LECTURE NOTES SUMMER SCHOOL
POTCHEFSTROOM - SOUTH AFRICA

MARTIJN CASPERS

ABSTRACT. These are the notes of lectures given at a spring school entitled ‘An invitation to
harmonic analysis’ in Potchefstroom, South Africa, October 27-31, 2025. The lecture series was
6 full hours in total and these are the notes of the first 5 hours. It gives an introduction to trans-
ference results in harmonic analysis. The idea of these notes is to explain some basic principles
in this area and to provide context and further references. The interested reader can use this as
a starting point to go further in the literature. The proofs in the lecture notes have intentionally
been given only partially, in which case we refer further to the literature for further reading.

BACKGROUND AND NOTATION

Prerequisites. The notes are written for a reader with basic knowledge in functional analysis
such as Banach and Hilbert spaces and bounded maps thereon. In principle the lectures should be
accessible for students with only an introductory course in functional analysis or a more advanced
audience coming from a different but related area. In particular for the larger part of the lecture
series I will not assume perquisites on C*- or von Neumann algebras.

General notation.
® Y4 or x>0 denotes an indicator function on a set A or on all elements larger than 0.
e All vector spaces are complex. Inner products are linear in the first coordinate and anti-
linear in the second.
e M, denotes the n x n matrices over the complex numbers.
e C(R) denotes the continuously differentiable functions R — C.

LECTURE 1 - SCHUR MULTIPLIERS

1.1. Schur multipliers - an introduction. In this lecture series we shall be dealing with Schur
multipliers - in other words, entry wise matrix multiplication. At first glance such an operation
may look a bit naive and one may wonder what its use is. But it turns out that Schur multipliers
pop up naturally in harmonic analysis, differentiability properties of functional calculus, commu-
tator estimates, perturbation theory, approximation properties of groups, et cetera. In this first
section we start introducing Schur multipliers and give simple examples of where they appear. In
the remaining chapters we focus on their analytical properties.

Definition 1.1. Let ¢ = (¢;5)ij € M, with indices 1 < 4,j < n labeling the matrix units. We
define the Schur multiplier with symbol ¢ as the linear map

Mg : My — My, 2 (25)ij = (Piij)i-

Later on we will extend the notion from M,, to more general bounded operators on a Hilbert
space or Schatten von Neumann classes.
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1.2. Special examples of Schur multipliers. At this point we introduce the divided difference
function.

Definition 1.2. For f € C*(R) we set the divided difference function fl1 : R? — C as

SN

1] _ —
SR { fé(g) e

Note in particular that f[ is invariant under permutation of the variables, that is f [1]()\, W) =
FH ().
Let us examine some important symbols of Schur multipliers:
(1) If ¢jj = YP(i—j),1 <i,j < nfor some 1) : ZN[—n,n] — C then we say that ¢ is of Toeplitz

form.

(2) If ¢35 = Y(i+7),1 <i,j < n for some ¢ : ZN[—n,n] — C then we say that ¢ is of Hinkel
form.

(3) Let f € CY(R) and let A = (A1,...,\,) € R™. Then set the (first order) divided difference
function,

o FQ)—=f(N;) )\#)\
i,7) == M, ) = Ai—Aj AR
ora(is ) = (N, Ag) { 700 M= A

Later on when we change matrix algebras for bounded operators on a Hilbert space we may
take ¢ as in and to be a function Z — C.

In the lecture series we will mostly focus on the relevance of symbols of Toeplitz form and
divided differences (3). We will immediately motivate that Schur multipliers of divided differences
occur naturally in differentiability properties of functional calculus. The following proposition
- being of fundamental relevance - is one of the many connections between noncommutative
(Fréchet) differentiation and Schur multipliers.

Proposition 1.3. Let f(s) = s*, k € N. Let A € M, be self-adjoint and let its diagonalization be
given by

A1 0
A= , A:()\l,...,)\n)ERn.
0 An
Then for every B € M,, we have
d
(1) %|t:of(A+tB) = My, ,(B).
Proof. We have
d . (A+tB)k — Ak
E\t:of(A‘FtB) —}{% n
oy AR tS L AIBARIT 4 O(2) — Ak
=lim
t\O t

k—1
! k—1—
:ZA BAM"t =1, (B),
=0
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where the last equality follows as

k_
(PrN)iy = 3 ’ = S MM £,
> )\k 1 Z;ﬂ 1)\l)\k -1 lfAZ:)\j
O

Remark 1.4. By linearity holds for any polynomial f. In fact through continuous functional
calculus can be interpreted properly for any f € C'(R) and equality still holds which can be
proved by approximating f by polynomials.

1.3. Literature. Schur multipliers are closely related to the notion of double operator integrals.
A tremendous amount of literature is available for double operator integrals of divided differences
for which the book [SkTol19] is one of the most relevant sources and a good introduction in the
topic treating both basic and advanced material.

