hierarchy of constructible sets 548



Notation 741

ρn
α the Σn-projectum of α, i.e., the least ρ ≤ α such that there

is a Σn(Jα) function such that f“Jρ = Jα 549
p�s the tree {t ∈ p : t ⊂ s or t ⊃ s} for a tree p and s ∈ p 557
F(T ) the fusion

T∞
n=0

S

s∈{0,1}n T (s) for a fusionable collection of

perfect trees T = {T (s) : s ∈ Seq({0, 1})} 558
T ′ the tree {t ∈ T : t has ℵ2 extensions in T} where T ⊂ ω<ω

2

is a tree 561
hT (t) the least α such that t /∈ Tα+1 where Tα is defined by in-

duction: T0 = T , Tα+1 = T ′
α, and Tα =

T

β<α Tβ if α is
limit 561

sp the stem of a Laver tree p 565
Sp(t) the set {a ∈ ω : t�a ∈ p} where p is a Laver tree and t ∈ p 565
sp

i , i = 0, 1, . . . a canonical enumeration of nodes in a Laver tree p 565
q ≤n p q ≤ p and sp

i ∈ q for all i = 0, . . . , n where p, q are Laver
trees 565

U + V the ultrafilter {X ⊂ N : {m ∈ N : X − m ∈ V } ∈ U}
where X −m = {n : m + n ∈ X} and U , V are ultrafilters
on N 573

βN the Stone-Čech compactification of N 573
A∗ the clopen set {V ∈ βN : A ∈ V } in βN for A ⊂ N 574
OCA the Open Coloring Axiom 576
I × J the ideal of sets X ⊂ S × T such that {x ∈ S : {y ∈ T :

(x, y) ∈ X} /∈ J} ∈ I where I and J are ideals on S and T ,
respectively 580

Cκ the complete Boolean algebra of the forcing for adding κ Co-
hen reals 588

B the completion of a Boolean algebra B 588
A ≤reg B A is a regular subalgebra of a Boolean algebra B 588
prA(b), prA(b) the projections of b to a subalgebra A 589
〈X〉 the subalgebra generated by a set X 589
A(b1, . . . , bn) the subalgebra generated by the set A ∪ {b1, . . . , bn} where

A is a subalgebra 589
PS , CS CS = B(PS) and PS is the forcing consisting of finite

0–1 functions with domain ⊂ S 589
FrG the free Boolean algebra with a set G of free generators 590
lim supn an

Q∞
n=0

P

k≥n an (a Boolean operation) 598

lim infn an

P∞
n=0

Q

k≥n an (a Boolean operation) 598
limn an the common value of lim supn an and lim infn an provided

that they are equal 598
M [G] {ẋG : ẋ ∈M} where M ≺ Hλ and G is V -generic 605
PFA the Proper Forcing Axiom 607
T �C the tree {t ∈ T : o(t) ∈ C} where T is an ω1-tree and

C ⊂ ω1 is a closed unbounded set 612
PFA+ ifD = {Dα : α < ω1} are dense subsets of a proper forcing P

and if � Ṡ ⊂ ω1 is stationary, then there exists a D-generic
filter G such that ṠG is stationary 613

PFA− if P is proper such that |P | ≤ ℵ1 and if D = {Dα : α < ω1}
are dense then there exists a D-generic filter 614

GA the game of players I and II in which the players choose
the consecutive members of a sequence of natural numbers
〈a0, b0, a1, b1, . . .〉; I wins if the sequence is in the set A ⊂ ωω

and otherwise II wins 627
AD the Axiom of Determinacy 627
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σ ∗ b a play played by player I by a strategy σ in the game GA 627
a ∗ τ a play played by player II by a strategy τ in the game GA 627
PD the Projective Determinacy 628
ADL(R) the Axiom of Determinacy in L(R) 628
cone(x0) the cone {x ∈ N : x0 ∈ L[x]} 633
δ1

n sup{ξ : ξ is the length of a ∆1
n prewellordering of N} (the

projective ordinal) 636
Θ sup{ξ : ξ is the length of a prewellordering of N} 636
G

〈a0,b0,...,an,bn〉
A the game in which player I plays 〈an+1, an+2 . . .〉, player II

plays 〈bn+1, bn+2 . . .〉, and in which II wins when 〈a0, b0, a1,
b1, . . .〉 ∈ A 637

Ga0
A the game in which II makes a first move b0, then I plays a1,

etc., and II wins if 〈a0, b0, a1, b1, . . .〉 ∈ N −A 637
� the linear ordering of Seq that extends the partial order-

ing ⊃ 638
Ts {t ∈ Seq : (u, t) ∈ T for some u ⊂ s} where T ⊂ Seq2 is

a tree and s ∈ Seq 638
Ks the set {t0, . . . , tn−1} ∩ Ts where |s| = 2n, {tn : n ∈ ω} is

an enumeration of Seq and T ⊂ Seq2 is a tree 638
ks the size of the finite set Ks 638
Ts the set {t ∈ Seq : (s, t) ∈ T for some s ∈ Seq} and a tree T

on ωr ×K 642
µs, s ∈ Seq the measures on Ts’s ensuring that the tree T on ω ×K is

homogeneous 642
µs,t the natural projection map from Tt to Ts for s ⊂ t in Seq 642
Q, Q<κ the stationary tower forcing 653
f =G g, f ∈G g the predicates in the generic ultrapower by the stationary

tower forcing 653
K the core model up to a measurable cardinal 660
rudA(M) the closure of M ∪ {M} under functions rudimentary in A 660
JA

α , α ∈ Ord the relativized Jensen hierarchy of sets 660
Cλ the closed unbounded filter on λ 661
M < M ′ the well-ordering of mice 662
Km the core model up to o(κ) = κ++ 664
Kstrong the core model up to a strong cardinal 666
ρ1

M the Σ1-projectum of M 667
MS =

S∞
n=0 MSn the class of all measure sequences 676

RU the Radin forcing for a measure sequence U 677
MM Martin’s Maximum 681
SPFA Semiproper Forcing Axiom 681
RCS revised countable support iteration 682
X⊥ X⊥ = {M ∈ [Hλ]ω : M ≺ Hλ and N /∈ X for every count-

able N that satisfies M ≺ N ≺ Hλ and N ∩ ω1 = M ∩ ω1} 684
RP, RP(λ) the Reflection Principle 688
SRP, SRP(λ) the Strong Reflection Principle 688
IA the set of all internally approachable models 699
�κ,ν , �κ,<ν weaker square principles 702
�κ,κ, �∗

κ the Weak Square 702
F 1

n the Π1
n filter 703

ADR the determinacy of games where moves are real numbers 705



Name Index

Abraham, Uri, 583, 607, 610, 614
Addison, John W. Jr., 153, 509, 645
Aleksandrov, Pavel Sergeevich,

(1896–1982), 105, 153
Aronszajn, Nachman, (1907–1980),

116, 117, 120, 122, 123, 274–276, 283,
563, 568, 569, 571, 611, 612, 614, 702

Bagaria, Joan, 571, 691
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Máté, Attila, 439
Matet, Pierre, 705
Mathias, Adrian R. D., 402, 407, 524,

527–529, 540, 564, 566, 568, 604, 626,
691

Matsubara, Yo, 705
Mazur, Stanis�law, (1905–1981), 630,

631, 644
McAloon, Kenneth, 595, 599
Mekler, Alan H., 697, 705
Menas, Telis K., 102, 105, 387, 407
Miller, Arnold W., 533, 534, 540
Miller, Edwin W., 112, 123
Milner, Eric Charles, (1928–1997), 60,

61, 105
Mirimanov, Dmitri, 71
Mitchell, William John, 283, 356–358,

361, 362, 364, 368, 378, 387, 395, 438,
554, 569–571, 658, 664, 665, 667–669,
673, 675, 676, 678, 680, 696, 702, 703

Monk, J. Donald, 309
Montague, Richard, 71, 172
Morgenstern, Carl F., 387
Moschovakis, Yiannis N., 496, 508, 509,

636, 640, 645
Mostowski, Andrzej, (1913–1975), 69,

71, 265, 286, 313, 314, 337, 484, 494,
508

Mycielski, Jan, 644
Myhill, John R., 200

Namba, Kanji, 561, 571, 675
Neumann, John von, (1903–1957), 26,

71
Novikov, Peter Sergeevich, (1901–1975),

509

Paris, Jeffrey B., 364, 392, 407
Patai, L., 61
Pawlikowski, Janusz, 534, 540



746 Name Index

Peano, Giuseppe, (1858–1932), 157
Pierce, Richard S., (1927–1992), 89
Pincus, David F., 265
Posṕı̌sil, Bedřich, (1912–1944), 75, 89
Powell, William C., 387
Prikry, Karel L., 105, 400–403, 406,

407, 410, 421, 438, 524, 525, 540, 566,
583, 664, 669, 674–677, 680, 682, 692

Prisco, Carlos Augusto Di, 705

Radin, Lon Berk, 675–678, 680
Rado, Richard, (1906–1989), 60, 61,

111–113, 122, 123, 456, 462, 540, 582
Raisonnier, Jean, 533, 540
Ramsey, Frank Plumpton, (1903–1930),

76, 77, 86, 87, 89, 107–110, 121–123,
135, 136, 138, 283, 299–302, 305, 308,
311, 315, 318, 320, 328, 390, 391,
524–527, 529, 537, 538, 540, 573, 574,
626

Reinhardt, William Nelson,
(1939–1998), 138, 274, 283,
309, 386, 387

Rothberger, Fritz, (1902–2000), 540,
541, 583

Rothschild, Bruce L., 573
Rowbottom, Frederick, 138, 282, 283,

300, 305, 308, 309, 406, 412
Rubin, Matatyahu, 583, 610, 614
Rudin, Mary Ellen, 86, 89
Rudin, Walter, 89
Russell, Bertrand Arthur William,

