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webpage as a single pdf file.

Upward absolute and downward absolute. Let M and N be sets with M C N and ¢(y1, - .., yx) a formula
(with its free variables shown). We say ¢ is upward absolute for M, N if

Ymi,...,my € M(gaM(ml,...,mk) — @N(ml,...,mk))
We say ¢ is downward absolute for M, N if
Ymi,...,my € M(@N(ml,...,mk) — @M(ml,...,mk))

a. Verify that ¢ is absolute for M, N iff it is both upward and downward absolute for M, N.

Now assume that o(x,y1,...,yx) is absolute for M, N.
b. Prove that (3z)¢(x,y1, ..., yk) is upward absolute for M, N.

c. Prove that (Va)o(x,y1,...,yr) is downward absolute for M, N.

Absoluteness of well-orders. Let X be a set and R a binary relation on X.
a. Write down a Ag-formula ¢(x,y, z) such that “R is a wellorder of X” can be expressed as

(VA)p(A, X, R)
b. Write down a Ag-formula ¢ (z,y, z) such that “R is a wellorder of X” can be expressed as
ENv(f, X, R)

c. Let M and N be transitive sets/classes that satisfy the (finitely many) axioms used in the proof of the
Representation Theorem for Wellorders (Lecture 5). Prove that “R is a wellorder of X” is absolute
for M, N.

Consider the following order of X = {0,1} x w:

i=0and j=1
(t,m) R(j,nyiff Si=j=0and m<n

i=j7=1landn<m

a. Verify that R is a linear order, but not a well-order. (It is actually the ordered sum (w, <) ® (w, >).)
Let M =V, UP({0} x w) U{X, R}

b. Verify that V,, C M C V41 and that M is a transitive set.

c. Prove that every subset of X that is in M has a minimum with respect to R.

d. Deduce that the definition of “R is a wellorder of X” is not absolute for transitive sets.