LECTURE 2 - FOURIER MULTIPLIERS ON THE TORUS

In this section we will introduce the concept of a Fourier multiplier on the torus. For general
theory of Fourier multipliers and harmonic analysis the standard works are those by Grafakos
[Gra04] and the more specialized book by Stein [Ste70].

2.1. Standard notation. Let
T={ze€C||z| =1}
be the torus which we identify as the complex unit circle. We equip T with the Haar measure

given by
/ e oy
We denote

C(T) ={f: T — C| f is continuous},
LP(T) ={f : T — C| f measurable and / |f(2)[Pds < oo} modulo equivalence,
T

where two functions are equivalent if the absolute value of their difference integrates to 0. LP(T)
carries the norm

1l = ( /T F()Pdz)7

for which it is a Banach space. L°°(T) is than the space of essentially bounded Borel functions
T — C modulo equivalence equipped with the || [|s-norm (essential supremum). The space L?(T)
is a Hilbert space with inner product
~ [ s
T

Note that our convention is that inner products are anti-linear in the second variable.
With mild abuse of notation we use the symbol z both for an element of T and for the identitiy
function
z:T—=T: A= A

We have zFz! = 2kt For k € Z,k # 0 we get that

/ 2Fdz = 0.
T
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Therefore (2F)rez are orthonormal vectors in L?(T). In fact one checks through the Stone-
Weierstrass theorem that the linear span of ¥, k € Z is dense in C(T). As C(T) is dense in L?(T)
it follows that the span of z¥,k € Z is dense in L?(T) and thus (2*)scz forms an orthonormal
basis of L?(T).

As every vector £ in a (separable) Hilbert space H with orthonormal basis (ex)rez has an
orthonormal basis expansion

=Y (& ener,
keZ
we have proved the following theorem.

Theorem 2.5. For every f € (*(Z) we have
2) 1) = 3 Flh) -,

where

~

k) = (f, 2F) = /T F(2)2 .

The series converges in the norm of L?(T) and the Fourier coefficients (f(k))rez are a
sequence in (*(Z).

Definition 2.6. A function m € ¢*°(Z) defines a bounded map
T : LA(T) — LY(T) : 2* — m(k)2F,

with norm ||m| . Let p € [1,00). If T,, maps L*(T) N LP(T) to L?(T) N LP(T) and extends to a
bounded map LP(T) — LP(T) then T), is called a LP-Fourier multiplier with symbol m.

Remark 2.7. By mild abuse of terminology we shall also refer to the symbol m as being the
LP-Fourier multiplier instead of T},. If p is clear from the context we sometimes call m or T}, a
Fourier multiplier without specifying p.

The following remark gives all basic properties of the set of Fourier multipliers.

Remark 2.8. Let M, C {°°(Z) be the set of symbols of LP-Fourier multipliers. Then,

e M, is a vector space (by the triangle inequality for operators).

o My = (>°(Z) (by definition).

e M, =M, in case % + é =1 (by duality).

e M, DM, incase2 <p<rorr<p<2 (complex interpolation, Riesz Thorin Theorem
[BeLoT6]).

e In the previous bullet the inclusion is strict (see [CoFo76]).

e M, contains cpp, the sequences with finite support, and all constant functions.

Remark 2.9. In general it is completely out of reach to give a comprehensive description of M,,
in case p # 1,2, 00. For p = 1, 0o there are characterizations of the set of completely bounded (not
discussed here) Fourier multiplier that go back to Grothendieck, see [Pis01]. It is however known
that not every bounded multiplier is also completely bounded due to a result by Pisier [Pis98]
that is based on transference techniques between Fourier and Schur multipliers.

The following theorem is a standard tool when working with maps on LP-spaces; it can be
found in [BeLo76].
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Theorem 2.10 (Riesz-Thorin theorem). Let 1 < py < p1 < oo and let 8 € [0,1]. Let pg be
such that pig = 1]3;00 + p%. Suppose that T : LPo(T) N LPY(T) — LP(T) N LPY(T) be such that
T : LPi(T) — LPi(T)|| < oo for i =0,1. Then

I+ ZP*(T) — LP(T)|| < |IT : LP*(T) — L (T)||*~°||T - LP*(T) — LP(T)|°.
Lemma 2.11. The rank 1 map f — [, f(2)dz -1 extends to a bounded map LP(T) — LP(T).

Proof. For p =1 and p = oo this is obvious. For 1 < p < oo the proof follows by Theorem [2.10
Alternatively, by Holder,

| /T F(2)dz] < /7r F(2)ldz < /T F()Pdzs /T 19425 = | £,

which also concludes the proof. O

We will now show that M, contains some non-trivial functions as well. The following proof
goes back to Cotlar [Cot55] but we have chosen to present the proof for the discrete case as was
given by Mei-Ricard [MeRil7] and Gonzalez-Pérez, Parcet and Xia [GPX]. The proof here is
taken from [GPX]. We refer also to [LuXi] for extensions of these results to Coxeter groups. The
multiplier H = M, _, is also known as the Hilbert transform and plays a fundamental role in many
parts of harmonic analysis.