(1872–1970), 4

Sacks, Gerald E., 244, 264, 595, 604,
691

Scheepers, Marion, 575, 583
Schimmerling, Ernest, 611, 697, 702,

704, 705
Schlindwein, Chaz, 682, 694
Scott, Dana Stewart, 200, 224, 265,

285, 296, 297, 300, 309, 323
Shanin, Nikolai Aleksandrovich, 118,

123
Shelah, Saharon, 76, 89, 387, 442, 443,

450, 451, 453, 456, 457, 460, 461,
465, 466, 469, 470, 473, 476, 477,
537, 540, 550, 555, 556, 563, 570,
571, 583, 592, 595, 598, 599, 601,
604, 607, 610, 614, 620, 626, 658,
667, 672, 673, 680, 682, 684, 686–688,
690–695, 697, 698, 702, 703, 705

Shepherdson, John Cedric, 200

Shoenfield, Joseph R., (1927–2000), 70,
71, 200, 490, 491, 495, 507, 508, 557,
618
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Absolute formula (property)
– downward absolute formula, 185
– formula absolute for a transitive

model, 163
– upward absolute formula, 185
Σ1

3-Absolute universe for generic
extensions, 624

Addition of cardinals, κ + λ, 28
Addition of ordinals, α + β, 23
κ-Additive measure, 129
Adequate model, 184
Adequate set, 188
Aleph, 29
Algebra, see algebra of sets, Boolean

algebra, subalgebra
Algebra of sets, 41
– κ-complete algebra of sets, 82
– σ-algebra, 41
– σ-algebra of Borel sets, 41
– σ-algebra of Lebesgue measurable

sets, 42
– σ-algebra of sets having the Baire

property, 149
Algebraic real number, 44
Almost all, 99, 159, 409
Almost disjoint family
– almost disjoint family of functions,

97
– almost disjoint family of sets, 118
– strongly almost disjoint family of

sets, 451
Almost disjoint forcing, 277
Almost disjoint functions, 118, 419
Almost disjoint sets, 118, 578, 651
Almost everywhere, 159
Almost universal class, 182
Alphabet, 574
Amalgamation
– amalgamation of Laver trees, 565
– amalgamation of perfect trees, 245

Amenable model, 549
Analytic set, 142
Antichain
– antichain below a condition, 202
– antichain in a Boolean algebra, 84
– antichain in a tree, 114
– antichain of conditions, 201
– maximal antichain, 84
Arithmetic progression, 574
Arithmetical set, Σ0

n, Π0
n, 480

Aronszajn tree, 116
Arrow notation
– κ→ (α)n

m, 112
– κ→ (α, β)n, 112
– κ→ (λ)n

m, 109
Atom
– atom in the theory ZFA, 250
– atom of an ideal, 410
– atom of a Boolean algebra, 79
– atom of a measure, 126
Atomic formulas, x ∈ y, x = y, 5
Atomless ideal, 410
Atomless measure, 126
Automorphism
– automorphism of a Boolean algebra,

79
– automorphism of a Boolean-valued

universe V B , 221
– automorphism of a partially ordered

set, 18
– automorphism of a tree, 262
– ∈-automorphism of the universe, 66
– ∈-automorphism of the universe of

ZFA, 251
Axiom
– a weak form of the Axiom of Choice,

628
– ADL(R), 628
– Analytic Determinacy, 637
– axiom (20.30), 381
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– axiom consistent relative to a theory,
163

– axiom consistent with a theory, 163
– axiom independent of a theory, 163
– Axiom of Choice, AC, 3, 47, 70
– Axiom of Constructibility, V = L,

175
– Axiom of Determinacy, AD, 627
– Axiom of Determinateness, AD, 644
– Axiom of Extensionality, 3, 6, 70, 250
– Axiom of Infinity, 3, 13, 70
– Axiom of Pairing, 3, 6, 70
– Axiom of Power Set, 3, 9, 70
– axiom of predicate calculus, 6
– Axiom of Regularity, 3, 63, 70
– Axiom of Replacement, 70
– Axiom of Union, 3, 9, 70
– Continuum Hypothesis, CH, 37
– Countable Axiom of Choice, 50
– ∆1

n Determinacy, 639
– Diamond Principle, ♦, 191
– Generalized Continuum Hypothesis,

GCH, 55
– Martin’s Axiom, MA, 272
– Martin’s Axiom, MAκ, 272
– Open Coloring Axiom, OCA, 576
– see principle
– Projective Determinacy, PD, 628
– Proper Forcing Axiom, PFA, 607,
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– Reflection Principle, RP, 688
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– Singular Cardinal Hypothesis, SCH,
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– Suslin’s Hypothesis, SH, 274
Axiom schema
– Axiom Schema of Comprehension, 4,

70
– Axiom Schema of Replacement, 3, 13
– Axiom Schema of Separation, 3, 4, 7
– Collection Principle, 65
– Vopěnka’s Principle, VP, 380
Axioms of Bernays-Gödel, BG, BGC,

70
Axioms of Zermelo-Fraenkel, ZF, ZFC,

3
Axiom A, 614

Baire Category Theorem, (T4.8) 41
Baire property, 148

Baire space, N , 42
Bernays-Gödel axioms, BG, BGC, 70
Beth function, �α, 55
Binary relation, see relation
Boolean algebra, 78
– (κ, λ)-distributive Boolean algebra,

246
– atomic Boolean algebra, 79
– atomless Boolean algebra, 79
– Boolean algebra completely generated

by a set, 83
– Boolean algebra generated by a set,

79
– class Boolean algebra, 235
– Cohen algebra, 588
– collapsing algebra Col(ℵ0, λ), 516
– complete Boolean algebra, 82
– countably complete Boolean algebra,

82
– free Boolean algebra, FrG, 590
– κ-complete Boolean algebra, 82
– κ-distributive Boolean algebra, 85
– κ-generated Boolean algebra, 247
– κ-saturated Boolean algebra, 84
– Lévy collapsing algebra Col(κ, <λ),

(T15.22) 238
– Lindenbaum algebra, 79
– measure algebra, 415, 585
– minimal algebra, 595
– quotient algebra, 80
– rigid algebra, 595
– σ-complete Boolean algebra, 82
– semi-Cohen algebra, 591
– simple algebra, 595
– strategically ω-closed Boolean

algebra, 596
– see subalgebra
– Suslin algebra, 593
– trivial Boolean algebra, {0, 1}, 81
– weakly (κ, λ)-distributive Boolean

algebra, 246
Boolean operation
– +, ·, −, 78
– ⇒, 209
– ⊕, 87
– infinite Boolean operations,

P

,
Q

,
82, lim supn an, lim infn an, 598

Boolean universe, 206
Boolean value of a formula, ‖ϕ‖, 207
Boolean-valued model, 206
– Boolean valued model V B , 209
– Boolean-valued model with a class

Boolean algebra, 235
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– extensional Boolean-valued model,
209

– full Boolean-valued model, 208
Borel code, 504
– Π0

α-code, 504
– Σ0

α-code, 504
Borel set, 41, 140
Borel’s Conjecture, 564
Bounded MA(P), 691
Bounded set in a tree, 240
Bounded subset of an ordinal, 32
Boundedness Lemma, (C25.14) 487
Bounding number, b, 533
Branch in a tree, 114
α-Branch in a tree, 114
Branching family, 579

Canonical embedding, see embedding
Canonical inner model, see inner model
Canonical name, see name
Canonical stationary set, see stationary

set
Canonical well-ordering, see well-

ordering
Cantor space
– Cantor set, C , 37
– generalized Cantor space, λω, 623
Cantor’s Normal Form Theorem,

(T2.26) 24
Capture (model N captures dense

set A), 655
Cardinal invariant, 529
– additivity, add, 532
– bounding number, b, 533
– cofinality, cof, 532
– covering, cov, 532
– dominating number, d, 533
– uniformity, unif, 532
Cardinal number, 29
– α-Mahlo cardinal, 696
– see cardinal invariant
– cardinal satisfying full reflection, 698
– Erdős cardinal, ηα, 302
– extendible cardinal, 379
– finite cardinal, 27
– greatly Mahlo cardinal, 697
– huge cardinal, 380
– inaccessible cardinal, 58
– ineffable cardinal, 308
– Jónsson cardinal, 305
– λ-strong cardinal, 382
– λ-strong cardinal for a set A, 647
– λ-supercompact cardinal, 375

– limit cardinal, 30
– Mahlo cardinal, 95
– measurable cardinal, 127
– n-huge cardinal, 386
– Πn

m-indescribable cardinal, 295
– Ramsey cardinal, 121
– real-valued measurable cardinal, 130
– reflecting cardinal, 697
– regular cardinal, 32
– Rowbottom cardinal, 305
– singular cardinal, 32
– strong cardinal, 381
– strong limit cardinal, 58
– strongly compact cardinal, 136
– sufficiently large cardinal, 602
– supercompact cardinal, 136, 374
– superstrong cardinal, 657
– weakly compact cardinal, 113
– weakly inaccessible cardinal, 33
– weakly Mahlo cardinal, 96
– Woodin cardinal, 384, 647
Cardinal successor of an ordinal, α+, 29
Cardinality, |X|, 27
Chain
– chain in a partially ordered set, 49
– E-chain, 611
– elementary chain of models, 611
Chain condition
– countable chain condition, c.c.c., 84,

220
– κ-chain condition, κ-c.c., 84, 227
Chang’s Conjecture, 328
Characteristic function
– characteristic function of a model,

