STRONGLY CONVERGENT MATRIX MODELS FOR ¢-GAUSSIAN
ALGEBRAS

MARTIJN CASPERS AND ENLI CHEN

ABSTRACT. We construct strongly convergent finite-dimensional random matrix models for finite
g-Gaussian family in the range || < v/2—1. The construction has two stages. First, we show that
normalized sums of graph-product semicirculars over an Erdés—Rényi graph satisfy the g-Toeplitz
relations up to an operator norm error converging to zero in probability. Using ultraproduct
methods, this yields complete strong convergence, uniformly over all matrix coefficient dimensions,
for noncommutative polynomials with bounded degree. Second, we use a quantitative tensor-
GUE for graph-product semicirculars to convert these operator models into finite-dimensional
random matrices. For every fixed polynomial degree, the convergence is uniform over coefficient
dimensions that may be larger than the dimension of the random matrices. As applications, in
the above range of g, the C*-algebra generated by a finite ¢-Gaussian family is MF, and the
Brown-Douglas—Fillmore extension semigroup of the nontrivial C*-algebra generated by a finite
g-Gaussian family is not a group.

1. INTRODUCTION

The ¢-Gaussian processes and g-semicircular variables, —1 < ¢ < 1, have been introduced
and developed by Bozejko and Speicher [BoSp91] and Bozejko, Kiimmerer and Speicher [BKS97].
They interpolate between Bosonic classical fields of Gaussian variables (¢ = 1) and Fermionic
CAR algebras (¢ = —1). The particular parameter ¢ = 0 gives a free semicircular system and
is of fundamental importance in Voiculescu’s theory of free probability. The aim of this paper is
to construct random matrix tuples such that norms of noncommutative polynomials in that tuple
converge to norms of the polynomial evaluated at a g-semicircular system. The main feature of
our construction is that convergence holds even when the coefficient dimension grows beyond the
size of the random matrices.

Let us give an overview of the origin and motivation of strong convergence results. Firstly,
distinction between weak convergence (convergence in moment) and strong convergence is essential.
Voiculescu proved that the independent GUE (‘Gaussian Unitary Ensemble’) converges in joint
x-moments to a free semicircular family [Voi91]. Haagerup and Thorbjgrnsen subsequently proved
convergence of the operator norm of every noncommutative polynomial [HaTh05|. Together with
weak convergence, this is called strong convergence; it retains the limiting C*-norm and rules
out spectral outliers that are invisible to normalized traces. Subsequent developments include
the real and symplectic Gaussian ensembles [Sch05], deterministic deformations of GUE matrices
[CoMal4], and the Wigner-type ensembles [And13].

A substantially stronger question is whether strong convergence remains uniform under growing
matrix coefficients. More precisely, assume an ensemble X™) to converge to X. For matrices
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AN e M Dy (C) one considers

Pa(X™M) = 3" AV & x(M,
|w|<d

where w is a word and Xq(UN) is the monomial of the ensemble described by w. For every fixed Dy =

D, this is a finite amplification of ordinary strong convergence. When Dy — oo, however, scalar
strong convergence gives no uniform control over the expanding coefficient ball. Such uniformity
probes the higher matrix norms of the bounded-degree polynomial space and hence its operator-
space structure, rather than only its scalar C*-norm. Equivalently, it is a finite-scale version of
complete norm convergence and it is relevant to completely bounded maps and minimal tensor
products; see [Pis03, [Pis14].

Growing matrix coefficients have played an important role in several developments in random
matrix theory and operator algebras. Pisier connected strong convergence with slowly growing
coefficients to the theory of subexponential operator spaces [Pis14]. In the related tensor-product
problem for independent GUE families, Pisier obtained strong convergence when the second matrix
size is o(N/4); Collins-Guionnet-Parraud improved this to o(N'/3) [CGP22]. Hayes [Hay22]
showed that reaching the matrix model dimension regime is powerful enough to have major von
Neumann algebraic consequences: the GUE strong convergence problem with equal coefficients
sizes implies under certain assumptions the Peterson—-Thom conjecture [PeTh11]; this problem was
subsequently resolved in [BeCa22l [BoCo23| based on Hayes’ method. Thereafter, the polynomial
method of [CGTvH26al, [CGVvH26D| has provided significant improvement of quantitative strong
convergence estimates with large matrix coefficients for several important random matrix models,
and has established strong convergence for tensor-GUE, which was conjectured by [MaTh26].
In particular, C.-F. Chen—Garza-Vargas—van Handel proved strong convergence for the classical
Gaussian ensembles with matrix coefficients of dimension exp(o(N)) [CGVvH26b|. Further strong
convergence results with matrix coefficients and explicit rate functions, preceding [CGVvH26D],
are contained in [BaBoVH23| [Par22, [Par23| [Par24, MaSa25|, and for further background, we refer
the reader to the surveys [vH26a, vH26b| and the references therein.

1.1. Strongly convergent random matrix models for ¢-Gaussian families for |¢| < v/2—1.
The main result of the present paper is a strong convergence result with matrix coefficients growing
faster than the model dimension for a finite tuple of g-semicircular variables (Theorem in
the range |¢| < v2 — 1.

In passing we note that for |q| < go(r), free monotone transport [GuSh14] represents an r-tuple
of ¢-Gaussians by analytic noncommutative functions of a free semicircular family. Combining
this representation with strong GUE convergence gives an indirect strong approximation in a
generator-dependent small-q regime.

To approach our main result here several finite-dimensional approximations of ¢-Gaussian fam-
ilies were previously known at the level of noncommutative distribution. Speicher’s ‘e-free’ central
limit theorem [Spe92] produces the standard spin-matrix approximation in joint *-moments, while
Sniady [Sni01] constructed Gaussian random-matrix models for 0 < ¢ < 1 interpolating between
Gaussian and semicircular families. These results do not by themselves control the norms of
arbitrary noncommutative polynomials.

In this paper we use yet another model that is rooted in the work of Mlotkowski [Mlo04]
and shows weak convergence of averages of large sums of semicirculars that randomly are free or
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commuting, where randomness is dictated by the Erdés-Rényi random graph with edge probability
q, in case 0 < g < 1. This model is still infinite dimensional but we approximate the semicirculars
in this model by GUE’s to obtain finite dimensional models.

To achieve this we need to overcome a difficulty that is of a different nature than prior results:
besides the coefficient dimension, the tensor-interaction given by the Erdgs-Rényi graph and the
number of variables also grow. We establish the required uniformity for these varying tensor-
GUE models and ultimately obtain ¢-Gaussian random matrix models with dimensions n; whose
admissible coefficient dimensions Dy, satisfy

Dy > ny.

Thus the approximation retains bounded-degree matrix norms beyond the matrix model size am-
plification level.

In fact, C.-F. Chen—Garza-Vargas—van Handel proved that tensor-GUE models associated with
a fixed interaction graph converge strongly to the corresponding graph-product semicircular family
[CGVvH26D, Theorem 9.8]. Their tensor-GUE strong convergence theorem concerns a fixed graph
and, in its sated form, a fixed polynomial with fixed matrix-coefficient dimension. They also
observe that a quantitative version can be obtained by bootstrapping their argument, based on
their recent developed powerful polynomial methods [CGTvH26a, [CGVvH26b|. However, the
question for coefficient-uniform estimates remain open. Further, we note that their convergence
rates worsen if the size of the graph increases causing a serious difficulty in the analysis.

Our use of tensor-GUE models differs in two respects. First, the interaction graph is an Erd&s—
Rényi graph whose number of vertices tends to infinity, and the normalized averages of the cor-
responding graph-product semicirculars converge to a g-Gaussian family. Second, we require the
strong convergence of tensor-GUE are uniform over bounded-degree polynomials whose matrix
coefficients and coefficient dimensions may vary with the random matrix size. Establishing this
uniformity is a substantial part of the argument.

Building on their quantitative Hayes’ model strong convergence results and universality argu-
ment, we establish a growing-coefficient refinement for tensor-GUE models, which allow the matrix
coeflicient dimension to exceed the dimension of the matrix models themselves.

The construction proceeds in two stages. In the first stage, we show that normalized sums of
graph-product creation operators (when 0 < ¢ < 1) or Clifford-twisted graph-product creation
operators (when —1 < ¢ < 0) indexed by I'y ~ I'(rk,|q|), namely LZ’E’“,@ =1,---,r, satisfy the
multivariate approximate g-Toeplitz relations, i.e. ¢-Toeplitz relations up to an operator-norm

error (see Theorem [3.12)):
L L L ;L Ny
(Lz,ak)*LZ,bk = 5‘1171 + qLZ,bk(Lz,ak)* + Eg,alI;’
where, with probability tending to one,

log k

max | Ef k| = O, (ﬁg) .
The error estimate follows from the logarithmic size of the clique number of an Erdés—Rényi graph
(see Lemma or [BoEr76]), as well as the square-root size of the centered adjacency matrix of
an Erdgs—Rényi graph (see Theorem [3.7| from [BaYi8§|, [Trol2, Theorem 1.4]).

Conceptually, this relation implements a g-deformed non-backtracking word reduction: it sepa-
rates immediate creation-annihilation contractions from reduced propagation, while the random-
graph fluctuation are absorbed into the vanishing error Fj, ,5; see Remark @

)
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Then using the universal g-Toeplitz algebra and an ultraproduct argument, we identify the lim-
iting representation with the g-Fock representation. Nuclearity and exactness then upgrade fixed
matrix coefficient strong convergence to complete bounded-matrix coefficient strong convergence.

One of the key ingredient for the ultraproduct argument is applying the faithfulness of the Fock
space representations of the universal g-Toeplitz algebras. Although it is expected to hold true for
all =1 < ¢ < 1, it was only proved for range |¢| < v/2 — 1 (JPuWo89]). This is where our specific
range of ¢ for the later strong convergence of our random matrix models occur.

In the second stage, we develop a growing-coefficient refinement of the tensor-GUE argument
of [CGVvH26b]. A dimension-free Fock-space comparison gives the quantitative estimate (see

Lemma

2l — )M
PalsIN = [|P4(xF <(7-
sup [Pa(s ) = 1Pa(")l| < JT

AA)<M
Combining this estimate with the quantitative Hayes’s model strong convergence theorem and the
universality comparison (developed in [BravH|) used in [CGVvH26b|, we obtain that the norms
of linear pencils of tensor-GUE models converge uniformly over coefficient dimensions D < N2,
Then we apply exactness compression to obtain the corresponding uniform lower bound estimate,
while a finite polynomial spectral detector and uniform linearization extend the result from linear
pencils to bounded-degree noncommutative polynomials.

Finally, we combine these two stages by realizing every graph I'y through tensor-coordinate sets
and then choosing the GUE dimension sufficiently large. This produces finite-dimensional random

matrices X 1(k), e ,Xr(k) such that, for every fixed degree d (see Theorem ,

12X, X))
1Pk(s”, s
in probability, uniformly for nonzero matrix-valued noncommutative polynomials P, of degree at

most d and coefficient dimensions up to Dy, where D, may be chosen larger than the dimension
of the random matrices themselves.

The construction of matrix models of this paper applies to the explicit generator-independent
range |q| < v/2 — 1, and provides quantitative complete bounded-degree strong convergence at
growing matrix-coefficient allowed larger than the dimension of the matrix model. To the best
of our knowledge, this is the first finite-dimensional random-matrix models proved to converge
strongly to nonfree g-Gaussian families throughout the explicit generator-independent range of
non-zero ¢ uniform over matrix-coefficient dimensions.

In this context we also mention that very recently Shlyakhtenko [ShI26] showed that ‘CAR-UE’
matrix models (see also [PiSh02]) do not strongly converge to semicircular variables. Heuristically
this model replaces Gaussian random variables, appearing as matrix entries of the GUE’s, by CAR
algebras. On the other hand in [ShI26] Section 4] it is shown that if these Gaussian variables are
replaced by ¢-Gaussians —1 < ¢ < 1 strong convergence to the semicircular system holds. Note
that in [ShI26] the limit model is semicircular (¢ = 0) whereas in the current paper we consider
different, finite dimensional, models that converge to any ¢g-Gaussian (at least if |¢| < v/2 — 1).