Theorem 2.12. Let m(k) = x>o(k) and let 1 <p < co. Then m € M,,.

Proof. Set H = M,,. For g =3, az* € L®(T) with finitely many aj € C non-zero we set

g°=g—/g(z)dz: >
T

The crucial step in the proof is to verify the following equality which is known as the Cotlar
identity:

3) (H(f)f(?))" = H(fWHH(fH(T))—H(H‘(Ff?))-
I

11 111 v

Proof of Cotlar identity: Consider again f =3, J?(k:)z’C with only finitely many Fourier coeffi-
cients non-zero. Each of the expressions I, II, ITI, IV is then computable and we find

1=3"5" Fk + 0 F()m(k + Dm(D)=",

k£0 1

=" f(k+ 1) fQ)m(k)m(1)=",
k£0 1

1 =35 F(k + ) F)ymk + Dm(—k) 2",
k£0 1

IV =>"3" F(k+ ) f(1)ym(k)ym(—Fk) 2*.
k#£0 1

Fourier coefficients

Now if we collect the Fourier coefficients of the combined term I — IT — IIT + IV then we get
> Fle+ D F@)(mk + 1) = m(k)) (m(l) — m(=k)).
l
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We claim that each of the summands of this expression is 0 for any [, k. Indeed, if m(l)—m(—k) =0
then we are done. Otherwise if m(l) —m(—k) # 0 then as m = y~q this means that [ and k& have
the same sign (or are 0). Therefore also k + [ and k have the same sign and m(k +1) — m(k) = 0.
This concludes (3)).

Proof of the theorem: Let ¢, = ||[H : LP(T) — LP(T)||. Note that ¢2 = ||x>0l|cc = 1. It now
follows that

|H ()13, =1 DD,
) -
) <Il [ BTN, + | HOED)

Now as [, H(f)H(f)dz = (H(f),H(f)) is the scalar product we find using Lemma [2.11

u / H(NH D=, =] / H(NHdzl]2 < & / FTdzl;

ol /T FFdzlly < 1Tl = 1£13,.

Recall co = 1. We continue and find using Cotlar’s identity,

IH (N3, <IFIS, + IHFHE)p + 1HFHED I — IHEHE )
<(1+ 2¢peop + Cp)||f||2p'
Hence
(5) C%p <14 2¢peop + 012).

We see this as a quadratic equation in the variable cg;, and inequality holds in case

cp— /262 +1 < egp <o+ /262 + 1.

As cgp is positive the lower estimate holds trivially. Therefore holds if and only if ¢z, <
cp 4/ 2012) + 1. Applying this inequality inductively we find that for all £ € N we have,

Hence ¢y < 00. By the Riesz-Thorin Theorem [2.10] we get that ¢, < oo for any 2 < p < oo; for
1 < p < 2 the same conclusion holds by duality. O

Remark 2.13. The Fourier multiplier H = M,,, in Theorem [2.12]is called the Hilbert transform
and forms a fundamental tool in every branch of harmonic analysis.

Remark 2.14. The proof we presented here does not give the best possible bound for ¢,; however
using a mild variation it is possible to obtain a sharper upper bound as is explained in the language
of the current proof in [GPX]; see also [Gra04] for the classical argument.

LECTURE 3 - CONNECTION BETWEEN FOURIER AND SCHUR MULTIPLIERS: ALGEBRAIC LEVEL

This sections shows that Fourier multipliers are algebraically the same as Schur multipliers of
Toeplitz form. Note however that on the analytic level we cannot yet compare them as we have
not defined norms on matrix algebras yet.
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Let m € ¢°°(Z) and recall that

Th : Zakzk — g akzk.
k k

as multiplication operator
2FLA(T) — LX(T) : f s 2Ff.

View zF

Note that for f = 2! we have

28 2 R

Now as (z!);ez is an orthonormal basis we see that
k.j i
<Z ZJ,Z > = 5k+j,i'

In other words, in an informal infinite dimensional matrix representation we get

0 1 0

And so we see that T}, acts as the Schur multiplier M, with symbol ¢(i,j) = m(i — j) on the

space of (infinite) Toeplitz matrices.

LECTURE 4 - SCHATTEN-VON NEUMANN NONCOMMUTATIVE LP-SPACES

Let H be a Hilbert space and let B(H) be the bounded linear operators on H. For simplicity
assume that H is separable, i.e. has a countable orthonormal basis. The material in this section
can partly be found in [Mur90] and more extensively in [GoLa25] (general noncommutative LP-

spaces) or [PiXu03].