χa
α(n), 468

Choice function, 47
Class, 5, 70
– almost universal class, 182
– class closed under an operation, 177
– class definable from parameters, 5
– class of forcing conditions, 235
– class of hereditarily ordinal-definable

sets from a set, HOD [A], 195
– class of hereditarily ordinal-definable

sets over a set, HOD(A), 196
– class of hereditarily ordinal-definable

sets, HOD , 194
– class of hereditarily symmetric

names, HS , 253
– class of ordinal-definable sets from

a set, OD[A], 195
– class of ordinal-definable sets over

a set, OD(A), 195
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– class of ordinal-definable sets, OD ,
194

– class of sets constructible from a set,
L[A], 192

– class of Silver indiscernibles, 311
– δ-closed class, 325
– definable class, 5
– ∆n class, 184
– extensional class, 68
– generic class over a model, 235
– Πn class, 183
– proper class, 6
– Σn class, 183
– the smallest inner model containing

a set, L(A), 193
– universal class, V , 6
Class Boolean algebra, 235
Closed forcing
– essentially <κ-closed forcing, 455
– κ-closed forcing, 228
– <κ-closed forcing, 228
Closed set
– closed set of normal measures, 358
– closed subset of Pκ(A), 100
– ≡-closed set, 633
– set closed under an operation, 102
– set of indiscernibles closed in OrdA ,

318
Closed unbounded filter
– closed unbounded filter on Pκ(A),

100
– closed unbounded filter on κ, 91
– closed unbounded filter Cκ survives

at β, 663
Closed unbounded set
– closed unbounded set in κ, 91
– closed unbounded subset of Pκ(A),

100
– locally closed unbounded set, 691
– strongly closed unbounded set, 704
Closure
– closure point of a function, 102, 678
– closure under functions rudimentary

in A, rudA(M), 660
– rudimentary closure, rud(M), 548
– transitive closure, TC(S), 64
Club-guessing property, 442
Club-guessing sequence, 442
Club-isomorphic trees, 612
Co-dense subalgebras, 591
Code
– Borel code, 504

– code of an uncountable set in almost
disjoint forcing, 277

– code of a binary relation on N , 485
– code of a formula by a set, �ϕ�, 162
– code of a set by a set of ordinals, 196
– Π0

α-code, 504
– Σ0

α-code, 504
– standard code, 549
Cofinal sequence, 31
Cofinal set
– cofinal subset of an ordinal, 31
– cofinal subset of a partially ordered

set, 461
Cofinality
– see cardinal invariant
– cofinality of an ordinal, cf α, 31
– cofinality of a partially ordered set,

461
– possible cofinalities of ultraproducts,

pcf, 466
– true cofinality of a partially ordered

set, 461
Cohen algebra, 588
Cohen forcing, 202
Cohen real, 202, 225, 513
Coherent system of measures, 382
Coiteration, 358
Collapse forcing, 237
Collapsing a cardinal, 203
Collapsing cardinals, 237
Collection, see family
Collection Principle, 65
Compactness of pcf, 472
Compactness Theorem, 293
Comparison of mice, 661
Compatible conditions, 201
Complete Boolean algebra, 82
Complete embedding, 83
Complete homomorphism, 83
Complete linearly ordered set, 38
Complete metric space, 40
Complete subalgebra, 83
Completely generated algebra

(subalgebra), 83
Completely Ramsey set, 525
Completion of a Boolean algebra, 82
n-Component of a Laver tree, 565
Composition of functions, 11
Condensation Lemma, (L13.17) 188,

(L18.38) 332, (L27.5) 550
Condensation point, 45
Condition, see forcing condition, forcing

conditions
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Cone, 633
Conjecture
– Borel’s Conjecture, 564
– Chang’s Conjecture, 328
Connectives, ∧, ∨, ¬, →, ↔, 5
Consistent set of sentences, 157
Constant function, ca, 161
Constructible set, 175
Constructible universe, L, 175
Continued fraction, 42
Continuous sequence, 22
Continuum (real line), R, 37
Continuum (the cardinality of R), c, 37
Continuum function, 2κ, 55
Continuum Hypothesis, CH, 37
Core model
– core model up to a measurable

cardinal, K, 660
– core model up to a strong cardinal,

Kstrong, 666
– core model up to a Woodin cardinal,

Ksteel, 667
– core model up to o(κ) = κ++, Km,

664
Correct position in a strategy, 631, 632
Correspondence, 12
Countable Axiom of Choice, 50
Countable chain condition, c.c.c., 39,

84, 220
Countable set, 30
Countably complete Boolean algebra,

82
Countably complete filter, 77
Countably complete ideal, 77
Critical point
– critical point of an elementary

embedding, 323
– critical point of an extender, 382
Cumulative hierarchy, 171
– constructible hierarchy of sets, Lα,

175
– hierarchy Lα(A), 193
– hierarchy of sets constructible from

a set, Lα[A], 192
– hierarchy of sets with atoms, P α(S),

250
– hierarchy of sets, Vα, 64
– Jensen hierarchy, Jα, 548
– relativized Jensen hierarchy, JA

α , 660
Cut
– cut in a Boolean algebra, 83
– Dedekind cut in a linearly ordered

set, 39

– regular cut in a Boolean algebra, 83
– regular cut in a separative partially

ordered set, 205

D-finite set, 34
D-infinite set, 34
∆-Lemma, 118
∆-system, 117
Decide a formula, 204
Dedekind cut, 39
Definable class, 5
Definable element, 157
Definable set
– definable class, 5
– definable set in a model, 157
– definable set over a model, 157
ω1-Dense ideal, 695
Dense linearly ordered set, 38
Dense open set, 41
Dense set, 201, 205
Dense subalgebra, 82
Dense subset, 38
Density
– density of a Boolean algebra, 589
– subset of N of density 0, 74
– uniform density of a Boolean algebra,

589
Determinacy, 627
– ADR , 705
– ADL(R), 628
– Analytic Determinacy, 637
– Borel Determinacy, 637
– ∆1

n Determinacy, 639
– Determinacy of open games, 636
– the Axiom of Determinacy, AD, 627
– the Projective Determinacy, PD, 628
Diagonal function, d, 287, 374
Diagonal intersection
– �α<κ Xα, 92
– �s∈[κ]<ω As, 402

– diagonal intersection in Pκ(A),
�a∈A Xa, 101

Diagonal limit of ordinal functions, 461
Diagonal union,

P

α Xα, 93
Diamond Principle
– ♦, 191
– ♦(E), 442
– ♦κ, 442
– ♦κ(E), 550
Difference of sets, X − Y , 8
Direct limit, 158
λ-Directed closed forcing notion, 395
Directed set, 157
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Directed subset of Pκ(A), 101
Directed system of models, 157
Disjoint elements, 78
Disjoint family of sets, 12
Disjoint sets, 8
I-Disjoint sets, 580
(κ, λ)-Distributive Boolean algebra, 246
κ-Distributive Boolean algebra, 85
κ-Distributive forcing, 228
<κ-Distributive forcing, 228
Distributivity, 85, 228, 246
Domain of a relation, 10
Dominating family, 532
Dominating number, d, 533
Domination
– a function dominates a function, 243
– eventual domination, 580
– function eventually dominates

a function, 278
Dual filter, 73
Dual ideal, 73

E.M. set (Ehrenfeucht-Mostowski), 314
Easton product, 233
Easton support, 395
Element
– definable element, 157
– E-minimal element, 25
– element hereditarily in a set, 66
– greatest element, 17
– independent element over a subalge-

bra, 590
– least element, 17
– maximal element, 17, 49
– minimal element, 17
– stable element, 84, 88
Elementarily equivalent models, 156
Elementary chain of models, 611
Elementary embedding, 157
Σn-Elementary submodel, M ≺Σn N ,

187
Elementary submodel, B ≺ A, 156
Ellentuck topology, 524
Embedding, 79, 156
– canonical embedding, j, 161, jG, 421
– complete embedding, 83
– elementary embedding, 157
– elementary embedding of the

universe, 285
– nontrivial elementary embedding (of

the universe), 287
Empty set, ∅, 8
End-extension

– end-extension of a model, 654
– end-extension of a set, 406
– end-extension of <α (on Lα), 188
Enumeration, 21
Enumeration of alephs, ℵα, 30
Equivalence class, [x], 12
Equivalence relation, 12
Erdős cardinal ηα, 302
Erdős-Rado Partition Theorem, (T9.6)

111
Essentially <κ-closed forcing, 455
Eventual domination, 580
Exact upper bound of a set of ordinal

functions, 461
Exponentiation of cardinals, κλ, 28
Exponentiation of ordinals, αβ , 23
Extender
– (κ, λ)-extender derived from an

elementary embedding, 382
– (κ, λ)-extender derived from the

direct limit embedding, 384
– two extenders overlap, 666
Extendible cardinal, 379
Extension
– see end-extension
– extension of a function, 11
– extension of a set in a binary relation,

67
– generic extension, 216
Extensional Boolean-valued model, 209
Extensional class, 68
Extensional relation, 68

Fσ set, 42
Factor Lemma, (L19.5) 342, (L21.8)

396, (C26.11) 518
Family, 12
– almost disjoint family, 118
– branching family, 579
– disjoint family, 12
– dominating family, 532
– functional, 424
– fusionable collection of perfect trees,