1.2. Sharp Erd&s—Rényi Graph-Product Degree-One Khintchine Inequality. As a first
consequence of the approximate g-Toeplitz relation, we obtain an asymptotically sharp degree-one
graph-product Khintchine inequality for Erd&s—Rényi graph products of semicircular variables
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which for —1 < ¢ < 1 states that (see Theorem [3.11)):

2

(L.1) T—¢q

—

o2 Lo <10gk> 1 Zk: oLk
“Vi—q \VE ) |[vEET
in probability, where the semicircular variables z4"* are labeled by T'(k, |q|); in case —1 < ¢ < 0
the variables are Clifford twisted versions of semicirculars. The limiting constant is optimal, since
2/4/1 — q is precisely the norm of a standard g-Gaussian variable. This complements the determin-
istic graph-product Khintchine inequalities of [CKL21| and the recent degree-one graph-product
Khintchine inequalites of [CoMi26, [STY25|. These works treat arbitrary operator coefficients
for a fixed graph and bound the norm in terms of adjacency eigenvalues, clique numbers, or
the associated trace monoid. These results are deterministic and thus hold for all graphs. For
an Erd&s—Rényi graph, applying their general clique-based graph-product Khintchine inequalities
gives, where the first estimate holds everywhere,

k
‘ \}E ngk < 2y/w(Tk) = Op(/logk),
v=1

whereas our probabilistic argument identifies the finite sharp limit 2/4/1 — ¢ and provides a quan-
titative error estimate.

Note that the Khintchine inequality is the simplest case of our strong convergence result
where the polynomial is linear and scalar valued. We stress that this specific case is already new.

1k

r
— g xdtr
\/Evzl

1.3. MF Property of ¢-Gaussian C*-algebras. As a natural corollary from the strong conver-
gent random matrix models for g-Gaussian family, applying a diagonal choice of the parameters of
such random matrices gives strong convergence for all noncommutative polynomials and implies
the MF property of the associated g-Gaussian C*-algebra with |q| < v/2 — 1.

Then using the recent proof [AJW26| of the simplicity of the ¢g-Gaussian C*-algebras, we show
that the ¢-Gaussian C*-algebras A,(C") with » > 2 are not quasidiagonal. Hence combining this
with the MF property, by Brown’s criterion [Bro04], we deduce that the Brown-Douglas—Fillmore
extension semigroup Ext(A,(C")) is not a group for r > 2 and |¢| < v/2 — 1.

1.4. Paper Overview. The paper is organized as follows. In Section [2] we fix notation. In
Section [3] we establish the Erdés—Rényi graph-product operators model approximation for g-
Gaussians, as well as the sharp degree-one graph product Khintchine inequality for the Erd&s—
Rényi graph. In Section [} we obtain a quantitative weak convergence for the operator model on
the level of ¢-Toeplitz variables. In Section [5] we pass the single variable strong convergence of
the operator model to complete strong convergence with growing matrix coefficients. In Section [6]
we convert the operator models into finite random matrix models via the tensor-GUE models,
and prove their strong convergence with growing matrix coefficients. The applications to the MF
property and extension semigroup are proved in Section [7}

1.5. Acknowledgements. Authors thank Luca Junk, Manish Kumar, Mikael de la Salle and
Roland Speicher for helpful discussions at the early stage of this project.
2. PRELIMINARIES

All C*-algebras are complex and unital, all tensor product are minimal, and Hilbert-space innner
products are linear in the first variable.
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2.1. Notation, polynmials and strong convergence. We write [m] = {1,...,m}, Mp =
Mp(C), and trp(A) = D~'Tr(A). The notation Mp y stands for the D x N complex matrices,
(Mp)sa for the self-adjoint matrices, and idp for the identity map on Mp. For a self-adjoint
element a, its spectrum is sp(a). If K, L C R are nonempty compact sets, then

du(K, L) = max { sup dist(x, L), sup dist(y, K) }
zeK yeL
denotes their Hausdorff distance, and
K+ [-¢cel={z+t:z e K, |t| <e}.

We write Z = Op(bg) if Zj /by is bounded in probability, and Z; = op(by) if Zy /by — 0 in
probability. An event holds with high probability if its probability tends to one. For a family
(Zk.0)ocr,, uniform convergence in probability means

sup P(|Zg 9| >¢) — 0 (Ve > 0).

oci;
We use C(z1,...,z,) for noncommutative polynomials in self-adjoint variables x1,...,z,. For
a word w = 11 - - - Iy, put
|lw| = m, Ty = Ty +* Tip Ty = 1.

Every Mp-valued polynomial of degree at most d has a unique expression
Pr)= Y Aw®@zw, Ag(P)= D [Aul.
lw|<d lw|<d

Its involution is determined by (Ay ® zy)* = A @ xyrev. For Ag,..., Ay € (Mp)sa and z =
(1, ,2v), we use the linear pencil

v v
Pa(z) :A0®1+2Av®xva A(A) :ZHAvH-
v=0

v=1
If E C A is an operator space, Mp(FE) carries the norm inherited from Mp @i, A. For a linear
mapu: E — F,

[ullet, = sup [lidp @ wu]|.
D>1

Let X™) and z be self-adjoint r-tuples in tracial C*-probability spaces (Ax,7n) and (A,7),
respectively. We say that X(N) converges strongly in probability to x if, for every scalar noncom-
mutative polynomial P,

n(P(XWN)) — r(P(2),  [PXM)]| — |[P(2)]

in probability [Mall2].
For a sequence Dy > 1, convergence is uniform up to coefficient dimension Dy at bounded
degree if, for every fixed d, M and € > 0,

sup P(|IP(XY)) — [P@)| > ) — 0.
1<D<Dp, deg P<d
PeMpRClxi,...xr), Ag(P)<M

If the supremum is over all D > 1, we call this complete bounded-degree convergence.
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2.2. Graphs and Erdds—Rényi models. A graph I' = (VI ET) is finite, simple, and undi-
rected. We write u ~r v for adjacency, Ar for the zero-diagonal adjacency matrix. A clique is
a subgraph whose vertices are pairwise adjacent, and w(I') denotes the clique number, i.e. the
maximal size of cliques in I'.

We use reduced graph products in the sense of [CaFil7]. A graph-product semicircular family
(Sv)ver is the canonical family in the reduced graph product of standard semicircular probability
spaces. Thus adjacent vertex algebras commute and are tensor independent, while an edgeless
graph gives free independence. The concrete graph-product Fock space is introduced in Section

For p € [0,1], T'(k,p) denotes the Erdés—Rényi graph on [k] whose edges occur independently
with probability p. If we index the vertices of I'(co, p) with the natural numbers than we may
naturally see I'(k, p) as a random subgraph of I'(co, p) by identifying it with the first k vertices.
This way we can make sense of limits £ — oo that converge almost everywhere or that converge
in probability by viewing I'(k, p) as subgraph of I'(co, p).

We write Pr and Er for its law and expectation.

In the multivariable construction we sample one graph I';, on

Vi=[Ex[r] =ViaU---UVip,  Via = [k] x {a},
including all cross-block edges. Throughout the ¢-Toeplitz and ¢-Gaussian model, the edge prob-
ability is p = |q/.
For negative ¢ we also use the Clifford C*-algebra Cliff(V}) generated by self-adjoint Clifford
unitaries (¢, )yey;, satisfying
CuCy = —CCy (U # 0), cg =1,

equipped with its canonical trace 7y, which is characterized by 7¢j(1) = 1 and by vanishing on
every nontrivial reduced word of Clifford unitaries.

2.3. The g-Fock space and ¢-Toeplitz algebras. Fix —1 < ¢ < 1, let H = C", and let
e1,...,e, be its standard basis. On

alg
Fag(H) = CQ, & P HE",

n>1
where Q) is the vacuum vector, the g-inner product on H®" is
Emg=(PMegm),  PM=>" g™,
ocES

Here U, denotes the natural permutation of tensor factors. For |g| < 1 these forms are strictly
positive, and their completion is the ¢-Fock space F,(H) [BoSp91], DyNi93].
The left creation operator on F,(H) is

bg(M)Qg =h,  Lg(M)(E1®-®&)=h®ER - B &n.
Writing £y o = £4(eq), we has
f;}agq’b = 5ab1 + q€q7b€;a.
Set
$SO =lya+Co  TEN=C"lea,- - lgr),
the latter is called the reduced q-Toeplitz algebra. And write the g-Gaussian C*-algebra and g-
Gaussian von Neumann algebra respectively as

A CTy=C(s\, @), TR =WHs\?, L s@),

T
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The vacuum functional ¢q(x) = (28, Qy), = € 7:1‘:‘?1 is not tracial on Ty¢. Its restriction to
A,(C") is a faithful trace, denoted by 7, [BKS97, Proposition 2.3]. We have

2 Cr(7m
s = o= and  m(sl s = 30 @ b
TEP2(m) {uv}er

Here P2(m) is the set of pair partitions of [m], cr(m) is the crossing number of 7, and the sum is
zero for odd m [BKS97].
Let 7, be the unital x-algebra generated by T, ..., T, with the g-Toeplitz relations

T;Tb = (Sabl =+ quT;,
and let 7, be its universal C*-completion. We call 7. the universal q-Toeplitz algebra. Then
L 7;‘?1

denotes the canononical quotient map.

2.4. Ultaproduct and approximation techniques. For nonprincipal ultrafilter &/ and C*-
algebras (Ay), their C*-ultraproduct is

gﬁlk = 5“((1%))/{(%) slhm flag =0}, ek = lim flag]-

We use the analogous Hilbert-space ultraproduct notation. We recall the Choi-Effros lifting theo-
rem that we will use: a complete positive contraction from a separable C*-algebra B to a quotient
B/J has a complete positive contraction lift to B [ChEf76].

The following consequence of exactness is needed in Sections [5] and [6]

Lemma 2.1 (Fixed-family compression). Let A be a exact C*-algebra and let E C A be finite
dimensional subspace. For every § > 0 there is m = m(FE,d) such that, for every D > 1 and
X € Mp(E), there are contractions U,V € M,, p satisfying

U)XV a1)|| =1 -0)|X].
In particular, m is independent of D and X .

This is [MaSa25, Lemma 5.13]; it also follows from the local operator space characterization of
exactness [Pis03, Corollary 17.5].
A separable C*-algebra is MF if it embeds into

HMJ@MM P My, = {(@r) : ax € Moyl — 0},
k k k

2.5. Normalized GUE matrices. A normalized N x N GUE matrix HN) is a random self-
adjoint matrix which has independent real Gaussian random variables on the diagonal entries of
variance N~! and independent real and imaginary parts of Gaussian random variables above the
diagonal of variance (2N)~!. Thus E o trN((H(N))z) = 1, and its limiting law is the standard
semicircular distribution on [—2,2]. All GUE matrices appearing together are independent and
independent of the graph unless stated otherwise; their joint law is denoted by Pr quk.
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3. STRONG CONVERGENCE OF ¢-GAUSSIAN MODELS

Let T' be a finite graph. Let Fr be the graph product Fock space of the graph product of
semicircular variables with respect to the vacuum state.

Fr=EC=rA4Y),
Af
where AF is the right-angled Artin monoid consisting of all words with letters in I'; i.e. without

formal inverses. For w € Al’f we let d,, be the unit vector that is 1 in the summand indexed by w
and which is 0 in all other summands. Denote Qr = . as the vacuum vector of Fr.

3.1. Graph Product Model. For v € I' we set the left creation operator
by : Fr — JFr @ 0y > Oy

Then £ is the left annihilation operator. We have the graph product creation relation
by = Ound + (Ar)wololy,.

