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A direct proof that |Lα| = |α|, when α > ω. And some exercises on elementarity.

1. We assume we have the well-orders <α of the Lα as constructed in class and Jech’s book; we denote the
order-type of (Lα, < α) by λα. Fix an α > ω and let βn be the order-type of Wα

n for each n.
a. Show that βn+1 6 β2

n · 10 for all n (ordinal arithmetic).

b. Deduce that λα+1 6 λωα (ordinal arithmetic).

c. Deduce that |Lα+1| = |Lα|.

2. Continuing the previous exercise, but making α variable again.
a. Prove that for cardinals κ we have λκ = κ.

b. Prove that α 7→ λα is a normal function.

c. Prove: if κ is regular then {α ∈ κ : λα = α} is closed and unbounded.

3. This exercise fleshes out the comments made in class about elementary substructures of the H(κ). We
work in H(ℵ2) and we let M be a countable elementary substructure of H(ℵ2). We let δ = M ∩ ω1.
a. Show that ∅ ∈ M . Hint : We have (∃x ∈ H(ℵ2))((∀y ∈ x)(y 6= y))H(ℵ2), so we also have (∃x ∈

M)((∀y ∈ x)(y 6= y))H(ℵ2). But ∅ is the only member of H(ℵ2) that satisfies the formula.

b. Show: if α ∈M then α+ 1 ∈M . Hint : Again: there is only one element of H(ℵ2) that satisfies the
defining formula of α+ 1.

c. Show: ω ∈M and ω1 ∈M (so M is definitely not transitive). Hint : ω and ω1 are uniquely definable.

d. Prove that δ ⊆M and δ /∈M .

e. Let C ∈ M be a cub subset of ω1. Prove that δ ∈ C. Hint : Prove that δ = sup(C ∩ δ), via
(∃γ ∈ H(ℵ2))(γ ∈ C ∧ γ > α), where α < δ.

f. Let S ∈M be such that δ ∈ S. Prove that S is stationary in M . Hint : Assume there is a cub set C
such that C ∩ S = ∅. Show that C ∈ H(ℵ2). Deduce that there is (another) cub set D such that
D ∈M and D ∩ S = ∅.
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