558
– independent family, 75
– see set
– strongly almost disjoint family of

sets, 451
– unbounded family, 532
Field of a relation, 10
Filter, 73, 80, 202
– see closed unbounded filter
– countably complete filter, 77
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– dual filter, 73
– filter generated by a set, 74
– filter on a group, 251
– Fréchet filter, 73
– see generic filter
– κ-complete filter, 77, 82
– maximal filter, 74
– normal filter, 96
– Π1

n filter on κ, 703
– principal filter, 73, 80
– σ-complete filter, 77
– trivial filter, {S}, 73, {1}, 80
– see ultrafilter
Fine measure, see measure
Finite cardinal, 27
Finite intersection property, 74, 80
Finite ordinal, 20
Finite sequence, 21
Finite set, 14, 20
– D-finite set, 34
– T-finite set, 14
First category, 148
Fixed point, 26
Forces, p forces σ, p � σ, 204
Forcing, 201
– almost disjoint forcing, 277
– Cohen forcing, 202
– collapse forcing, 237
– λ-directed closed forcing, 395
– forcing adding ℵ2 eventually different

reals, 593
– forcing adding a closed unbounded

set with finite conditions, 613
– forcing collapsing a cardinal, 203
– forcing collapsing cardinals, 237
– forcing preserving cardinals, 219
– forcing satisfying Axiom A, 604
– forcing shooting a closed unbounded

set, 445
– forcing with a class of conditions, 235
– forcing with countable normal trees,

239
– forcing with perfect trees (Sacks

forcing), 244
– Hechler forcing, 278
– see iterated forcing
– κ-closed forcing, 228
– <κ-closed forcing, 228
– κ-distributive forcing, 228
– <κ-distributive forcing, 228
– Laver forcing, 565
– Lévy collapse, 238
– Magidor’s forcing, 674

– Mathias forcing, 524
– Prikry forcing, 401
– product forcing, 229
– proper forcing, 601
– Radin forcing, RU , 677
– random forcing, 243
– semiproper forcing, 649
– stationary set preserving forcing, 681
– stationary tower forcing, 653, 678
– strategically ω-closed forcing, 596
Forcing axiom
– Bounded MA(P), 691
– MA(P), 690
– MA+(P), 690
– Martin’s Maximum, MM, 681
– Semiproper Forcing Axiom, 681
Forcing condition
– empty condition, ∅, 230
– master condition, 400
– (M, P )-generic condition, 602
– (M, P )-semigeneric condition, 649
– stronger forcing condition, 201
Forcing conditions, 201
– compatible forcing conditions, 201
– incompatible forcing conditions, 201
– semiproper set of conditions, 654
Forcing language, 215
Forcing notion, see forcing
Forcing relation, �P , �, 215
Forcing Theorem, (T14.6) 204
Formula, 5, 155
– atomic formulas, x ∈ y, x = y, 5
– formula of nth order, 295
– formula valid in a Boolean-valued

model, ‖ϕ‖ = 1, 207
– Πn formula, 183
– Πn

m formula, 295
– Σn formula, 183
– Σn

m formula, 295
Fréchet filter, 73
Free Boolean algebra, FrG, 590
Free variable, 5
Full Boolean-valued model, 208
Full reflection, 698
Function, 11
– beth function, �α, 55
– canonical ordinal function on κ, fη,

460
– see characteristic function
– choice function, 47
– constant function, ca, 161
– continuum function, 2κ, 55
– diagonal function, d, 287, 374
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– ∆n function, 184
– exact upper bound of a set of ordinal

functions, 461
– function eventually dominates

a function, 278
– function from a set to a set, 11
– function on a set, 11
– function on κα with finite support,

347
– function onto a set, 11
– gimel function, ,(κ)ג 56
– Hartogs function, h(X), 29
– inclusion map, 346
– increasing function, 17
– inverse of a function, 11
– Laver function, 378
– monotone function, 306
– n-ary function on a set, 11
– normal (ordinal) function, 92
– one-to-one function, 11
– order-preserving function, 17
– Πn function, 183
– rank function, ρ(x), 68
– regressive (ordinal) function, 93
– rudimentary function, 548
– rudimentary function in A, 660
– Skolem function, 156
– Σn function, 183
– Σn Skolem function, 333
– unbounded function on a set of

positive measure, 410
Functional, 424
Fusion, 244
– fusion of a fusion sequence, 565
– fusion of a fusionable collection, 558
Fusion sequence
– fusion sequence of Laver trees, 565
– fusion sequence of perfect trees, 244
Fusionable collection of perfect trees,

558

Gδ set, 42
Game
– analytic game, 637
– Banach-Mazur game, 630
– Borel game, 637
– closed game, 637
– covering game, 629
– determined game GA, 627
– GA, 627
– game G on a Boolean algebra, 596
– GI , 426
– open game, 636

– perfect set game, 632
– projective game, 628
– proper game for P below p, 603
– Solovay game, 634
Gap
– Hausdorff gap, 575
– (κ, λ)-gap, 575
Generalized Continuum Hypothesis,

GCH, 55
σ-Generates (a set σ-generates

a Boolean algebra), 585
Generators of pcf, 470
– transitive generators of pcf, 473
Generic class, 235
(M, P )-Generic condition, 602
Generic extension, 216
Generic filter
– D-generic filter, 202
– generic filter minimal over the ground

model, 244
– generic ultrafilter, 206
Generic Model Theorem, (T14.5) 203
Generic real
– Cohen real, 202, 225, 513
– Laver real, 565
– Mathias real, 527
– random real, 243, 513
– Sacks real, 244
Generic set, 202
Generic ultrafilter, 206
Generic ultrapower, UltG(M), 421, 653
Gimel function, ,(κ)ג 56
Gödel number of a sentence, #σ, 162
Gödel numbering, 162
Gödel operations, G1, . . . , G10, 177
Gödel’s Completeness Theorem, 157
Gödel’s First Incompleteness Theorem,

157
Gödel’s Normal Form Theorem, (T13.4)

177
Greatest element, 17
Greatly Mahlo cardinal, 697
Ground model, 201

Hausdorff formula, 57
Hausdorff gap, 575
Hechler forcing, 278
Height
– height of a tree, 114
– height of a well-founded relation, 25
Hereditarily countable set, 171
Hereditarily finite set, 171
Hereditarily in a set, 66
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Hereditarily ordinal-definable set, 194
Hereditary set (in ZFA), 250
Hierarchy
– see cumulative hierarchy
– hierarchy of Borel sets, Σ0

α, Π0
α, ∆0

α,
140

– hierarchy of large cardinals, 302, 358,
389, 620

– hierarchy of projective sets, Σ1
n, Π1

n,
∆1

n, 144
– hierarchy of stationary sets, 99
– Kleene’s hierarchy of analytic

predicates, 153
– lightface Borel hierarchy, Σ0

n, Π0
n, 480

– lightface projective hierarchy, Σ1
n,

Π1
n, ∆1

n, 479
– relativization of the projective

hierarchy, Σ1
n(a), Π1

n(a), ∆1
n(a), 479

– Σn hierarchy, 184
Homogeneous measure algebra, 585
Homogeneous set, 107, 524
– 0-homogeneous set, 609
– 1-homogeneous set, 609
Homogeneous tree, 262, 642
κ-Homogeneous tree, 642
Homomorphism, 79
– complete homomorphism, 83
Huge cardinal, 380
n-Huge cardinal, 386

Ideal, 73, 80
– atomless ideal, 410
– countably complete ideal, 77
– dual ideal, 73
– ideal of nonstationary sets, 93
– κ-complete ideal, 77, 82
– λ-saturated ideal, 409
– normal ideal, 96
– ω1-dense ideal, 695
– Π1

n ideal on κ, 703
– precipitous ideal, 424
– prime ideal, 74, 81
– principal ideal, 73, 80
– σ-ideal, 77, 82
– σ-saturated ideal, 128
– trivial ideal, {∅}, 73, {0}, 80
Idempotent element of a semigroup,

573
Idempotent ultrafilter, 573
Ill-founded sequential tree, 483
Image
– image of a set by a function, 11
– inverse image of a set by a function,

11

Inaccessible cardinal, 58
Inclusion map, 346
Inclusion of classes, C ⊂ D, 6
Incomparable nodes of a tree, 43
Incompatible conditions, 201
Increasing function, 17
Indecomposable ordinal, 26
Independence results, 219
Independent element over a subalgebra,

590
Independent family, 75
Independent sentence of the axioms,

219
Independent set in a Boolean algebra,

590
Indiscernibles, 299
– indiscernibles for A, 314
– indiscernibles for L, 312
– Silver indiscernibles, 311
Induction
– ∈-Induction Theorem, (T6.4) 66
– Induction Theorem, (E1.9) 14
– Transfinite Induction, (T2.14) 21
– Well-Founded Induction, (T6.10) 68
Inductive set, 12
Ineffable cardinal, 308
Infimum, inf X, 17
Infinite game, see game
Infinite product, 53
Infinite product,

Q

i κi, 53
Infinite sequence, 21
Infinite set, 14, 20
– D-infinite set, 34
– T-infinite set, 14
Infinite sum,

P

i κi, 52
Initial segment
– initial segment of a closed set of

normal measures, 359
– initial segment of a well-ordered set,

18
Inner model
– canonical inner model of a measurable

cardinal of order 2, 360
– see core model
– inner model of ZF, 182
– the class of constructible sets, L, 175
– the class of sets constructible from

a set, L[A], 192
– the smallest inner model containing

a set, L(A), 193
Instance of ∆0 separation, 177
Instance of a variable word, 574
Internally approachable model, 699
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Interpretation, 155
– interpretation by a generic ultrafilter,

216
– G-interpretation of P -names, 218
Intersection of sets, X ∩ Y , 8
Interval of regular cardinals, 466
Inverse image of a set by a function, 11
Inverse limit, 280
Inverse of a function, 11
Isomorphic models, 156
Isomorphism, 79
– isomorphism between models, 156
– isomorphism of partially ordered

sets, 18
– isomorphism of trees, 262
– measure-preserving isomorphism of

Boolean algebras, 587
Iterable M -ultrafilter, 354
Iterated forcing, 280
– iteration with I-support, 280
– iteration with countable support, 280
– iteration with finite support, 270
– revised countable support iteration,