Then al* = ¢, + ¢%, v € T are the graph product semicirculars. We also set

In=—m2 b
’F vel
We define the following annihilation-gradient map:
Dr:Fr > PT@Fr &) 6, ®0¢
vel
It is easy to see that Df(0, ® n) = £yn, for n € Fp, and DfDr = Y 05
3.2. Clifford-twisted Graph Product Model. Let {c,},er be self-adjoint Clifford unitaries
satisfying
C% =1, CuCy = —CyCy (U # ).

Denote the (finite dimensional) von Neumann algebra geneated by them as (Cliff(I"), 7¢1) where

71 is the usual tracial state that is 0 on elements of nonzero degree. In this case define the
Clifford-twisted left creation operator

ly i= ¢y @ Ly : L*(CLff(T), 7)) ® Fr — L2(CLff(T), 7¢1) ® Fr.

Denote ¢y as the vacuum vector of L?(Cliff(T"), 7¢y), then the vacuum vector of L?(Cliff(T), 7¢)) ®

JFr is Q¢ ® Qp. Then Z;'j is the left annihilation operator. We have the Clifford-twisted graph
product creation relation

05 0y = S — (AD)wolol,.
Then 2% = !7@ + Z:j, v € I' are the Clifford-twisted graph product semicirculars. Let

Lr =
v
We define the following annihilation-gradient map:
Dr : L*(Cliff(I), 7c1) ® Fr — £°T @ L*(CLfi(T), 7c)) @ Fr €~ D 0, ® L€
vel
Again, 5;(51, ®n) = Zjn, for n € Fr, and 5iﬁl~)p = ver EUZ"J‘ = ver boly.
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3.3. Approximate g-Toeplitz relation with the graph product and Clifford-twisted
graph product model. Consider the adjacency matrix as operator

Ap i T = 0T : 6, = Y (Ar)wwbu.
wel

1, ¢=20,
E =
¢ -1, ¢<0.

For —1 < ¢ < 1, put

For I ~ T'(k, |q|) define

A9 —cAr, B =AY _q(J-1).
Here J is the all-ones matrix, and I is the identity matirx.
Remark 3.1. BI(?) is symmetric matrix. The off-diagonal entries of Bl(fl) are centered and have
variance |¢|(1 — |g|). In particular, when ¢ > 0, every off-diagonal entry of B[ is mean-zero
Bernoulli random variable.

We now have the following.

Lemma 3.2. For T a finite (deterministic) graph with k vertices and —1 < g < 1 we have

B
(3.1) LiLp = qLrLi+1 — %ZM: + Di(~ @ I)Dr.
vell
and
- . -~ -~ - B -
(3.2) LiLp=qLrlh+1 - % N0+ Dii(?F ® I)Dr.
vel

Proof. Proof of (3.1)). The graph-product creation operators satisfy
by = Sy + (Ar)uolonly,.

Therefore

1 1 1
LiLy =~ > ity = - > Bund + (Ar)unluly) =T+ - > (Ar)unlul,.

u,vel’ u,vel u,vel’
Since Ar has zero diagonal, we can write this identity as
1
LiLp =1+~ > (Ar)unlul,

u,vel’
UFAV

Next, we have

LrL} = % >t

u,vel’

qLrLE — %Zmz - % Yt

vell u,veVTu#v
Since Br = Ar — q(J — I), for u # v,we have

(Br)us = (Ar)uwy —q and  (Br)y, = 0.

Hence
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We now compute the Dp-term. By Dr{ = 6, ® £:€, and D (6, ® n) = £y1, we have

Br 1 1
Dfy|—®I)|Dr=Df |~ Br)yu 0y == Br)pululs.
g ( k ’ ) ' g k UUZEF( F) ’ ®£u k uUZEF( F) ‘ Eu

Using (Br)y» = 0, we obtain

B 1
Ds: (kf ® 1) Dr = > ((Ar)uw — @) oL,

u,vel’
uFv
Consequently,
g 4 X « [ Br _q 1 .
Lp p—%ZMﬁDr —@I)Dr=1 > bl + 4 > ((Ar)uw — @)l
vell u,vel’ u,vel’
UFU uFv
1 *
=z > (Ar)unlul,
u,vel’
UFV

Adding the identity term I we get
LiLr =qLrlp +1 - > 4ty + D (k ® 1) Dr,
vel’
which gives the first identity.

Proof of (3.2)). For Clifford-twisted graph product model we have
00 = 6] — (Ar)unlu .
Thus the same proof works with the Clifford-twisted adjacency matrix —Ap in place of Ap. Equiv-
alently, we just replace Br by Br, then we get

TxT T T q 7 x N EF =
LiLr =qLeLp+1 - > byl + Dy (k ® I) Dr,
vell
which gives the second identity.

Next we turn to the probabilistic setting. We first make the following remark.

Remark 3.3. Assume 0 < ¢ < 1. We interpret the terms in (3.1)) as follows:

q—ToeplitAz relation ;emainder 1 ,L;ai/&
LiLr =qLrLi+1— > 6+ D= ®1)Dr.

k
vell

We will show in the remainder of this section that if I' = I'(k, ¢) and we let £ — oo then the two
remainder terms will go to 0 with high probability and the g-Toeplitz relation remains. This is
essentially why our proof works. The analogous observation holds for (3.2)) for —1 < ¢ < 0.

We first consider the necessary estimates that control remainder 1 of Remark [3.3]

Remark 3.4 (Starting clique). For w € A there is a uniquely defined largest clique Initr(w)
such that |Initp(w)w| = |w| — |[Initp(w)|, i.e. Initp(w) is the largest clique at the start of w.
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The following lemma is now straightforward and we omit the proof.

Lemma 3.5. We have for w € A{ that Y

A

vel

0,05 8y = |Initr(w)|0y. In particular,

S

vell

vel

= w(D).

In case of the random graph I' = T'(k,q) we have good control over the maximal clique size
w(IT'(k,q)). In fact, it is a classical result by Bollobas and Erdés [BoEr76l Corollary 1] that
w(T'(k,q)) is highly concentrated around only two neighbouring natural numbers that are of
O(log(k)). Here we use a slightly different statement about the tail bound that can be found
in [AISp08, Section 10.2, p. 184|. Its proof is only stated for ¢ = % but holds verbatim for other
values of ¢ as is also mentioned in [AISp0§|. We give the proof for convenience of the reader.

Lemma 3.6. Let 0 < g < 1. For every constant Cyq > m, there exists a constant cq > 0 such
that
P(w(T(k, q)) > Cqlogk) < exp(—cq4log? k)
for all sufficiently large k.
Proof. Let m = [Cylogk]. If w(I'(k,q)) > m, then the graph contains an m-clique. Hence, by the
Markov’s inequality,
P(w(T(k,q)) > m) < E[X,
where X, denotes the number of m-cliques in T'(k, q).
Since every m-subset of vertices forms a clique with probability q(gL ), we have

E[X,,] = (k)q@.

m

Using the elementary estimate (7’;) < (%)m, we obtain

k; m
PlD(0)) 2 m) < () gmim b2
Taking logarithms gives

logP(w(['(k,q)) > m) < mlog<fj> - 10g(21/(1)771(m -1).

Since m = Cylogk + O(1), we have

mlog<ek> = C,log® k + O(log k log log k),
m

while )

log(1 Clog(1

7og(2 /q)m(m —1)=-1 "= i( /) log?k + O(log k).
Therefore

C2?log?(1
log P(w(T'(k,q)) > m) < (Cq - qu(/q)> log? k + O(log k loglog k).
. 2 . Cglog(l/q) c . .

Since Cy > Toa(1/9)’ the coefficient €y — —4——— is strictly negative. Hence there exists ¢, > 0
such that

log P(w(T'(k,q)) > m) < —c,log? k
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for all sufficiently large k. Exponentiating both sides yields
P(w(I'(k,q)) > Cqlogk) < exp(—¢q log? k).
O

To control remainder 2 in Remark [3.3] we recall the following. Note that by Remark [3.1] we are
indeed in the setting of the cited references.

Theorem 3.7 (Theorem A of [BaYi88| and Theorem 1.4 of [Trol2]). For 0 < ¢ <1, we have
o1
k72 [ Breg | = 2va(l — q).

in probability. Further, there exists by > 0 and T > 0 such that for every t > T and k € N>1 we
have

byt?
P (HBF(k’,q)H > t) < lexp <_k n t> .

Proof. The convergence

1
k72| Brg,gll — 2v/a(1 —q)

follows from Bai-Yin’s result [BaYi88| applied to the centered Bernoulli Wigner matrix Bpj q)-
The non-asymptotic tail estimate

byt?
IP(HBF(’%Q)” >t) <2k exp(-kq_{_t)

follows from Tropp’s matrix Bernstein inequality [Trol2]; alternatively see Oliveira’s result [OIi10]

for adjacency-matrix concentration in random graphs with independent edges. O

Corollary 3.8. Let a € (%, 1). For any 0 < q < 1, there exists a constant bf] > 0 such that for all
k € N>1 we have,

P (|| Brgll > k%) < kexp (—bjk** ") .
Now,when 0 < g < 1, we denote
LY =Ly and DY = Drgey;
when —1 < ¢ < 0, we denote
L](gq) = Er(k,_q) and D](Cq) = EF(k,—q)'
Combining Theorems and we are now able to estimate Ly q) with high probability.

Theorem 3.9. For every —1 < q < 1 there exists Cq > 0 such that for every o € (%, 1) and k e N
we have:

(1) for nonnegative q:

1 log k + k“log k
C
1—q+ 1 k

P (HL;‘])HQ < > > 1 —exp(—cqlog® k) — kexp (= b, k> "),

(2) for megative q:

logk + k% logk

P10 <14 G

) >1- exp(—cq log? k‘) — kexp ( — b1q|k2"‘_1).
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Proof. By Theorem we have for every —1 < ¢ <1, HD,(:])H2 = w(['(k,|q|)). Hence
(9)
B

We now estimate HL;‘J)HQ.
If 0 < ¢ < 1, then by Lemma [3.2

w(l'(k,|q
< SO LD) o

. q w(l'(k,q
IZEE = NP L < 1+ a2 + L ir, o) + ZEE D o
Therefore (T(k.q)
w Y
(A= @I <1+ Jwk,) + =222 B
So for Cy = 3¢/(1 —q)
(9)
W< L Cy (@O la))  wT ld)IB"|

If —1 < ¢ < 0, then the term qu(f)(LgI))* is negative, so in operator order it can be discarded
for an upper bound. Therefore by Lemma [3.2]

T(k,
(3.4) ”Ll(cq)||2 <1+ ’Z|W(F(k‘, lq]) + W((k’quBl(cq)”‘
We shall now derive (1] from (3.3)); the derivation of (2)) from (3.4) follows in exactly the same

manner. Let

Gr = {w(T (b, la)) < 3log 2 K} 0 {IB) <k},
On Gy, by Eq. (3.3]) we get

, 1 10g%k‘ ko‘log‘%lk
-
| Lr|® < 1_q+0q y T p

We now bound the probability of Gi. First, by Theorem (3.6, we have
P(w(T(k, |q])) > i’)log%I k) < exp(—cq log? k).
q

Second, by Theorem we get for some constant bT a >0

P(IBY) > k) < kexp(~H, k).
By the union bound,

P(Gk) > 1 — exp(—cqlog® k) — kexp(— \lq|k2a_1)-

This proves the theorem.
O

Theorem below is one of the main theorems of this paper and shows that with high proba-
bility we have a Khintchine inequality for sums of semi-circular variables that randomly are either
free or commutative. Moreover the inequality is sharp by Theorem [5.4] we prove below applied to
the 1-variable case with a scalar valued linear polynomial and the fact that a g-Gaussian generator
s{ has norm 2/y/1—gq.

The deterministic analogue of this problem has been addressed in [CoMi26, [STY25|; however a
bandwidth between the upper and lower bound remained.
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Lemma 3.10. Let -1 <qg<1land T € B(H). If r = ||T*T — I — qT'T*||, then we have

T+ 77| < vV1+r.

