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(46) Let P be a partial order in which every antichain is countable; commonly called a ccc partial order. Let
G be an M -generic filter on P.
a. Prove: if X and Y are in M and if f : X → Y is a function in M [G] then there is a map F : X →

[Y ]6ℵ0 in M such that (∀x ∈ X)(f(x) ∈ F (x)).

b. Prove: for all ordinals α in M we have cfM [G] α = cfM α.

c. Let f : ω1 → ω1 be a function in M [G]. Show that there is a closed and unbounded set C in M such
that for all δ ∈ C we have (∀α ∈ δ)(f(α) < δ).

d. Use the previous part to show that if S ∈M is stationary in ω1 in M then S is also stationary in ω1

in M [G]. Hint : Show that a closed unbounded set C ∈ M [G] contains a closed unbounded set D
such that D ∈M .

(47) Assume M satisfies GCH and let G be M -generic on Fn(ωω × ω, 2). Calculate the values of 2ℵ0 and 2ℵω

in M [G].

(48) Let M be an arbitrary countable model of ZFC. Let P = Fn(ω1 × ω, 2,ℵ1)M and let G be M -generic
on P.
a. For a subset x of ω in M let Dx be the set of p ∈ P for which there is an α ∈ ω1 such that
{α} × ω ⊆ dom p and x = {n : p(α, n) = 1}. Verify that Dx is dense in P.

b. For α ∈ ωM1 let xα = {n :
⋃
G(α, n) = 1}. Prove that PM (ω) = {xα : α ∈ ωM1 }.

c. Prove that PM [G](ω) = PM (ω).

d. Deduce that CH holds in M [G].