RCS, 682
– two-step iteration, P ∗ Q̇, 267, B ∗ Ċ,

269
Iterated ultrapower of an inner model,

356
Iterated ultrapower, Ult

(α)
U (V ), 342

Jensen hierarchy, Jα, 548
Jensen’s Covering Theorem, (T18.30)

329
Jónsson cardinal, 305

Kernel of an homomorphism, 80
Kernel of the universe in ZFA, P∞(∅),

250
Kondô’s Uniformization Theorem,

(T25.36) 498
Kurepa tree, 119

Language
– first order language, L, 155
– forcing language, 215
– infinitary language, Lκ,ω, Lκ,κ, 293
– language of BG, BGC, 70
– language of ZF, ZFC, 4
– language of ZFA, 250
– nth order language, 295
Laver forcing, 565
Laver function, 378
Laver real, 565
Laver tree, 565

Least element, 17
Lebesgue measurable set, 147
Lebesgue measure, 44, 147
Left-topological semigroup, 573
Lemma on Transitive Generators,

(L24.31) 473
Length
– length of an extender, 382
– length of a branch, 114
– length of a set of normal measures,

359
Level of a tree, 114
– αth level of a tree, 114
Lévy collapse, 238
Lifting, 102
Limit
– diagonal limit of ordinal functions,

461
– direct limit, 158
– inverse limit, 280
– limit of a sequence, 22
– of a convergent sequence in a Boolean

algebra, 598
– U -limit of a sequence, 86
Limit cardinal, 30
Limit ordinal, 20
Limit point of a set of ordinals, 91
Lindenbaum algebra, 79
Linear ordering, 17
Linearly ordered set, 17
– dense linearly ordered set, 38
– unbounded linearly ordered set, 38
Localization Lemma, (L24.32) 475
Locally closed unbounded set, 691
Logical symbols, 155, 293, 295
Lower bound, 17
Luzin set, 539

Magidor’s forcing, 674
Mahlo cardinal, 95
α-Mahlo cardinal, 696
Mahlo operation, Tr(S), 99, M(X), 290
Mapping, see function
Martin’s Axiom
– MA, 272
– MAκ, 272
Martin’s Maximum, MM, 681
Master condition, 400
Mathias forcing, 524
Mathias real, 527
Maximal antichain, 84
Maximal element, 17, 49
Maximal filter, 74
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Meager set, 87, 148
Measurable cardinal, 127
Measure
– atomless measure, 126
– fine measure, 136, 365
– κ-additive measure, 129
– Lebesgue measure, 147
– measure of a set, 125
– measure on a Boolean algebra, 585
– nontrivial σ-additive probabilistic,

125
– normal fine measure, 136
– normal measure on Pκ(A), 374
– normal real-valued measure, 410
– probabilistic measure on a Boolean

algebra, 586
– product measure, 415
– signed measure on a Boolean algebra,

586
– strictly positive measure on a Boolean

algebra, 586
– strongly normal measure, 385
– translation invariant measure, 125
– two-valued measure, 126
Measure algebra, 415, 585
– homogeneous measure algebra, 585
Measure Problem, 125
Measure sequence, 676
Measure space, (S,F , µ), 415
Measure-preserving isomorphism of

Boolean algebras, 587
Membership relation, 4
Menge, 15
Milner-Rado paradox, 60
Minimal Boolean algebra, 595
Minimal degree of constructibility, 244
Minimal element, 17
– E-minimal element, 25
– ∈-minimal element, 14
Minimal generic filter, 244
Minimal ultrafilter, 87
Mitchell order, 358
Model, 162
– adequate model, 184
– amenable model, 549
– see Boolean-valued model
– end-extension of a model, 654
– ground model, 201
– see inner model
– internally approachable model, 699
– model for a given language, 155
– model of type (κ, λ), 304
– N captures A, 655

– permutation model, 251
– remarkable (Σ, α)-model, 317
– (Σ, α)-model, 315
– transitive model, 163
– unbounded (Σ, α)-model, 316
Monotone function, 306
Mostowski’s Absoluteness Theorem,

(T25.4) 484
Mostowski’s Collapsing Theorem,

(T6.15) 69
Mouse, 660
Move
– move by a strategy, 627
– move in the game GA, 627
Multiplication of cardinals, κ · λ, 28
Multiplication of ordinals, α · β, 23
Mutually stationary sets, 701

Name, 215
– canonical name for a generic

ultrafilter, Ġ, 214
– canonical name for a set from the

ground model, x̌, 211–212
– canonical name for the ground model,

M̌ , 215
– hereditary symmetric name, 253
– P-name
– – P -name, 215
– symmetric name, 253
Natural number, 20
Near, 576
Node, see splitting node
Nondecreasing sequence, 22
Nonstationary ideal, 93
Nontrivial elementary embedding of

the universe, 287
Norm, 496
– norm of a function (rank), ‖ϕ‖, 458
– Π1

1-norm, 496
– Π1

n-norm, 640
– Σ1

2-norm, 496
– Σ1

n-norm, 640
Normal filter, 96
– normal filter on Pκ(A), 104
Normal fine measure, 136
Normal Form Theorem for Π1

1, (T25.3)
483

Normal function, 92
Normal ideal, 96
Normal measure, 134
– real-valued normal measure, 410
Normal measure on Pκ(A), 374
Normal sequence, 22
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Normal tree, 114
Notion of forcing, see forcing
Nowhere dense set, 41, 148
Null set, 146
Number, see cardinal number, natural

number, ordinal number, real number

One-to-one function, 11
Open Coloring Axiom, OCA, 576
Open dense set, 85, 202
– open dense set below a condition, 202
Open set
– dense open set, 41
– open subset of [X]2, 576
Operation
– absolute operation on Borel sets, 507
– arithmetic operation on cardinals,

κ + λ, κ · λ, κλ, 28
– arithmetic operations on ordinal

numbers, α + β, α · β, αβ, 23
– see Boolean operation
– see diagonal intersection, diagonal

union
– Gödel operations, G1, . . . , G10, 177
– Mahlo operation, Tr(S), 99, M(X),

290
– n-ary operation on a set, 11
– operation + on βN , 573
– operation on a set, 102
– operations on classes, ∩, ∪, −,

S

, 6
– Suslin operation A, 143
Order
– Mitchell order of normal measures,

U1 < U2, 358
– order of a cardinal number (height of

the Mitchell order), o(κ), 358
– order of a normal measure, o(U), 358
– order of a stationary set, o(A), o(κ),

100
Order-preserving function, 17
Order-type, 19
Order-type of an ordinal in the generic

ultrapower, 421
Ordered n-tuple, 7
Ordered pair, 7
Ordering
– linear ordering, 17
– partial ordering, 17
– prewellordering, 496
– Rudin-Keisler ordering, 86
– strict ordering, 17
– well-ordering, 18
Ordinal function, see function

Ordinal number, 19
– finite ordinal, 20
– indecomposable ordinal, 26
– projective ordinal, δ1

n, 636
Ordinal-definable set, 194
– hereditarily ordinal-definable set, 194
– ordinal-definable set from a set, 195
– ordinal-definable set over a set, 195
Outer measure, 146
Overlapping extenders, 666

Pair, 7
Paradox
– Milner-Rado Paradox, 60
– Russell’s Paradox, 4
Parameter
– parameter in a formula (property), 5
– standard parameter, 549
Partial ordering, 17
Partial play, 597
Partially ordered set, 17
– separative partially ordered set, 204
Partition, 12, 84
I-Partition, 424
Partition property, 109
Partition relation
– κ→ (α)n

m, 112
– κ→ (α, β)n, 112
– κ→ (λ)n

m, 109
Path, 43
pcf (possible cofinalities), 466
– compactness of pcf, 472
Perfect set, 40
Perfect tree, 43, 244, 561
– superperfect tree, 618
Permutation, 251
Permutation model, 251
Pigeonhole principle, 107
Play
– in the game GA, 627
– partial play, 597
– play by a strategy, 627
Player
– Empty and Nonempty, 426
– I and II, 596, 627
– in the infinite game G on a Boolean

algebra, 596
p-Point, 76
Polish space, 44
Possible cofinalities, pcf(A), 466
Power of a set, Xn, 10
Power set, P (X), 9
Precipitous ideal, 424
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Predense set, 202
Predense set below a condition, 202
Prewellordering, 496
Prikry forcing, 401
Prime ideal, 74, 81
Prime Ideal Theorem, (T7.10) 81
Principal filter, 73, 80
Principal ideal, 73, 80
Principle
– Collection Principle, 65
– see Diamond Principle
– pigeonhole principle, 107
– Principle of Dependent Choices, DC,

50
– reduction principle, 507
– Reflection Principle, (T12.14) 168
– Reflection Principle, RP, 688
– Σ1

1-Separation Principle, (L11.11)
146

– ∆0-Separation, 177
– separation principle, 507
– see Square
– Strong Reflection Principle, SRP,

688
– Vopěnka’s Principle, VP, 380
Probabilistic measure on a Boolean

algebra, 586
Problem
– Measure Problem, 125
– Problem 36.7, 673
– Singular Cardinal Problem, 672
– Suslin’s Problem, 39
Product
– infinite product, 53
– infinite product,

Q

i κi, 53
– product of cardinals, κ · λ, 28
– product of linear orders, 24
– product of measure spaces, 415
– reduced product, 159
Product forcing, 229
– Easton product, 233
– κ-product, 230
– product of a collection of forcing

notions, 230
– product of two forcing notions, 229
Product Lemma, (L15.9) 229
Product measure, 415
Product of two sets, 10
Projection, 102, 142
– projection of a generic filter on

a coordinate of a product forcing, 230
– projection to a subalgebra, 589
Projection of a set, 34