2
Vi
Proof. Denote R =T*T — I — qTT*, then r = || R]].

When 0 < g < 1, we have

IT|* = | T*T|| < 1|l + | TT*|| + | T*T — I — qT'T"|

=1+4|T|*+ || Bl
This give that
1+7r
Il < 4/

Therefore 5
T+ T <2T| < iy 1+
When —1 < ¢ <0, let p = —¢q. Take a unit vector £ € H, we have
ITE? +pIT*¢)1? = 1+ (RE, €).
But [(T€, §)| < |T¢]| and [(T€, &) = (&, T*E)| < | T7E], we get
(7€, €)|* < min{||T¢|%, | T*€|}.

On the other hand, we have for a,b > 0, min{a, b} < “=2°, therefore

1+p
s o ITER +pIT e _ 14 (ReE)
e < ITELATEL _ 1t (Re.8)
But
1+ (R
(T + T)6.8)| = 20(Te, )] < 2(Te. &) < 2y [ LETES,
we finally get
2
T+T = T+T" 1 .
74T = s (74706, 8)) < S VT

O

Theorem 3.11 (Sharp Erdés—Rényi graph-product degree-one Khintchine inequality). Let —1 <
q < 1. Then for every a € (%, 1) there exist constants Cy,cq > 0 such that for every k € N

1 2
VEk Z v1—gq

vel'(k,lq])

+ Cgk® ogh | > 1 — exp(—cylog® k) — 2k exp(—cgk** ™).
Consequently, for fived e > 0 , there is constant cq. > 0 such that for large k

1 2 k
P l‘g’rk < — =t >1—exp(—c,clo 2 k) — 2k ex <—C ) s
vk ver(zk ) A - p{~caelog” ) P log b2

where

r
nyFk — ka7 q Z 07
v e g <.
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More sharp, but without tail bound, we have in probability

1 Z LTk < 2 +Ologk).
vk

—~

Proof. By Lemma

where (@)

q . (B

EIEQ) = qu()q) (gv‘I)) + (D(Q)) % ® I) DI(CQ)
Since (@) (@
(D) DY = S 40 (0
and (@)
D711 = w(I'(k, |q])),

we have

q w(l'(k, |q
12D < Do, gy + LEED oy

Again, define the good event
= < < k¢
G = {w(T (k. la)) < 31og 1k} {IBY] <k}
Then on Gy,
log k + log(k)k“

k = O(k* logk).

1Bk < Cq

Applying Theorem with Ty = Ll(f) gives

1 2
— Z BT HL(q) + ( )| < + O(k* logk)
v 1 —
VE el @ Vo
on Gg. Finally, Theorem [3.6] yields
P (w(D(k, lql)) > 3log 1 k) < exp(—c,log? k),
q
while Theorem [3.8] gives

P <||B,(€q)|| > k:a) < 2k exp(—c k?*1).
And then take the union bound to completes the proof. ]

3.4. Multivariable approximate ¢-Toeplitz relation. Now we turn to the r-variable case. We
recall the notation for graphs in multivariable case in Section Now we sample the Erdgs—Rényi
graph on Vj, = [k] x [r], and denote this graph as I'y. For a € [r], let 'y , on Vi, = [k] x {a} be
the subgraph of I';, inheriting all edges from I'j,. Let .A+ (I'k,q) be the words in A+ that do not
start with a letter in .A+ . For w € A+ (I'k,q) the map 5 > Ouy identifies JFr, 1sornetrlcally as
a subspace of Fr,. Moreover this map mtertvvlnes the actions of £,,v € I'g 4 and Lr, ,. Hence,

(35) ]:Fk = @ ]:Fk,aw = @ frk,a'
wGAPTk(Fk,a) wEAIfk (Tk,a)

It follows in particular that holds for Lr, , acting on Jr, through (3.5).
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Define
Lok — e 'y _ 7ol q,r
k ak \/’ Z (a, ilg’ and Sk,ak - Lk,ak + (Lk,ak)*'
vEFk a
We shall now also show that this ¢-Toeplitz type relation holds for different generators. Some-
time we moit the superscripts I';, in the above notations.

For a,b € [r], let Bi(ng)zb be the block of B&) with rows indexed by I'y , and columns indexed by

I'kp. Define
DWe= 3" 5,@ (49)¢
uEFk,a

Lemma 3.12 (Multivariable approximate g-Toeplitz relation). Let —1 < ¢ < 1 and a,b € [r].
Then

(3.6) (LY L) = 01 + qL (L) + B,
Here,
(a) @Oab (a) () y* (a) )% B,(jfga (a)

Ek,ab = = T u; Eu (Eu ) + (Dk,b) T ®1 Dk,a'

Consequently,
lglwTr) | w(T)| o)
. E By

(37) ma B0, < 4 - SEH B0,

In particular, there are events Gy with Pr(Gr) — 1 and deterministic numbers 6 — 0 such
that
max [ E(D,| <6 (T € Go).

log k
o ().

Proof. The graph-product and Clifford-twisted graph-product creation operators satisfy, respec-
tively,

One may take

by = 0upl + (Ar,))unlols,
and N o
(gu)*gv = 5uv1 - (AFk)uvng(eu)*
Thus, in both cases,
(E2) 0 = bunl + (AF) (0

Summing over u € I'y , and v € I'y;, gives

)

1
(L)L = 0wl 5 D2 (A )l
uEFkya
vEFk,b

«_ 4 *
arflefly =1 5 a9

’LLGFkYa
UEFk,b

Subtracting
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yields (3.6). The diagonal contribution occurs only when a = b and equals
q *
% Z 09 (pla)y*

uerk,a
Moreover,
DN = Y 6@y | <w(my),
uEFk’a
and

1Bl < 1B
This proves (3.7). The final assertion follows from the clique number estimate and the random-

matrix norm estimate for B&) from Theorem and Theorem . OJ

4. VAcUUM EXPECTATIONS COMPARISON BOUND

In this section we prove Theorem which shows in particular that g-Toeplitz generators £, ,
can be approximated in moments by the models operators Ly ,. This strengthens a theorem by
Mtiotkowski [Mlo04] who showed already that (. + ¢; , can be approximated in moments by
Lio+ L;;, .- Our estimate is moreover quantitative.

We use the notation of Section 2| and let I' be a graph with edge labels [k] x [r] and T'; the
subgraph with labels [k] x {a}. Let

k
1
Lk,a:ﬂgek,aa a:17'”7r7

be the averaged creation operators on the graph-product Fock space JFr,.

Let
Q% _ Qka q Z 07
k ok @ Oy, ¢ <0,

where £cy 1 is the canonical tracial GNS vector of the Clifford algebra. Define the vacuum states
on two models:

Par(T) = (TQL,QF,),  @q(T) = (TQq, Q).
In Lemma [3.12] we proved that
(4.1) L;;aLk,b = Oapd + qu,bsza + Ej ab-
Let 6 = maxi<qp<r ||Ekap||. For I'y ~T'(kr,q), we have

log k
)

(Sk; - Oqﬂ«(ﬁ

in probability. On the other hand, we have
g;,agq,b = 5abI + q€q7b527a.
Since Ly ,Qf = 0,0, ,Qy = 0, we easily get
Pqk(Lka, +* Lia,) =0, ©q(lg,ar*Lga.) =0,

for any nonempty pure creator word. The analogous statement holds for a word consisting purely
of annihilators.
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Since by combining Theorem and Lemma and [BoSp91| Lemma 4],

1 1
| Ly.al? < + O, [g,all <

min{l — ¢, 1} v/min{1 —¢,1}’

there is a uniform bound K, such that for all k£, a we have ||Lj || < K, with probability going to
1 as k — oo, and |4, 4] < K.

Let w be a word of letters {1,--- ,r,1*,--- ,7*} and letter a means a creator, a* means an anni-
hilator. Let Ly, be the corresponding word of the graph product averaged creators/annihilators,
{44 be the corresponding word of the g-Fock space creators/annihilators. For instance, if w =
ajazazay, then Ly, = Lk,a1Lk,asz,a3Lz,a4v low = Lga1lg,a0ly aylya,- When w = &, we just put
Ly =114z = 1. For these two kinds of words, we prove the following word comparison bound,
which tell that the difference between ¢g (L ) and ¢q(fg,w) will go to 0 being of order Jj.

Theorem 4.1. There are events Gy with Pr(Gy) — 1 as k — oo, such that for any word w of
{1,---,r, 1% - [ 7*}, we have

q, ) q q q

Proof. For t € N, we define

D(t) := ‘81‘15 |0qk (Lkw) — ©q(Lg,w)l-
w|<t

Denote Qg := %M' Let K, be as in the paragraph preceding this theorem and assume we are in

the event that || Ly 4| < K4 which has probability converging to 1 (Lemma [3.12). Choose a large
C, such that

(4.2) K <Cp  Qq<Ci.

In what follows we prove by induction that D(t) < tC}dy.

Fort =0,1, D(t) = 0.

For |w| = ¢ > 2, we assume D(t —2) < (t —2)CL™26;, and run the following procedure to reduce
the word length:

If w ends in an annihilator, then since Lz, aﬂ%k = 0,05 .82 = 0, both traces vanish. If w has no
annihilator and is nonempty, both traces again vanish.

Therefore we can assume w has at least one annihilator and does not end in annihilator. Write
w of the form w = wa*ajas - - - as, where a* is the rightmost annihilator of w, and @ is the subword
of w before a*.

Then Ly, = Lk,wLZﬂLk,m -+ Lg q,. Now, we move L?a to the right using the approximating
g-Toeplitz relation Eq. iterately, then we obtain

S
i—1
;;,aLk,Ch o Lpa, = Z 4" daa; Loy “Lia; oy Liagyr - Lias

i=1

S
i—1 s *
+ E :q Lk,a1 e ‘Lk:aiflEkyaaiLk’ahLl T Lk,as +4q Lk,al T Lk,as k.a*
=1



20 MARTIJN CASPERS AND ENLI CHEN

But gk (LkwLia, - Lk7asLZ,a) = 0 since L;;aQ%k = 0, therefore

Contraction Terms
N

Pq,k Lk w Z q aaZ Pq,k Lk ka ai e Lk,ai,lLk,aHl T Lk,as)

Error Terms
o\

S
+> ¢ gk (LhaLiar - Lhar + Praa: Dhacys - Dhay)
i=1
On the other hand, by the analogous arugment for the g-creation operators

E q aaﬂ'q eq,m o ‘eq,ai—1£q7ai+1 o 'gq,as)'

First, we bound the dlﬂerence of the contraction terms of two models. For each ¢, the contraction
removes two letters a; and a from w, thus the resulting words have length ¢ — 2, therefore the
difference is bounded by D(t — 2). Then the difference between two total contraction terms is
bounded by

1
1—1
E D(t —2) D(t—2).

Second, we bound the error terms of the graph product model. In i-th error term, L} Ly o, is
replaced by Ej, qq,, so there are at most ¢t — 2 ordinary L and L* factors. Thus

’¢q,k(Lk,@Lk7al T LkvaiflEkﬂaiLkaaiJrl o 'Lk’,az‘)| < HLk,ka,al T Laz‘—lEkﬂaiLk,aiH o 'Lk,asH

< K.7265,.
Therefore the total error is bounded by
Kt72
Z g K26 <
Pt gl
Combining these two bounds, we get that
Kt—2
4.3 D(t) < D(t—2)+ —1—5§,.
(43) ©) 1—q| t-2) 1—q|

Now, we use the induction assumption and the inequality Eq. @, we have, by @,
D(t) < Qq(t —2)CL 261 + QuKL 26, < (t — 2)CLoy + Cloy, < tCléy,
which concludes the proof. O

Remark 4.2 (A non-backtracking viewpoint). The reduction in the proof of Theorem[1.1]admits a
useful non-backtracking interpretation. On the graph-product Fock space Fp = ¢? (Aff), a creation
operator follows a labelled edge of the Cayley graph of the right-angled Artin monoid, whereas
the corresponding annihilation operator traverses such an edge backwards. The relation

(DY) = 51+ (A 0 (£0)"

v

either contracts an immediate creation—annihilation reversal or moves the backward step past
a creation operator whenever there is an edge in the graph. The Clifford twist supplies the
appropriate sign when ¢ < 0.
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After averaging, this relation becomes
LZ,aLk,b = dapl + qu,bLz,a + Ek,ab-

Thus, moving the rightmost annihilator through the creators to its right either contracts a matched
pair, reducing the word length by two, or moves the annihilator one step further with weight q.
The terminal uncontracted term has zero vacuum expectation. Iterating the procedure produces
the usual g-weighted Wick contractions [EfPo03|, while Ej, 45 collects the centered-adjacency and
finite-graph corrections. In this sense, the estimate maxgp || Ex qp|| — 0 is a Fock-space analogue
of controlling the remainder in a non-backtracking expansion.

This viewpoint is related to the reduced-word framework underlying graph-product Khintchine
inequalities [CKL21] and to the matrix-valued and operator-valued non-backtracking methods
used in strong-convergence problems [BCI19l BC24, [FP23]. We emphasize, however, that this
is an operator-theoretic analogy: our proof does not introduce a Hashimoto operator or use an
Thara—Bass identity.

5. STRONG CONVERGENCE FOR MULTIVARIATE POLYNOMIALS

In this section we prove that the reduced g-Toeplitz algebra admits strongly convergent models.
We let —1 < ¢ < 1 and consider the ¢-Toeplitz algebra7, , with r canonical generators 17, ..., T,
which subject to the ¢g-Toeplitz relation

Ty = ¢TI, + Oap-

Let again lq1, ..., Ly € B(F4(C")) denote the g-creation operators and let 77¢4 be the reduced
g-Toeplitz C*-algebra generated by them. The assignment

(5.1) To = ya

U

is a faithful representation 7,, — Hﬁd. For the universal g-Toeplitz C*-algebra 7.,
Tqr, let

generated by

D, Ty — Jred

q7r ’

be the map extending (5.1)) by the universal property of 7.

Remark 5.1. In [PuWo89) it was proved that ®, is an isomorphism for |g| < v/2—1. Outside this
range this is unknown and we refer to [DyNi93|, [Kuz23| for related results and further discussion
on this.

Let again Ly , = ﬁ 25:1 lkq € B(Fr), see Section For d > 0, put

11 im

5c(lq) :span{l, s 5@ <m<d, i1,...,im € M} < Tgrs

where s{? = lga + Ly o For a graph I, set S,ii](’lr) = Lgff) + (L,(gf))*.

Remark 5.2. The monomials occurring in the definition of £ (gq) are linearly independent. This is
proved in (the proof of) [CIW21], Theorem 4.1] but we give the short argument for convenience of
the reader. Indeed, if P has degree m, then the projection of P(S(Q))Qq onto the m-particle space
is the coefficient tensor of the homogeneous degree-m part of P. The g-inner product is strictly
positive for |¢| < 1, so this tensor vanishes only when all degree-m coefficients vanish. Descending
induction to the degree of P proves the assertion.
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As a consequence of Remark there is a well-defined linear map @,(Cdl)ﬂ : Séq) — B(Fr) given
by
d T T
I W)

We include the following standard lemma for completeness.

Lemma 5.3. Let € be a finite dimensional operator space. There exists ce > 0 such that for every
R: & — B(H) we have ||R||ch < ce||R]|.

Proof. Letey,...,en beabasisof £ and let f7, ..., f € £ be the dual basis, i.e. f(ep) = dqp. We
have || fZ|| = [| f&lleb- Now let X € Mp(C)®E and write X =Y 7" | X, ®eq. As X, = (id® ) (X)
we find that

I(id @ R)(X)|| = 1> Xa® R(ea)ll < D IXallllR[leall <> NLMX IR eall,
a=1 a=1 a=1

so that ce = > 0" | || f¥]|||eq]| does the job. O

For the upper bound in the following theorem we we were inspired by [ShI26, Theorem 6]. We
show that in the nuclear case the argument can be changed to yield a completely bounded strong
version of the strong convergence result.

Theorem 5.4 (Complete bounded-degree strong convergence). Let —1 < g < 1 satisfy |q| <
V2 —1, and fir r,d > 1. There are events Gy, such that Pr(Gy) — 1 and

d
I(idar,, ® OF) (X))
sup sup sup X — 1| — 0.
FEG D21 0 xento (el 1X]

Equivalently, for every sequence Dy, > 1 and every sequence of nonzero matriz-valued noncommu-
tative polynomials P, € Mp, (C) ® C(z,...,z,) of degree at most d,

T T
IPL(SE™ ., sy

1Pe(si, ..., 8D

i probability.
Proof. Let Gy be the events from Lemma [3.12] enlarged if necessary so that

gwnﬁ%n<kf (I € Gy)

for a constant K, independent of k£ and I' € G, and we have Pr(Gy) — 1.
We first establish fixed-matrix-level convergence. Let I'y € Gp be an arbitrary deterministic
sequence and let U be a nonprincipal ultrafilter. Put

Ap = CHLE™ L L),
as C*-subalgebras of £>°(Gy; B(Hr)). By (i.1)) the elements
L, = kqfk kU € H‘Ak

satisfy the exact ¢-Toeplitz relations

ﬁ:ﬁb = 0wl + qﬁbﬁz.
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Therefore the universal property gives a representation of the universal ¢-Toeplitz algebra. Since
P 7;?}1 is an isomorphism for |q| < v/2 — 1 [PuWo89], this representation induces a
*-homomorphism

(5'2) 7-Ted — HAk’v @Z}L{(Eq,a) = £a~

Let, for 0 < ¢ < 1, Fy = Hk:,u Fr(k,q) be the corresponding Hilbert-space ultraproduct and let
Qs be the ultraproduct vacuum vector. In the Clifford-twisted case, —1 < ¢ < 0, use the canonical
tracial GNS vector in the Clifford factor to define F;;. Theorem gives, for every *-polynomial
Q7

(Q(Lyy.. . Lo LT, L)y, y) = <Q(€q,1, oy Uy 15 g ) Qg Qq> .
Hence the cyclic representation generated by 2, is unitarily equivalent to the g-Fock representa-
tion. The latter is faithful on the reduced algebra 7';7?‘1, this easily follows as €, is cyclic. Therefore
iy is injective, and hence completely isometric.

It follows that, for every fixed m,

s sup|[(idas,, ® O (X — 1 X]| = 0.
(5.3) Tk xenr, (g<q>
X<t

Indeed, otherwise one could choose a violating sequence I'y and, by compactness of the unit

ball of Mm(é'éq)), obtain a contradiction to the complete isometry of (5.4).
We next prove the upper estimate at arbitrary matrix level. Suppose it fails. Then, after passing
to a subsequence, there are

Te€Gr, Dip>1,  Xi€ Mp ()
such that || X|| =1 and
(5.4) IGdar,, ® OF ) (Xp)| > 1+¢

for some ¢ > 0.

The reduced ¢-Toeplitz algebra ’7;?}1 is nuclear: by [Kuz23, Theorem 1.2], it is isomorphic to
the Cuntz—Toeplitz algebra. Recall that Hk,u Ay, is by definition the quotient of [ ], Ax by the ¢y
sequences with respect to U. By the Choi—Effros lifting theorem, the homomorphism has a
completely positive contractive lift

(5.5) U= (dn)n fed—>HAk

Set )
Ry = 912%k ~ Pkl
Since . lifts ) and 5 9 is finite dimensional we have |IRk|| — 0 and by Lemma even
| Rilleb — O. Consequently,
. d )
I(idary, ® O )X < [l (idnrp, © 6)(Xi)| + | Rillen | X
<1+ 0y(1),

contradicting ([5.4)).

For the lower estimate, suppose that there are € > 0 and sequences as above such that

. d
Xkl =1, [(idary, ® OFL ) (Xp)| <1—e.
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Fix § € (0,e/3). Since T4 is exact [KeNill], in fact it is even nuclear [Kuz23|, the fixed-

family compression lemma [MaSa25, Lemma 5.13|, applied to E = éq), gives an integer mg =

mo(d,r,q,0) and contractions
Uk, Vk (S Mmo,Dk ((C)
such that
Yi = (U @ DXp(Vik @ 1) € My (E)
satisfies
IVl > 1—06.
On the model side,

. d . d
(5.6) I (idas,,, ® OFF )Y < [l(idar,, ® OF (X[ <1 —e.

m

But (5.3)), applied at the fixed my, gives
. d
I Gas,,, © O, ) VIl = Vil +ou(1) 2 1 =3+ ou (1),
contradicting (|5.6)). O

Corollary 5.5. For every fized matriz-valued polynomial P,

IP(SEED) L S = P, sl

T
in probability.
Proof. Apply Theorem 5.1 with d = deg P and the fixed coefficient dimension of P. O
Remark 5.6. Theorem holds true for any —1 < ¢ < 1 as long as ®, is an isomorphism.

6. STRONGLY CONVERGENT MATRIX MODELS

In Section [5| we have shown that ¢-Toeplitz algebras admit strongly convergent models of ran-
dom graph products of creation and annihilation operators with arbitrary matrix amplifications.
The latter models are still infinite dimensional. In this section we focus on the subalgebra of
g-semicircular elements and show that they can be approximated with GUE’s yielding finite di-
mensional models that converge strongly. This is also the place where control of the growth rate
of the matrix amplification is essential.

6.1. Tensor-GUE models. Tensor-GUE models are random operators on the multipartite space
(CM)®L in which each independent GUE matrix acts on a prescribed collection of tensor coordi-
nates and as the identity on the complementary coordinates. The overlap pattern of these supports
determines the limiting mixed independence: disjoint supports give commuting, classically inde-
pendent variables, while the full joint limit is the graph-product semicircular family. This form
of mixed classical and free independence is discussed in [Mlo04, [SpWy16]|. Weak convergence of
the corresponding tensor-matrix models was proved in [ChCo21l, Theorem 4]. Strong convergence
was obtained for particular tensor configurations in [BeCa22l [CY26|, and for every fixed finite
interaction pattern in [CGVvH26b, Section 9.4, Theorem 9.8|.

We recall the construction and comparison scheme of [CGVvH26D, Section 9.4]. The fixed-
parameter strong-convergence theorem is not by itself sufficient for our application, because the
matrix-coefficient dimension below grows with N. Section [6.2] establishes the required uniform
refinement.

The results of this section can be found in [CGVvH26D].
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Fix integers L,V > 1 and nonempty subsets Ki,..., Ky C [L]:={1,...,L}. For N > 1, let
G = HN) @ Ik, € Myo(C), 1<v<V,

where (Hl(,N));/:l are independent normalized GUE matrices of dimension NI&vl. Set GWN) =
(GgN), ey G&N)). Its limiting model is the I'-independent semicircular family z! = (x{, ey x{,),
where I is the graph on [V] defined by

verw <= K,NK,=a.
For self-adjoint coefficient matrices Ay, ..., Ay € Mp(C)s,, define the self-adjoint linear pencil

14
Pa(x) =A0®1+ZAU®$U-

v=1

And we denote For T' > 1, define

T
1
aN ) = T | ® Gg)] @ Ine-ixols
=1 \jeK.,

where all matrices G, ,’; are independent normalized N x N GUE matrices. Write

7.]
N,T

()
vt

LG,

Correspondingly, let

1 T
s(T) = \/T; ® sutj | ®1,

JEKy
where the s, ;’s form the Hayes’ limiting model, and set s(1) = (ng), cees sg)).