Projective Determinacy, PD, 628
Projective ordinal, δ1

n, 636
Projective set, 145
Projective stationary set, 688
Σn-Projectum, 549
n-Projectum, 547
Proper class, 6
Proper forcing, 601
Proper Forcing Axiom, PFA, 607,

PFA+, 613, PFA−, 614
Proper game for P below p, 603
Proper subset, 9
Property, 4
– absolute property, 185
– Axiom A, 614
– Baire property, 148
– club-guessing property, 442
– ∆n property, 184
– Knaster property (K), 231
– partition property, 109
– perfect set property, 150
– Πn property, 183
– Σn property, 183
– the finite intersection property, 74,

80
– the prewellordering property, 496,

640
– the scale property, 498, 640
– the tree property, 120
– the uniformization property, 498

Quantifiers, ∀x, ∃x, 5
Quotient
– of a Boolean algebra, B/I, 80
– separative quotient, 206
– X/≡, 12

Radin forcing, RU , 677
Ramsey cardinal, 121
Ramsey null set, 525
Ramsey set, 524
– completely Ramsey set, 525
– Ramsey null set, 525
Ramsey ultrafilter, 76
Random forcing, 243
Random real, 243, 513
Range of a relation, 10
Rank
– Galvin-Hajnal norm of an ordinal

function, ‖f‖, 460
– rank function, ρ(x), 68
– rank of an element in a relation, ρ(x),

25
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– rank of a set, rank(x), 64
Rapid sequence of ordinal functions,

464
Real line, R, 37
Real number
– algebraic real number, 44
– see generic real
– real of minimal degree of con-

structibility, 244
– transcendental real number, 44
Real-valued measurable cardinal, 130
Real-valued measure, 125
Real-valued normal measure, 410
Recursion
– ∈-Recursion, (T6.5) 66
– Transfinite Recursion, (T2.15) 22
– Well-Founded Recursion, (E2.15) 26,

(T6.11) 68
Reduced product, 159
Reduction principle, 507
Refinement
– refinement of an I-partition, 424
– refinement of a partition, 85
Reflecting cardinal, 697
Reflection Principle, (T12.14) 168
Reflection Principle, RP, 688
Reflexive relation, 12
Regressive ordinal function, 93
Regular cardinal, 32
Regular cut, 83
Regular open set, 152
Regular subalgebra, 588
Relation
– binary relation, 10
– ∆n relation, 184
– equality predicate, =, 4
– equivalence relation, 12
– extensional relation, 68
– forcing relation, �P , �, 215
– membership relation, ∈, 4
– n-ary relation, 10
– see partition relation
– Πn relation, 183
– reflexive relation, 12
– relation between Boolean algebras

and logic, 79
– relation between Determinacy and

large cardinals, 633
– relation between ideals and

homomorphisms, 80
– relation between pcf and cardinal

arithmetic, 466
– relation on X, 10

– Σn relation, 183
– symmetric relation, 12
– transitive relation, 12
– well-founded relation, 25
Relative constructibility, 192
Relativization of a formula, ϕM,E, ϕM ,

161
Remarkable (Σ, α)-model, 317
Representation Lemma, (L19.13) 347
Restriction of a function, 11
Rigid Boolean algebra, 595
Rigid tree, 262
Rowbottom cardinal, 305
Rudimentary closure, rud(M), 548
Rudimentary function, 548
Rudimentary function in A, 660
Rudin-Keisler ordering, 86
Russell’s Paradox, 4

Sacks real, 244
Satisfaction, 155
Satisfaction for an nth order formula,

295
σ-Saturated ideal, 128
κ-Saturated Boolean algebra, 84
λ-Saturated ideal, 409
Saturation, 84
Scale, 498
– κ-scale, 133
– Π1

1-scale, 498
– Π1

n-scale, 640
– Σ1

n-scale, 640
– scale in

Q

a∈A γa, 461
Second category, 148
Semi-Cohen Boolean algebra, 591
(M, P )-Semigeneric condition, 649
Semiproper forcing, 649
Semiproper Forcing Axiom, 681
Semiproper set of conditions, 654
Sentence, 5
Sentence independent of the axioms,

219
Separable metric space, 40
Separated sets, 145
Separation principle, see principle
Separative partially ordered set, 204
Separative quotient, 206
Sequence, 21
– α-sequence, 21
– club-guessing sequence, 442
– cofinal sequence, 31
– continuous sequence, 22
– ♦-sequence, 191
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– finite sequence, 21
– fusion sequence of Laver trees, 565
– fusion sequence of perfect trees, 244
– infinite sequence, 21
– measure sequence, 676
– nondecreasing sequence, 22
– normal sequence, 22
– Prikry generic sequence, 402
– rapid sequence of ordinal functions,

464
– sequence in a set, 21
– sequence of length α, 21
– sequence of length n, 21
– square-sequence, 443
– transfinite sequence, 21
Sequential tree, 43
– ill-founded sequential tree, 483
– r-dimensional sequential tree, 483
– well-founded sequential tree, 483
Set, 70
– adequate set, 188
– analytic set, 142
– arithmetical set, Σ0

n, Π0
n, 480

– Borel set, 41, 140
– bounded set in a tree, 240
– bounded set of ordinal functions, 464
– closed subset of Pκ(A), 100
– see closed unbounded set
– cofinal set, 31
– cofinal set of ordinal functions, 464
– constructible set, 175
– countable set, 30
– D-finite set, 34
– D-infinite set, 34
– see definable set
– dense set, 201, 205
– directed set, 157
– directed subset of Pκ(A), 101
– ≡-closed set, 633
– E.M. set of formulas, 314
– empty set, ∅, 8
– Fσ, Gδ set, 42
– see family
– finite set, 14, 20
– generates a model (Skolem hull), 300
– has n-elements, 14
– has strong measure zero, 538
– has the Baire property, 148
– hereditarily countable set, 171
– hereditarily finite set, 171
– hereditary set (in ZFA), 250
– homogeneous set, 107, 524
– homogeneously Suslin set, 642

– independent subset of a Boolean
algebra, 590

– inductive set, 12
– infinite set, 14, 20
– κ-homogeneously Suslin set, 642
– κ-Suslin set, 485
– κ-weakly homogeneously Suslin set,

643
– Lebesgue measurable set, 147
– Luzin set, 539
– meager set, 87, 148
– nowhere dense set, 41, 148
– null set, 146
– open dense set, 85, 202
– open dense set below a condition, 202
– open subset of [X]2, 576
– see ordinal-definable set
– partially ordered set, 17
– perfect set, 40
– predense set, 202
– predense set below a condition, 202
– projective set, 145
– see Ramsey set
– recursive closed set, Π0

1 set, 480
– recursive open set, recursively

enumerable set, Σ0
1 set, 480

– reflects a formula, 168
– regular open set, 152
– relative constructible set, 192
– remarkable set of formulas, 318
– Σ0

α, Π0
α, ∆0

α set, 140
– Σ1

n, Π1
n, ∆1

n set, 144
– semiproper set of conditions, 654
– set accepts a set, 525
– set at most countable, 30
– set captures a Mathias forcing

condition, 527
– set closed under an operation, 102
– set constructible from a set, 192
– set definable from a sequence of

ordinals, 519
– set generic over M , 202
– set of all Borel codes, BC, 504
– set of all infinite paths, 43
– set of first category, 148
– set of indiscernibles, 299
– set of indiscernibles closed in OrdA ,

318
– set of indiscernibles for A, 314
– set of measure one, 409
– set of measure zero, 409
– set of positive measure, 409
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– set of possible cofinalities, pcf(A),
466

– set of second category, 148
– set of the first category, 41
– set rejects a set, 525
– set σ-generates a Boolean algebra,

585
– Solovay set of reals, 515
– see stationary set
– superperfect set in N , 618
– symmetric set, 251
– T-finite set, 14
– T-infinite set, 14
– transitive set, 13, 19
– unbounded E.M. set of formulas, 317
– unbounded linearly ordered set, 38
– unbounded set in Pκ(A), 100
– uncountable set, 30
– universal Σ0

n set, 141
– universal Σ1

n set, 145
– universally Baire set, 623
– weakly homogeneously Suslin set,

643
– well-founded E.M. set, 318
Sets
– mutually stationary sets, 701
Sets of ZFA, 250
Sharp
– sharp for a strong cardinal, 666
– x-sharp, x�, 328
– zero-sharp, 0�, 312
Shoenfield’s Absoluteness Theorem,

(T25.20) 490
Signed measure on a Boolean algebra,

586
Sikorski’s Extension Theorem, (E7.30)

88
Silver indiscernibles, 311
Simple Boolean algebra, 595
Singleton, {a}, 7
Singular cardinal, 32
Singular Cardinal Hypothesis, SCH, 58
Singular Cardinal Problem, 672
Skolem constants, cϕ

ξ , 293
Skolem function, 156
– canonical Skolem function, 313
– definable Skolem function, 300
– Σn Skolem function, 333
Skolem hull, 156
Skolem sentence, 294
Skolem term, 300
Σn Skolem hull, 333
Solovay set of reals, 515

Special ℵ2-Aronszajn tree, 571
Special Aronszajn tree, 117
Splitting node, 244
– nth splitting node, 244
– ω-splitting node, 618
Square
– Square Principle, �κ, 443
– �κ,ν , 702
– Weak Square, �κ,κ, �∗

κ, 702
Square-sequence, 443
Stable element, 84, 88
Standard code, 549
Standard parameter, 549
Stationary set
– canonical stationary set, 477
– projective stationary set, 688
– stationary set reflects at α, 444
– stationary subset of Pκ(A), 100
– stationary subset of a cardinal

number, 91
– stationary subset of P (A), 678
Stationary set preserving forcing, 681
Stationary tower forcing, 653, 678
Stem, 557
– stem of a Laver tree, 565
Stone’s Representation Theorem,