By [CGVvH26D, Lemma 9.9], G™NT) and GV) have the same entrywise mean and covariance
(for the real and imaginary parts of their entries). Moreover, [CGVvH26bl, Lemma 9.10] gives, for
every fixed coefficient dimension and every fixed linear pencil Py,

1PA(sT) — [Pa@@)]l, T = oo

Below, the quantitative Hayes-model estimate [CGVvH26b, Theorem 9.7] and the universality
principle |[BravH, Theorem 2.8] are combined to make this comparison uniform over growing
matrix-coefficient dimensions.

6.2. Uniform large coefficient dimensions strong convergence of tensor-GUE.

Definition 6.1 (Dimension-free limiting CLT modulus). For M > 1, define

Arvu(T) = sup [Pa(s™)] = Pa")]|,
D>1, Ag,...,Ay€Mp(C)sa
A<M

The following lemma tells why Ap v a/(T) is called dimension-free: it is precisely what removes
the matrix-coefficient dimension from the limiting T — oo step.

Lemma 6.2. For fixed L,V, M and every T > 1, we have
(2L —2)M

A T <
L,V,M( )— \/T

Consequently, Ap vy (T) =0 as T — oo.
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Proof. We use the full Fock-space realization of the free semicircular families appearing in the
Hayes’ limiting model. For each j € [L], let
Fj = F(L(V] x [11)),

and denote by affﬁ , v € [V], t € [T] the corresponding left creation operators. Thus s,;; =

ffz + aﬁﬁ We work on Hp = ®L: Fj. For v € [V], put

G)
- =i
! 1, j¢K,

and define
T
-
T) _

We first identify the joint operator model of ( (T))U 1- Since K, is nonempty, W(T) ng o« = Ol

and hence )\(T)*)\(T) 1. Moreover, if u # v and K,,NK, # &, then a tensor coordinate in K, NK,
contains the factor aS“)f aq()]; = 0, so that AT A =0, 1 K, NK, = @, the two operators act on
disjoint tensor coordinates and therefore doubly commute:

)\&T))\SJT) — Aq(]T))\&T)’ )\&T)*)\ng) — )\S}T))\Q(LT)*

Thus the family (AiT))le satisfies precisely the graph-product creation relations associated with
u~v <= K,NK,=09.

For completeness, we verify that this representation is an amplication of the graph Fock represen-
tation. Let P, = Ag,T))\l(,T)*. The preceding relations imply that the projections P, commute: if
u 1 v, then P, P, = 0, while if u ~p v, this follows from double commutation. Set

1%

Qr=[[-P),  Kr=QrHr.

v=1

For w € Aff denote by )\SUT) the corresponding product of the )\gT). The graph-product relations
imply
T
QrA AL Qr = 8.0 Qr.
Indeed, using the normal form in the right-angled Artin monoid, one first cancels the maximal
common left divisor of w and w’. If residual letters remain, either a noncommuting pair gives zero,
or the graph relations move a residual creation or annihilation operator next to Q7. The latter
term vanishes because
Qe =0, A*Qr=o.
Therefore the map
Ur : bo(Af) © Ky — H, Ur (6, ® &) = c1¢,
is an isometry. It is also onto. Indeed, grade Hr by total Fock degree. Each cg,T) raises the total
degree by |K,| > 1, whereas P, and Qp preserve the grading. If Hgfl )
subspace of total degree n, then

14 1%
(- QY ST PH? < S el 1D,

v=1

denotes the homogeneous
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Induction on n shows that every homogeneous subspace is contained in the range of Ur. Hence
Ur is unitary.

Since we have )\( ) = = Ur(l, ® 1x,)U7. Consequently, for every coeflicient dimension D,

(6.1) A0®1+2Av® (D 4+ A0 | = A0®1+ZA ® (by + 03)|| = |PalzD)]].
v=1 v=1
We now compare 81(, ) with )\( ) + )\S,T)*. Expanding
@ (@) +all).
JEKy
in the expression
T
=TS @ (o) +all)
t=1 jeK,
the all-creation and all-annihilation terms give )\( ) and )\S,T)*, respectively. Thus
s = AT 1 A (1)
where e
rl(JT) = Z Ty S
SASCK,
and
1) _ 1N G fot5)
T’S:T;@id‘yﬂ )
= ]7
with '
agjﬂz, jes,
d" = 80 e K\ S,
1, j ¢ K,.
Fix a nonempty proper subset S C K,. Because S # @, the cross terms with distinct ¢ vanish in
(T)*, (T

)
T8 Tu.g- Hence

T N
3 (@) | @ antl ] o
t=1 \ jeSs JEKL\S
As K, \ S # @, the summands in the last display are pairwise orthogonal projections. It follows
that ||r£7:9)|| = % There are 215+l — 2 nonempty proper subsets of K,, so
olFel — o 2L 2

6.2 Ty < .
(6.2) 1§71 < N

Combining (6.1)) and (6.2]), we obtain
Z Ay ® r

[IPAG™)] = [Pat)l| <

< Z 14 11§00

ol — o L (2F —2)M
< Ayl € —F%—.
VP SLa L
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The estimate is independent of D, and taking the supremum proves the statement of the lemma.

O

Remark 6.3. We record a stronger consequence of the preceding construction in Lemma [6.2]
There is a faithful representation

o C* (Y, ... 2Y) — B(Hr)
such that

oL _ 9
max ||s WT(Z'F)H <

1<o<V v =T

Consequently, for every self-adjoint linear pencil with A(4) < M,

[Pas™) = s, & mr(Patay | < S22

As idr, ® mr is faithful, spectral stability under self-adjoint perturbatlonb gives
2l —2\M
d (s Pa(sD)), sp(Pa(z" )<(7.
Let Cp be the universal constant in [CGVvH26b, Theorem 9.7], and define
(6.3) (L, V,T) = L=2(CoLVT) ",

The exponent L occurs because a linear pencil in the tensor variables becomes a polynomial of
degree at most L in the Hayes’ variables, while the number of Hayes’ variables is V1. More pre-
cisely, [CGVVH26b, Theorem 9.7] states that the quantitative constant satisfies ¢=! = ¢2(C L)%,
where qo < L and r = VT.

Theorem 6.4 (Quantitative tensor-GUE transfer). Fiz L,V, M. There exist constants
Cy = C1(L,V, M), Cy = Co(L, V), c2 =c2(L,V) >0,

such that the following holds:
Let DN, T > 1, let t > 0, and let p € (0,1]. Suppose

T< eV
and further, with cg is defined in (6.3)), assume
(6.4) D < exp(cu(L,V,T)Np?).

Then for every self-adjoint linear pencil P4 satisfying A(A) < M, we have
IP[HPA(G(N))H > |Pa(aD)|| + Apvar(T) + CoMp + Cy (N7Y2¢1/2 4 7= 1124273 T’1/4t)]

(6.5)
CODNPe 4 VTN ¢ N ety
e e <, € T
= ' cu(L,V,T)p

Proof. Write

Xanr =PalGVT) = Ag@ 1+ —= ZZA ® Zot,
v 1t=1
where each Z,; is a tensor product of at most L independent normalized N x N GUE matrices,
amplified by identities on the unused tensor coordinates. Its associated Gaussian matrix with the
same mean and covariance has the same law as P4(GM).
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We estimate the parameters in the universality theorem uniformly over all coefficient dimen-
sions D and all coefficient tuples satisfying A(A) < M. Repeating the estimates in the proof of
[CGVVH26b, Theorem 9.8], every occurrence of the coefficient matrices is bounded by S°0_, || 4, <
M. Consequently, there exist a constant Cp,y > 0 such that (in the notation from [BravH])

o(Xant) < CryMN—Y2 o(Xant) < CryvM,

and
R(Xant) < CLyMT V2

Moreover, there exist constants ¢y, 1y > 0 such that for 7' < elV,
Plmax || Zy|| > Crv| < CryVTe -V,
v,

Set Ry = C’L7VMT_1/4, where the constant is enlarged if necessary. Since
R(Xang) < CpyMT™? and o(Xanr) < CLyvM,

we have

Ry > R(Xant)?0(Xans)? +V2R(XanT)-
Moreover, on the event max, || Z, || < Cr,v, every independent summand satisfies

1

VT
Consequently, the error term in the unbounded spectrum universality theorem satisfies for ¢t > 0

(X an )t + Ry Po(Xan )32/ 4 Ryt
< Oy (NTVRAR L2208 4 oY)

< CpyMT™ Y2 < Ry.

Av & Z’U,t

where Cy = C1(L,V, M). Therefore the Brailovskaya—van Handel universality comparison (|BravH]),
applied as in the proof of [CGVvH26bD, Theorem 9.8|, gives

sp(Pa(GN)) C sp(Pa(GND)) + [—u, ]
except on an event of probability at most
9DNEe ™t + O VTe 2N,
where

w="=C4 (N‘1/2t1/2 F 12278 T_1/4t) .

Here the ambient matrix dimension in the universality theorem is DN’ which accounts for the
prefactor DN

Next, PA(G(N ’T)) is a polynomial of degree at most L in a Hayes’ model with VT GUE variables.
Hence [CGVvH26b, Theorem 9.7] yields

IPAGND) < (14 p)lIPa(s™)]
except on an event of probability at most

NE ech(L,V,T)NpQ
CH(L7 Vvv T)p ’

provided
D < exp(cH(L, V, T)NpQ).
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Indeed, the constant ¢ in [CGVvH26b], Theorem 9.7| satisfies ¢ > cgy (L, V,T), and therefore
¢t <ey(L,V,T)71, e~eNp* < e—er (LV.IT)Np?
The limiting approximants satisfy the uniform norm estimate

(M) < ¢
sup max sy 7l < G,

by the uniform Haagerup inequality used in Appendix B of [CGVvH26b|. Therefore,
IPa(s™)| < CaM.
Moreover, by the definition of Ay, v ar(T),
1P < [Pala")]l + ALy (T).
Combining these estimates gives
IPAGIN < [PAGN D) +u < (14 p)|Pa(sT)] +u

<P+ ALy (T) + CoMp + u.

Taking the union bound over the two exceptional events proves . ]
Denote the full tensor-GUE matrix dimension as ny = NZX. Now choose

(6.6) Dy = N2 =%,

Then Dy > ny > N for N > 2.
Fix e,n € (0,1), and put

, €
(6.7) p—mln{l,w}.

Define I
12Dy N 12
ty = log <N> = log () +3Llog N
n n

Ty =[(1+ tN)9-| .

Corollary 6.5. For fized L,V, M, e,n, there exists Ny such that, for every N > Ny, every D <
N2 and every self-adjoint linear pencil P satisfying A(A) < M, we has

P || Pa(GM)| > || Pa(ah)] +5} <

and

Proof. As N — oo,

ty =O(logN), Ty =0((logN)?).
In particular, Ty < eV for every sufficiently large N, so condition (6.2) is satisfied. Therefore,
N-Y2/% 5 0, while T2 = 0(t,"""*) = 0 and Ty, *tx = O@t""*) — 0. Moreover,
Apvm(Tn) — 0 by Lemma Recall that cg(L,V,Tn) = L™2(CoLVTyN)"2E. Since Ty =
O((log N)?), we have
N

CH(L, ‘/, TN)Np2 XL7‘/7P W

Consequently,
log Dy _ (log N)18L+1

= — 0.
e (L, V,Ty)Np2 ~5Vr N
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Thus, for all sufficiently large N, we get Dy < exp (cH (L,V, TN)NpQ), so that condition ([6.4)) holds
for every D < Dy. By the definition of ¢y, we have 2Dy NLe—tn = %. Moreover, C1VTne 2N —

0. Also,
cu(L, V,TN)—I — OL,V((log N)18L)’
and hence
NL
log | ———7~-) = Llog N+ 0O loglog N).
Og<CH(L,V,TN)p> og N +Or,v,(loglog N)

On the other hand,

N
L, V,Ty)Np* < —
e ( NINP® <L, (log N)T°E
Consequently,
NE . 2 Llog(N)——2 40, v ,(loglog N)
Y omea(LVIN)Np? o &) (og \)18L TOL,v,pllog log 0.
e (L, V, Tx)p LVip € —

Finally, by (6.7), we have CoMp < &, and hence, for sufficiently large NV,
AL,V,M(TN) + CQMp + U(N, Ty, tN) <e.
Applying Theorem [6.4] completes the proof. O

Remark 6.6. Thus, the quantitative tensor-GUE method allows Dy = N2L > NI More
generally, every fixed polynomial growth regime Dy = N%F a > 1 is allowed.

We have the quantitative upper bound. In the following we prove that the lower bound is
uniform in the growing coefficient dimension by a finite-dimensional operator-space argument.

Lemma 6.7 (Uniform tensor-GUE lower bound). Under the hypotheses of Theorem for every
e >0,

s P [[PaG)] < [P — <] =0
N—oo D<N?2L

AU,...,A;EMD(C)sa

A(A)<M

Proof. Put A= C*(z],...,2}). Each vertex algebra C*(z}) ~ C([—2, 2]) is nuclear, hence exact.
Since reduced graph products preserve exactness [CaFil7, Corollary 2.17|, the reduced graph-
product algebra A = C*(z},..., :c?/) is exact. Fix § € (0,1). Applying the fixed-family exactness
compression lemma Theorem to l,x{, e ,:L"F/ € A gives an integer m = m(L,V,¢) with the
following property. For every D > 1 and every Ag,...,Ay € Mp(C), there are contractions
U,V € M, p(C) such that, on putting

B, =UA,V* € M,,(C), 0<v <V,
we have

Vv
Bg®1+ZBy®SU

v=1

(6.8) (1= O)|Pah)] <

Here we have used the canonical isometric flip between the two minimal tensor factors. Notice
also that

1%
A(B) =) _|UAV*| < A(4) < M.
v=0
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For B = (By,...,By), write

14
Qp(z) =By®1+ Y B, @y,

v=1
and define
Ryi=  sw  [1Qs(G™)] - |2z
Bo,...,By €My, (C)
A(B)XM

We claim that
(6.9) Ry — 0 in probability.
Indeed, the coefficient set
Kim(M) = {(By,...,By) € My, (C)"*': A(B) < M}
is compact. For each fixed B € K,,,(M), [CGVvH26b], Theorem 9.8] gives
195G — | (=")|| — 0

in probability, in fact almost surely.
Moreover, for B,C € K,,(M),

\%4
125G = 1Qc( G| < 11Bo = Coll + Y 11Bo = Cull IGFV]

v=1

.
125 (=) = 1Qc @) < 1Bo = Coll + D 1By = Cull |-

v=1

By |[CGVvH26bl Theorem 9.8], applied to the coordinate polynomials, the family maxj<,<y HGSJN) I
is bounded in probability. A finite-net argument on &C,,, (M) therefore upgrades the pointwise con-
vergence to the uniform convergence .

On the random-matrix side, Q5 (GM) = (U®1)Pa(GM)(V*®1), and consequently || Q5 (GM)|| <
|PA(G™M)||. Combining this with gives, uniformly over all admissible D and A,

(6.10) 1PAG™)] = [Qp(G™M)|| = |Qp(«")|| = Ry = (1= 8)[|[Pa(s)]| - R

Set Cs = max{1,||2}|,..., |z} ||}. Then ||Pa(z")| < CsA(A) < CsM. Given € > 0, choose
0 <0 < 5537 It follows from and (6.10) that
£
sup P [[IPA(GM)| < [Pa")ll -] <P[Ry > ] —0.

DSNQL 2
AA)<M

This proves the lemma. O
Lemma 6.8 (Finite polynomial spectral detector). For every K,e > 0, there are finitely many
real polynomials

hi,...,hy € R[t]
such that the following holds. If X,Y are nonempty compact subsets of [—K, K] and X € Y +
[—e,¢], then, for some j,

sup |hj(z)| > 2sup |h;(y)].
zeX yey

The polynomials may moreover be chosen strictly positive on [—K, K.
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Proof. Choose a finite £/8-net z1,...,z; in [—K, K]. For each j, choose a continuous function
fj + [-K,K] — [0,1] such that
GO =1 -l <e/s, [ =0 -zl >e/2

By the Weierstrass approximation theorem, choose h; € R[t] satisfying

1 1
hj — ( + fj> < —.
8 o(-rx) 04
Then h; > 7/64 on [~ K, K].
If 2 € X satisfies dist(z,Y) > ¢, choose j with |z — zj| < £/8. We then have h;(z) > L. For
every y € Y,

Te
8 )
so fj(y) = 0 and |h;(y)| < &. This proves (6.15). O

Combining Corollary- 6.5 and Lemma gives the full norm convergence. Note that (6.13]) must
be interpreted as a spectral gap condition.

ly — 2| > |y — 2| = |v — 2| >

Theorem 6.9 (Growing-coefficient tensor-GUE convergence). Fix L,V, M. Then the following
statements hold uniformly over all D < N2 and all self-adjoint pencils P satisfying A(A) < M.

(1) For every e > 0,

(6.11) B [[IPa(G )]l = IPaD)l| > ] — 0.
(2) For every e > 0,
(6.12) P [sp(Pa(G™) Z sp(Pa(a")) + [~=,¢]| — 0.
Consequently, for every v > 0,
(6.13) sup P [PA(G(N)) is not invertible, or |[Pa(GM) 7| > 2 — 0.
D<N2L A(A)<M Y

dist(0.5p(Pa (2))) 2

Proof. Statement (|6.11]) follows from Corollary and Lemma . It remains to prove ((6.12]).
Put

ap, =28 -2, Cs = max{1, |zt |[,..., ||z}, Ko = (Cs+ar)M.
By (6.27),
(6.19) [Pa(sT| <Ko (T>1).
Fix ¢ > 0. Apply Lemma [6.§ with
K = 2K, ¢ replaced by %,

and let C denote the resulting finite family of polynomials. Adjoin to C the polynomial g(t) =
1 + . Let ¢ = maxjccuqqy deg h. For N > 2, set
tn=BL+3)logN, Tn=[(1+tn)],
and define
(6.20) crg(L,V,T) = (Lg)*(CoLVT) M.
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If h € CU{g}, then h(Po(GWT))) is a polynomial of degree at most Lq in the Hayes variables.
Therefore [CGVvH26b, Theorem 9.7|, with its parameter p = 1, gives

NE
6.21 (VTN > (Tn) < T —eng(LVIN)N
(6.21) P [Hh(PA(G NI > 2||h(Pa(s ))||} S A ,

provided D < exp (cH7q(L, V,Tn)N ) This condition holds for every D < N2 and all sufficiently
large IV, since
(L, V,Tn) ™! = O((log N)'®"9).
Taking a union bound over the finite set C U {g}, the total probability in (6.21) tends to zero.

On the complementary event, (6.19) gives ||Pa(s")))|| < Ky, and hence ||P4(GNTN)| < 2Kj.
Since Pa(GNTN)) is self-adjoint,

[PA(GNTV) |12
K2

1+ < 9,

SO
(6.22) sp(PA(GIVTN)Y) C (2K, 2K).
Suppose now that

sp(Pa(GNTN)) € sp(Pals™) + -2,

By (6.19), (6.22), and the spectral detector Lemma [6.8] there is h € H such that
1h(PaA@NTN)| > 2 h(Pa(s ™)),

contradicting the complementary event in (6.21). Therefore

(6.23) D(PAGYTN)) € sp(Pa(s ™)) + [, 7]

outside an event whose probability tends to zero uniformly.
The universality comparison gives

(6.24) sp(Pa(GM)) C sp(PA(GWTN)) + [—up, un]
outside an event of probability at most 2DNLe N + C1VTye N, where
uy = C4 <N_1/2t%2 +T 1/12 2/3 +T 1/4 N) — 0.

Because D < N2t 2DNEe~tn < 2N73, so this exceptional probability also tends to zero.
Finally, (6.2”) gives

M apM
6.25 (T)y) C o
(6.29 sp(Pa(s1) Csp(Paah)) + | -2 2.
Combining (6.23)-(6.25), and using uyn + ‘\‘/L% < Z for all sufficiently large N, proves (6.17).

If dist (0, sp(Pa(z ))) > ~, apply (6.12 - with e = 7/2 Then, with probability tending uniformly

to one, dist(0,sp(Pa(G! ))) > 1. This proves (6.13). If dist(0,sp(Pa(z"))) = 0 then the
statement follows from as well. O
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Corollary 6.10 (Bounded-degree polynomial tensor-GUE convergence). Fiz L,V,d, M. There is
an integer cy,q > 1 such that, for every e > 0,

lim s P[|IPG)) PG| > ] =o.
(6.26) N=00 p>1, ¢y g DSN?E
P=P*, deg P<d
Ag(P)<M
Moreover,
lim swp Plsp(P(GY) Zsp(P(a")) + [~e,e]] =0,
(6.27) N=0 p>1, ¢y g DNZE
P=P*, deg P<d
Aq(P)<M

For a non-self-adjoint polynomial, the norm-convergence statement (6.26) remains valid after re-
placing cy.q by 2cv,q and applying the preceding argument to the Hermitian dilation

o) = (g §)e  IP@I=1P

We do not claim any spectral-inclusion statement for the generally nonnormal operator P(G(N)),

Proof. We use the self-adjoint linearization trick; see [HaTh05l Sections 2 and 7|, [And13, Sec-
tion 2.6], and [Mall2, Section 3, Step 1].
For fixed V and d, the standard self-adjoint Schur-complement linearization gives constants cy 4
and Cy4 with the following properties.
For every self-adjoint polynomial P of degree at most d and every real A, there is a self-adjoint
linear pencil
\%4

Lpa(x) =Bo(\) ®1+ Y B, @,

v=1
such that:
(1) the coefficient dimension of Lpy is at most cy gD;
(2)
(6.14) A — P(z) is invertible <= Lp,(z) is invertible;
(3) for X in a fixed bounded interval,

y
(6.15) Y Bl < Cya(1+ M + |A));

v=0
(4) for every R,e > 0 there is
C=0C(\V,d,M,R,e)

such that, whenever max, |z,| < R and
dist (X, sp(P(z))) > ¢,
one has

(6.16) [ Lpa(z) "t < C.
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Moreover, Lpy(z) — Lpyu(x) = (A — p)E, where ||[E|| = 1. The last assertion follows directly

from the block inverse formula for the Schur-complement linearization: the auxiliary block is

unitriangular, while the only resolvent term is (A — P(z))~ 1.

Choose R > maxj<y<v ||Sy| + 1. By Theorem applied to the coordinate linear pencils,
P [mvax IGV)|| > R} — 0.
On the complementary event,
PG|, [P < K := M max{1, R}".

Thus all relevant spectra are contained in the fixed interval I = [—K, K]. Moreover, for every

A€, (6.15) gives
y
Y IBW € M= Cyqg(1+ M + K).
v=0

The constants K and M’ are independent of D, P, and \.

Fix e > 0. By (6.16), there exists C = C(V,d, M, R, ¢/2) such that || Lp(z") || < C whenever
dist(\, sp(P(z1))) > 5

Set v = C~!. Choose 0 < § < min {%, %} ,and let A1,..., A, be a finite d-net of the bounded
interval containing all relevant spectra. For every net point satisfying dist(A;, sp(P(z"))) > 5, we
have dist (0,sp(Lpy,(z"))) > 7.

Applying (6.18) to the finitely many linear pencils Lp, A;» and taking a union bound, we obtain
that, with probability tending uniformly to one,

1L P, (GO <

= o

for every such net point.
Now let \ satisfy dist(\, sp(P(21))) > ¢, and choose A; with [A—);| < 4. Then dist()\;, sp(P(21))) >
s, and Lpy(GW)) = Lpy,(G™) + (A = X)) E, where | E|| = 1. Therefore
1
[0, (@) (2@ ~ Lpay @) < 3,
because § < 7. Hence a standard von Neumann series argument (see [Mur90, Theorem 1.2.3])
shows that Lp(G™) is invertible.
Using the linearization equivalence (6.28), we conclude that

sp(P(G™))) Csp(P(a")) + [, €]

with probability tending uniformly to one. This proves (6.27), and therefore the upper estimate
in (6.26).