(T7.11) 81
Strategically ω-closed Boolean algebra,

596
Strategically ω-closed notion of forcing,

596
Strategy
– strategy in the game G, 596
– strategy in the game GI , 426
– strategy in the game GA, 627
– winning strategy, 426, 596, 627
Strength
– consistency strength, 358, 367, 382,

389, 394, 404, 426, 429, 450, 456, 547,
610, 623, 624, 636, 647, 659, 665, 669,
672, 679, 680, 691, 695–698, 702

– relative strength, 249, 387
– strength of an embedding, 676
Strict ordering, 17
Strictly positive measure on a Boolean

algebra, 586
Strong cardinal, 381
λ-Strong cardinal, 382
λ-Strong cardinal for a set A, 647
Strong limit cardinal, 58
Strong measure zero, 538
Strong Reflection Principle, SRP, 688
Stronger forcing condition, 201
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Strongly closed unbounded set, 704
Strongly compact cardinal, 136
Strongly normal measure, 385
Subalgebra, 79
– co-dense subalgebra, 591
– complete subalgebra, 83
– dense subalgebra, 82
– regular subalgebra, 84, 588
– subalgebra completely generated by

a set, 83
– subalgebra generated by a set, 79
Subclass of a class, C ⊂ D, 6
Submodel, 156
– elementary submodel, B ≺ A, 156
– Σn-elementary submodel, M ≺Σn N ,

187
– symmetric submodel of a generic

extension, 253
Subset, 9
– dense subset, 38
– proper subset, 9
– symmetric subset, 404
Successor cardinal, ℵα+1, 30
Successor of an ordinal, 20
Successor ordinal, β + 1, 20
Sufficiently large cardinal number, 602
Sum
– infinite sum of cardinals,

P

i κi, 52
– sum of cardinals, κ + λ, 28
– sum of linear orders, 23
Supercompact cardinal, 136, 374
λ-Supercompact cardinal, 375
Superperfect set in N , 618
Superperfect tree, 618
Superstrong cardinal, 657
Support
– countable support, 230, 280
– Easton support, 395
– finite support, 230, 270
– I-support, 280
– κ-support, 230
– <κ-support, 230
– support for a set in a permutation

model, 252
– support of a condition, 230
– support of a condition in the

stationary tower forcing, 653
– support of a subset of κα, 347
Supremum, supX, 17
Suslin algebra, 593
Suslin line, 114
Suslin operation A, 143
κ-Suslin set, 485

Suslin tree, 114
κ+-Suslin tree, 551
Suslin’s Hypothesis, SH, 274
Suslin’s Problem, 39
Symmetric difference, 9
Symmetric name, 253
– hereditarily symmetric name, 253
Symmetric relation, 12
Symmetric set, 251
Symmetric submodel of a generic

extension, 253
Symmetric subset, 404
Symmetry, 253
Symmetry Lemma, (L14.37) 221

T-finite set, 14
T-infinite set, 14
Tarski’s Ultrafilter Theorem, (T7.5) 75
Term, 155
– Skolem term, 300
– Σn Skolem term, 333
Theorem
– Aronszajn’s Theorem, (T9.16) 116
– Bagaria’s Theorem, (T37.28) 691
– Bartoszyński-Raisonnier-Stern’s

Theorem, (T26.46) 533
– Baumgartner-Malitz-Reinhardt’s

Theorem, (T16.17) 274
– Booth’s Theorem, (T16.27) 278
– Boundedness Lemma, (C25.14) 487
– Cantor’s Normal Form Theorem,

(T2.26) 24
– Cantor’s Theorem, (T3.1) 27, (T4.1)

37, (T4.3) 38
– Cohen’s Theorem, (T14.36) 221
– Condensation Lemma, (L27.5) 550
– Dodd-Jensen’s Covering Theorem

for K, (T35.14) 663
– Dodd-Jensen’s Covering Theorem

for L[U ], (T35.16) 664
– Dodd-Jensen’s Theorem, (T35.6)

661, (T35.13) 663
– Dushnik-Miller’s Theorem, (T9.7)

112
– Easton’s Theorem, (T15.18) 232
– Erdős-Rado Partition Theorem,

(T9.6) 111
– Fodor’s Theorem, (T8.7) 93
– Foreman’s Theorem, (T30.25) 597
– Foreman-Magidor’s Theorem,

(T38.16) 701
– Foreman-Magidor-Shelah’s Theorem,

(T37.9) 684, (T37.13) 686, (T37.16)
687
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– Fremlin’s Lemma, (L30.5) 586
– Fremlin’s Theorem, (T26.45(ii)) 533
– Gaifman’s Theorem, (T19.7) 343
– Galvin-Hajnal Theorem, (T24.1) 457
– Galvin-Prikry-Silver’s Theorem,

(T26.22) 524
– Gitik’s Theorem, 669
– Gitik-Shelah Theorem, (T23.17) 450
– Glazer’s Lemma, (L29.2) 573
– Gödel’s Condensation Lemma,

(L13.17) 188, (L18.38) 332
– Gödel’s Normal Form Theorem,

(T13.4) 177
– Gödel’s Theorem, (T13.18) 188,

(T13.20) 190, (T25.26) 494
– Gödel’s Completeness Theorem, 157
– Gödel’s First Incompleteness

Theorem, 157
– Gödel’s Second Incompleteness

Theorem, 157
– Gödel’s Second Incompleteness

Theorem, 157
– Gödel’s Theorem, (T13.16) 187
– Gregory’s Theorem, (T23.2) 442
– Hajnal’s Theorem, (T27.11) 554
– Hanf-Scott’s Theorem, (T17.18) 297
– Hausdorff’s Theorem, (T29.7) 575
– Hindman’s Theorem, (T29.1) 573
– Jech’s Theorem, (T8.20) 100, (T8.22)

101, (T8.24) 101
– Jech-Shelah’s Theorem, (T27.12) 555
– Jech-Sochor’s Theorem, (T15.53) 256
– Jensen’s Covering Theorem, (T18.30)

329
– Jensen’s Theorem, (T13.21) 191,

(T15.26) 241, (T27.1) 546, (T27.7)
551, (T28.1) 557

– Kondô’s Uniformization Theorem,
(T25.36) 498

– König’s Theorem, (T5.10) 54
– König’s Lemma, (E9.5) 122
– Kripke’s Theorem, (C26.8) 516
– Kueker’s Theorem, (T8.28) 102
– Kunen’s Theorem, (T17.7) 290,

(T18.20) 323, (T19.14) 348, (T20.4)
367

– Kunen-Martin Theorem, (T25.43)
503

– Lévy’s Theorem, (T15.22) 238
– Laver’s Theorem, (T20.21) 378,

(T28.14) 564
– Laver-Shelah’s Theorem, (T28.25)

570

– Lemma on Transitive Generators,
(L24.31) 473

– Localization Lemma, (L24.32) 475
– �Loś’s Theorem, (T12.3) 159
– Magidor’s Theorem, (T23.10) 446,

(T23.23) 453, (T32.16) 621, (T36.3)
672

– Magidor-Shelah-Gitik’s Theorem,
(T36.5) 673

– Maharam’s Theorem, (T30.1) 585
– Mansfield’s Theorem, (T25.39) 500
– Mansfield-Solovay’s Theorem,

(T25.23) 492
– Martin’s Theorem, (T25.42) 502,

(T32.15) 621, (T33.18) 637
– Martin-Solovay’s Theorem, (T16.20)

276, (T26.39) 529
– Martin-Solovay-Mansfield’s Theorem,

(T32.14) 620
– Martin-Steel’s Theorem, (T33.28)

642, (T33.34) 643, 666
– Martin-Steel-Woodin’s Theorem,

(T33.26) 642
– Mathias’ Theorem, (T21.14) 402,

(T26.23) 524, (T26.35) 527
– Menas’ Theorem, (T8.27) 102
– Mitchell’s Theorem, (T19.30) 356,

(T19.37) 361, (T19.38) 361, (T19.39)
362, (T28.24) 569, (C35.18) 665,
(T35.17) 665, (T36.16) 678

– Moschovakis’ Theorem, (T33.23) 640
– Mostowski’s Absoluteness Theorem,

(T25.4) 484
– Mostowski’s Collapsing Theorem,

(T6.15) 69
– Namba’s Theorem, (T28.10) 561
– Normal Form Theorem for Π1

1,
(T25.3) 483

– Pawlikowski’s Theorem, (T26.47) 534
– Posṕı̌sil’s Theorem, (T7.6) 75
– Prikry’s Theorem, (T21.10) 401,

(T22.2) 410
– Properties of Forcing, (T14.7) 204
– Ramsey’s Theorem, (T9.1) 107
– Rowbottom’s Theorem, (T17.27) 300
– Sacks’ Theorem, (T15.34) 244
– Schimmerling’s Theorem, (T31.30)

611
– Scott’s Theorem, (T17.1) 285
– Shanin’s Theorem (∆-Lemma),

(T9.18) 118
– Shelah’s Theorem, (T23.3) 442,

(T24.8) 461, (T24.16) 465, (T24.18)
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466, (T24.25) 470, (T24.33) 476,
(T28.12) 563, (T31.15) 604, (T32.13)
620, (T37.4) 682, (T37.10) 684,
(T37.26) 690, (T38.1) 695

– Shoenfield’s Absoluteness Theorem,
(T25.20) 490

– Sierpiński’s Theorem, 490
– Sikorski’s Extension Theorem,

(E7.30) 88
– Silver’s Theorem, (T8.12) 96, (T8.13)