For the lower norm bound, apply the fixed-target exactness compression argument of Theo-
rem to the finite family {w(z") : |w| < d}. The graph-product algebra C*(z},... 2}, is
exact. Consequently, arbitrary coeflicient matrices may be compressed to a fixed matrix dimen-
sion while preserving || P(x")|| from below. At that fixed dimension, the polynomial tensor-GUE
strong convergence theorem |[CGVvH26b, Theorem 9.8|, together with compactness of the coeffi-
cient ball, gives uniform convergence. This proves the lower bound and completes (6.26).

For a non-self-adjoint polynomial use the Hermitian dilation

o= (g o). IP@I=1PL
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O

6.3. Growing coeflicient strong convergence of the Erd&s—Rényi ¢-Gaussian matrix
model. We now combine the graph-product approximation of Section [5| with the growing-coefficient
tensor-GUE approximation established above. For a fixed finite graph, the underlying tensor-GUE
strong convergence is [CGVvH26b, Theorem 9.8]. In the present setting, however, the interaction
graph has rk vertices and varies with k, while the allowable coefficient dimension grows with, and
is eventually chosen to exceed, the dimension of the matrix models.

We therefore fix k, condition on a realization of the interaction graph, realize that graph as the
disjointness graph of finitely many tensor supports, and apply Corollary 6.10 at a suitably chosen
local dimension Nj. Since there are only finitely many graphs on Vj, the choice of N can be
made uniformly over all graph realizations. A diagonal choice of IV, then combines this matrix
approximation with Theorem .

Fix r > 1 and —1 < ¢ < 1, and assume that the canonical map @, : 7 — 7;'73,‘1 is an

isomorphism. In particular, the conclusions below hold whenever |q| < v/2 — 1 [PuWo89)].
Let
Vk = [k‘] X [7“], mg = ’Vk‘ =rk.
We introduce a tensor-coordinate set consisting of one private coordinate for each vertex and one
pair coordinate for each unordered pair of distinct vertices:

o= o0 € B Uoguy (o} € ()%

so the p, and py, .\ are by definition the labels of the tensor coordinates. And we denote

m

For a graph I' with vertices V, and v € Vi, set

KD = {p} U{{wv} s u # v, usbe ).
Then
K};ﬂK}::@ < u~rov.
For 0 < g < 1,let d, = 1. For =1 < ¢ < 0, let py : Cliff(Vy) — My, (C) be a faithful

finite-dimensional representation that preserves the canonical Clifford trace, for example, the GNS
(k)

representation of the canonical trace. We put ¢’ = pg(cy).
For N > 1, let GgN’F) be the tensor-GUE variable associated with K{ C I, and put
aovny _ [ET, 0<g<l,
! P oD _1<g<o.
Finally, define
k
vy _ 1 A(N,D)

(6.17) X = ZG(W) ,  aclr]

The dimension of matrices in (6.17)) is

For D,d > 1, write
P4(D)={P € Mp(C) @ C(xy,...,2z,) : deg P < d, Ay(P) <1}.
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Theorem 6.11 (Strongly convergent g-Gaussian matrix model). Fiz r,d > 1 and assume that ®,
is an isomorphism. In particular, this holds for |q| < v/2 — 1. There exist integers Ny — oo and
Dy — oo satisfying Dy > ng, such that, with

X0 = (xR X R gy = ap N
the following holds:
(1) For every e > 0,

(6.18) sup sup  Prgus (‘HP(X(’“))H - HP(S(Q))H‘ > g) 0.
1§D§Dk PE(@d(D)

(2) For every e > 0,

|P(X®)]
(6.19) sup sup Pr.que TR 1l>e] —0.
1<D<Dy, 0£PEMp&Car,....zr) [P (s )]l
deg P<d

(8) The weak converge: for every scalar noncommautative polynomial Q,
(6.20) try, (Q(X M) — 7,(Q(s'?))
in probability.

Proof. Let S,(gq’F) = (S,(qur), e ,S,(gq;r)) be the graph-product or Clifford-twisted graph-product
tuple from Section [5} By Theorem [5.4] and the bound

d
PO < au(Pymax {1, 2

there are positive numbers €, — 0 and S — 0 such that

(6.21) sup sup  Pr ([IP(SIT)| ~ 1P| > 2) < .
D>1 PeP4(D)

For a graph I" on V}, and P € &24(D), substitute the averages in (6.17)) and denote the resulting
polynomial in the my tensor-GUE variables by Pr. More precisely, put

i=1 =1
where
. Z(i,a) 0<¢g<l,
Z(ia) = k
CEZ.L) ® Z(i,a) -1 <¢g<0.
Then

P(XD) = Br(@™D),  P(SED) = Pr(ah),

where, for ¢ < 0, the Clifford matrices are absorbed into the matrix coefficients of ]Sp. Then
deg(Pr) < d, the coefficient dimension is d;D, and Ag(Pr) < k%2. Indeed, every monomial of
degree m produces at most k™ summands, each carrying the coefficient k=2, while every Clifford
product hs:l? norm one. Therefore Theorem applies directly to ﬁp with L = L,V = my =
rk, M = k%2
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Let ¢; := ¢, 4 denote the corresponding linearization constant (see Theorem [6.10). It is
independent of I, D, and the particular polynomial in &;(D). Choose Ny, sufficiently large that

(6.22) N > 2.d2 + 2.
and
(6.23) s s sup Paus (|IPCT)) = 1P| > o) < B
r D>1 Pez4(D)
crd DENZTE

We enlarge Ny, if necessary, so that the moment-convergence part of the tensor-GUE theorem also
gives, for every graph I' on Vj, and every word w in r letters of length at most k,

(6.24) Paue ([t (wX) = eqi (w0 > k7)< k71,

This simultaneous choice is possible, because for fixed k, only finitely many graphs and finitely
many words occur. In the case ¢ < 0, trace-preserving p; identifies the limiting trace with the
Clifford-twisted graph-product vacuum state.

Now define
2L
D, = k .

J}Q
Dkzik—1>2dk$k—1.
Crdy

Writing zy = NkL’“, (6.22) gives

Since ng = drxr > 0, it follows that Dy > ny as in the requirements of the theorem.
By the triangle inequality, conditioning on I'y, (6.21)) and (6.23)) yield,

(6.25) s sup Prgus (|IPCXO)] = [P(s@)]| > 20) < k7' + B — 0.
1<D<Dy PeZy(D)

This proves (6.18]).

Finally, since the monomials of degree at most d in the g-Gaussians are linearly independent
(see Remark , their coordinate functionals are completely bounded. Hence there is a constant
Cy,r,a such that, at every matrix coefficient dimension,

Ag(P) < Cyrall P(sD)].

Scaling (6.25]) therefore proves (6.19)).
Finally, fix a word w. For all sufficiently large k, |w| < k. By (6.24]),

tr, (w(X®)) = 9g (w(S™)) — 0
in probability. On the other hand, Theorem [4.1] gives

Par (W(SITH)) — 74 (w(s@))

in probability. Hence (6.20) holds for words, and therefore for all scalar polynomials by linearity.
O
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7. APPLICATIONS

Theorem 7.1 (MF property). Let r > 1 and let |q| < /2 — 1. Then A,(C") is an MF algebra;
equivalently, there exist positive integers n,, and a unital injective x-homomorphism

A,(CT) —» H M,,, (C /@Mnm(C)
m=1
where

B Mo (©) = {(@n)ors Tim_fla]| = 0.
m=1

Proof. Let Py = Q(i){x1,...,x,) be the countable *-algebra of noncommutative polynomials with
coefficients in Q(7), where the variables are seen to be self-adjoint.

Enumerate Py = {Py, P,,...}. By the strongly convergent matrix model for ¢-Gaussian with
lg| < v/2—1, for any fixed noncommutative polynomial there are random self-adjoint matrix tuples

X0 = (x{Y, - XMy € My, (C), such that
IP(X®)|| — [P\, -, s

in probability.
After passing to an increasing subsequence of matrix model parameters, for every m we may
choose a tuple of deterministic matrices

v =™, ™) € My, (C),

such that
(a) 1
e {[P (Y]~ [P, ) <
Indeed, convergence in probability and the union bound show that the corresponding event has
positive probability once the parameter of the matrix model is sufficiently large.

Consequently, for every P € 730,
(7.1) lim ([P (¥, YD) — [Py s

r
m— 00

Put

and denote the quotient map by

Let 730(8(‘1)) be the polynomial algebra generated by the g-Gaussian system, and define ¥g :
Po(s'9) = Q by

To(P(s\, - s@)) = 7 (POY™, -+ Y m))ee_)).
This map is well-defined. Indeed, if P(sgq), e ,sﬁ‘”) =0, then ([7.1]) gives that
tim [ 2™, v, 0,

so the corresponding sequence belongs to @,-_; M, ,(C); in fact P = 0 by Remark
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Since the norm in @ is a quotient norm, we have

1o (P(s'))]| = limn sup 1P ™) = | P(sD)].

Thus Uy is a isomerty. Since Py(s(?) is norm dense in Ay(CT), ¥g extends uniquely to a unital
injective *-homomorphism ¥ : A,(C") — Q. Hence A,(C") is MF algebra. O

Theorem 7.2 (The extension semigroup). Let r > 2 and let |q| < /2 — 1. Then the Brown-
Douglas—Fillmore extension semigroup Ext (Aq((CT)) s not a group.

Proof. The Brown criterion states that if a unital separable C*-algebra is MF but not quasi-
diagonal, then its Brown-Douglas-Fillmore extension semigroup is not a group; see [Bro04]. There-
fore we only need to show that A,(C") is not quasidiagonal.

Suppose, for contradiction, that A,(C") is quasidiagonal. Then by the caraterization of qua-
sidiagonal, there exist unital completely positive maps ¢, : A4(C") — My, (C) such that, for
a,be Ay (C"),

(7.2) |6 (ab) — ¢n(a)dn(b)|| — O;

[én(a)]| — llall
Now, put
Tp 1= trg, 0 ¢p : Ag(C") — C,
where trg, is the normalized trace on Mj, (C). After passing to a subsequence, the state 7,
converge in the weak-* topology to a state 7 on A,(C").
Then the state 7 is tracial. Indeed, for a,b € A4(C"), because try, (¢n(a)dn (b)) = try, (én(b)dn(a)),

we have

|7n(ab) — 7n(ba)| < [[¢n(ab) — ¢n(a)dn (D)l + [[¢n(ba) — ¢n(b)Pn(a)]l.
Therefore 7(ab) = 7(ba).

A4(C") has a unique tracial state, namely the canonical vacuum trace 7,, which was proved
recently in [AJW26, Theorem C]|. Hence 7 = 7,. The map ¢y, together with , therefore show
that 7, is a quasidiagonal trace. In particular, it is an amenable trace.

On the other hand, since A4(C") is exact [Kuz23| [KeNill], the von Nuemann algebra generated
by the GNS representation w.r.t. an amenable trace is injective; see, for example, [BroOzal.
Therefore, m4(A4(C"))"” = T'y(R") is injective. But by Nou’s result ([Nou04, Theorem 2]), I'y(R")
is noninjective whenever r > 2, this leads to a contraction. Thus A,(C"), > 2 is not quasidiagonal,
which completes the proof of this theorem. O

Remark 7.3. The assumption r > 2 in Theorem [7.2] is necessary. When r = 1, the algebra is

generated by one self-adjoint operator, and hence A,4(C) = C*(sgq)) ~C (sp(sgq))). is a separable

nuclear C*-algebra. The Choi-Effros’ theorem on liftings of ucp maps on nuclear C*-algebras
(IChEf76]) implies that Ext(A,4(C)) is a group.
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