96, (T18.1) 311, (T18.1 relativized)
328, (T19.3) 339, (T21.4) 395,
(T27.9) 553, (T28.23) 569, (T32.1)
615, (T32.20) 623

– Solovay’s Theorem, (T8.10) 95,
(T20.8) 372, (T22.1) 410, (T22.26)
428, (T26.14) 519, (T26.20) 522,
(T27.8) 551, (T33.12) 633

– Solovay-Tennenbaum’s Theorem,
(T16.13) 272

– Steel’s Theorem, (T35.22) 667
– Stone’s Representation Theorem,

(T7.11) 81
– Suslin’s Theorem, (T11.10) 145
– Symmetry Lemma, (L14.37) 221
– Tarski’s Theorem, (T12.7) 162
– Tarski’s Ultrafilter Theorem, (T7.5)

75
– the Baire Category Theorem, (T4.8)

41
– the Cantor-Bendixson Theorem,

(T4.6) 40
– the Cantor-Bernstein Theorem,

(T3.2) 28
– the Compactness Theorem, 293
– the Ehrenfeucht-Mostowski Theorem,

313
– the Factor Lemma, (L19.5) 342,

(L21.8) 396, (C26.11) 518
– the Forcing Theorem, (T14.6) 204,

236
– the Fubini Theorem, (L11.12) 148
– the Generic Model Theorem, (T14.5)

203
– the Hales-Jewett Theorem, (T29.4)

574
– the Homogeneity of the Lévy

Collapse, (T26.12) 518
– the Induction Theorem, (E1.9) 14
– the ∈-Induction Theorem, (T6.4) 66
– the Kunen-Paris Theorem, (T21.3)

392

– the Lévy-Solovay Theorem, (T21.1)
389

– the Löwenheim-Skolem Theorem,
(T12.1) 157

– the Prime Ideal Theorem, (T7.10) 81
– the Product Lemma, (L15.9) 229
– the ∈-Recursion Theorem, (T6.5) 66
– the Reflection Principle, (T12.14)

168
– the Representation Lemma, (L19.13)

347
– the Σ1

1-Separation Principle, (L11.11)
146

– the Transfinite Induction, (T2.14) 21
– the Transfinite Recursion, (T2.15) 22
– the Vopěnka-Hrbáček Theorem,

(T20.3) 366
– the Weak Compactness Theorem,

293
– the Well-Founded Induction, (T6.10)

68
– the Well-Founded Recursion, (E2.15)

26, (T6.11) 68
– Todorčević’s Lemma, (L31.24) 609
– Todorčević’s Theorem, (T29.8) 577,

(T31.23) 609, (T31.28) 610, (T37.18)
688

– Truss-Miller Theorem, (T26.45(i))
533

– Ulam’s Theorem, (T10.1) 126
– van der Waerden’s Theorem, (T29.3)

574
– Vitali’s Theorem, (E10.1) 137
– Vladimirov’s Lemma, (E30.11) 598
– Vopěnka’s Theorem, (T15.46) 249
– Woodin’s Theorem, (T33.16) 636,

(T33.27) 642, (T33.33) 643, (T34.6)
650, (T34.14) 655, (T34.16) 656,
(T36.2) 669, (T36.18) 678, (T38.2)
695, (T38.3) 696

– Woodin-Cummings’ Theorem,
(T36.6) 673

– Woodin-Gitik’s Theorem, (T36.4)
673

– Zermelo’s Well-Ordering Theorem,
(T5.1) 48

– Zorn’s Lemma, (T5.4) 49
Theory
– axiomatic set theory with atoms,

ZFA, 250
– axiomatic set theory with classes,

BG, BGC, 70
– axiomatic set theory, ZF, ZFC, 3
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– combinatorial set theory, 107–123,
267, 573–583

– descriptive set theory, 42, 44, 50, 126,
139, 148, 479–509, 529, 595, 615–626,
637, 645

– fine structure theory, 330, 337, 443,
545–550, 556

– measure theory, 42, 73, 125–138,
146–148, 409–420, 522–523, 585–588

– model theory, 155–161, 172, 283, 285,
292, 313, 381

– pcf theory, 457, 460, 461, 463,
466–477, 669, 672, 702

– Peano Arithmetic, 157
– theory of cardinal and ordinal

numbers, 15
– theory of core models, 659–661,

663–666, 672
– theory of inner models, 659, 660, 668,

675, 702
– theory of iteration trees, 666
– theory of large cardinals, 58, 113–117,

120–138, 157, 285–439, 441, 442, 444,
620–623, 633–636, 649

– theory of mice, 661
– theory of ordinal and cardinal

numbers, 17–35
– theory of partition relations, 107–123
– theory of stationary sets, 91–105,

441–456
– theory of transitive models, 63–71,

163–200
– theory of well-ordered sets, 17–26
Topology
– Baire topology, 42
– Ellentuck topology, 524
– Σ1

1-topology, 615
– topology based on the Mathias

forcing, 524
– topology of the real line, 40
Tower, 540
Trace of a stationary set, Tr(S), 99
Transcendental real number, 44
Transfinite Induction, (T2.14) 21
Transfinite Recursion, (T2.15) 22
Transfinite sequence, 21
Transitive closure, TC(S), 64
Transitive collapse, 68
Transitive generators of pcf, 473
Transitive model, 163
Transitive relation, 12
Transitive set, 13, 19
Translation invariant measure, 125

Tree, 114
– Aronszajn tree, 116
– club-isomorphic trees, 612
– homogeneous tree, 262, 642
– ill-founded sequential tree, 483
– κ-homogeneous tree, 642
– κ+-Suslin tree, 551
– κ-weakly homogeneous tree, 643
– Kurepa tree, 119
– Laver tree, 565
– normal α-tree, 114
– perfect tree, 43, 244, 561
– r-dimensional sequential tree, 483
– rigid tree, 262
– sequential tree, 43
– special ℵ2-Aronszajn tree, 571
– special Aronszajn tree, 117
– superperfect tree, 618
– Suslin tree, 114
– tree of 0–1 sequences, 244
– tree on ω ×K, 485
– tree on ω2, 561
– weakly homogeneous tree, 643
– well-founded sequential tree, 483
Tree property, 120
Trivial Boolean algebra, {0, 1}, 81
Trivial filter, {S}, 73, {1}, 80
Trivial ideal, {∅}, 73, {0}, 80
True cofinality, 461
Truth definition, 162
Two-step iteration
– two-step iteration of complete

Boolean algebras, B ∗ Ċ, 269
– two-step iteration of forcing notions,

P ∗ Q̇, 267
Two-valued measure, 126

Ulam matrix, 131
– (ℵ1,ℵ0)-matrix, 131
– (λ+, λ)-matrix, 132
Ultrafilter, 74, 81
– fine measure, 136
– generic ultrafilter, 206
– idempotent ultrafilter, 573
– (κ, λ)-regular ultrafilter, 373
– see M -ultrafilter
– minimal ultrafilter, 87
– normal fine measure, 136
– normal measure, 134
– p-point, 76
– Ramsey ultrafilter, 76
– uniform ultrafilter, 75
M -Ultrafilter, 323
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– iterable M -ultrafilter, 354
– κ-complete M -ultrafilter, 323
– normal iterable M -ultrafilter, 354
– normal M -ultrafilter, 323
Ultrapower
– UltU A, 161
– generic ultrapower, UltG(M), 421,

653
– iterated ultrapower, Ult

(α)
U (V ), 342

Ultraproduct, UltU{Ax : x ∈ S}, 159
Unbounded family, 532
Unbounded function on a set of positive

measure, 410
Unbounded linearly ordered set, 38
Unbounded subset of Pκ(A), 100
Unbounded subset of an ordinal, 32
Uncountable set, 30
Uniform density of a Boolean algebra,

589
Uniform ultrafilter, 75
Uniformization, 498
Uniformization Theorem (Kondô),

(T25.36) 498
Union
–

S

X, 9
– diagonal union,

P

α Xα, 93
Universal class, V , 6
Universal set
– universal Σ0

n set, 141
– universal Σ1

n set, 145
Universally Baire set, 623
Universe
– Boolean universe, 206
– constructible universe, L, 175
– Σ1

3-absolute universe for generic
extensions, 624

– universal class, V , 6
Upper bound, 17, 49
– exact upper bound of a set of ordinal

functions, 461
– least upper bound of ordinal

functions, 460
– upper bound of ordinal functions,

460

Valid formula, ‖ϕ‖ = 1, 207
Value of a function at a set, 11
Value of a term, 155
Variable, 5, 574
– free variable, 5
– variable of order k, 295
Variable word, 574
Vopěnka’s Principle, VP, 380

Weak Covering Theorem, (T35.17(v))
665

Weak Square, �∗
κ, 702

Weakly compact cardinal, 113
Weakly homogeneous tree, 643
κ-Weakly homogeneous tree, 643
Weakly inaccessible cardinal, 33
Weakly (κ, λ)-distributive Boolean

algebra, 246
Weakly Mahlo cardinal, 96
Weight of measure algebra, 585
Well-Founded Induction, (T6.10) 68
Well-Founded Recursion, (E2.15) 26,

(T6.11) 68
Well-founded relation, 25
Well-founded sequential tree, 483
Well-ordering, 18
– canonical well-ordering of α× α, 30
– canonical well-ordering of Ord ×Ord ,

30
– canonical well-ordering of L, 190
Winning strategy in an infinite game,

see strategy, game
Woodin cardinal, 384, 647
Word, 574
– variable word, 574

Zermelo’s Well-Ordering Theorem,
(T5.1) 48

Zermelo-Fraenkel axioms, ZF, ZFC, 3
Zero-dagger, 0†, 353
Zero-sharp, 0�, 312
ZFA, 250
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