Definition 2.15. Let (e;); be an orthonormal basis of H. Let Tr : B(H)™ — [0, 00] be the map

given by

Tr(z) = Z(mei, ei).
el

Remark 2.16. The trace is independent of the choice of an orthonormal basis.
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The following theorem introduced continuous functional calculus in an ad hoc way. Recall that
we have chosen to set up these notes without assuming prerequisites on C*-algebras and therefore
we have chosen to present the following theorem in a somewhat unusual way. The most common
method of proving this theorem is to first prove the Gelfand-Naimark theorem which classifies
commutative unital C*-algebras as continuous functions on a compact Hausdorff space. Then
in case such a C*-algebra is generated by a single self-adjoint element = € B(H) one can show
that this compact Hausdorff space can be identified with the spectrum o(x), which leads to the
following theorem. The limit occuring in the theorem is understood as a limit in the operator
norm; it us part of the theorem that this limit exists and does not depend on the choice the
approximating sequence.

Theorem 2.17. Let x € B(H) be self-adjoint with spectrum o(x) C R. Let f : o(x) — C be
continuous. There exists a unique operator f(x) € B(H) such that:

o f(z) = 7_garx® in case f(s) = S p_, cxs® is a polynomial.

e f(x) = limy, p,(x) in case pp,n € N are polynomials that converge to f uniformly on o(x).

Recall that an operator x € B(H) is positive if z = z* and o(x) C R.

Proposition 2.18. Let © € B(H) be positive. Then there exists a unique positive operator
y € B(H) such that y* = x.

Proof sketch. We now get that y = v/ will work. O
Definition 2.19. For any = € B(H) we will set the absolute value
lz| = Vz*e.
We can now introduce noncommutative LP-spaces.

Definition 2.20. Let p € [1,00). We set the Schatten noncommutative LP-space as
Sp ={z € B(H) | Tr(|z|") < oo},

and then define )

]| := Tr(|]?)?.
For p = oo we set Sooc = B(H) with || - ||oc = || - || the operator norm of B(H).
Remark 2.21. It is also very common to define S, as the space of compact operators in B(H)
with the operator norm but here we have chosen to work with the definition as above. We refer
to Sp also as Schatten classes or Schatten von Neumann classes, Schatten Sy-spaces or any other

variation. The name ‘Schatten’, the name of a mathematician, refers to the fact that these are
noncommutative LP-spaces of B(H) and not of a more general von Neumann algebra.

We now summarize the basic properties of Schatten classes that resemble those of classical,
commutative LP-spaces.

Remark 2.22. The following properties hold true:

e The space (Sp, || |lp),p € [1,00] is a Banach space.

e S, C S incasel <p<r <oo.

e We have a Holder inequality meaning that for 1 < p,r, s, < oo with % + % = % we have for
x € Sp,y €Sy that xy € S, and

lzyllr < |zl [lylls-
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e The space S is spanned by S;" = {x € B(H)" | Tr(z) < oo}; moreover every element
x € Sy can be written as r = x1 — x2 + iz3 — iz with x; € S; and ||z;|; < ||z
e The trace Tr extends linearly to a well-defined map Tr: .S; — C.
o Let 1 <p < q < oo be such that %—i— % = 1. The pairing
(@, Y)p.qg = Tr(zy), x € Sp,y €Sy
isometrically identifies S; as the dual Banach space of .S,.

A much deeper fact is that S, is known not to be isometrically isomorphic to a classical,
commutative LP-space. So we have found new Banach spaces that at least carry a number of the
standard properties of a classical LP-space, but are genuinely different.

Example 2.23. In this example let all indices k run over some countable set. Let (e)r and (fx)x
be orthonormal bases and let (ay); be a sequence in C that converges to 0. Then consider the
operator

(7) z= agler) (ful
p

where the sum converges in norm and |eg) (fix| & = (£, fr)ex. We have
v =Y ol 1A (ful, Jal = Vet =3 ol Ifi) (il
k k

We find that x € S, if and only if (o) € ¢P. It can be verified, using the spectral theorem, that
any operator in \S), is compact and thus of the form . We thus conclude that S, consists of all
compact operators whose singular value sequence (o), belongs to ¢P.

Remark 2.24. S, is a Hilbert space with inner product
(x,y) = Tr(y*x), x,y € So.
Note that
2[5 = (z,2) = Tr(z*z) = Y (e*wei,ei) = Y |lves]|* =D [(wei ).
i i 0.
In other words the So-norm of z is the £2-norm of its matrix entries with respect to the orthonormal

basis (e;); (or any other orthonormal basis).

Completely bounded maps. We may identify the tensor product of vector spaces S, ® S, with
a subspace of Sy(H ® H) from which it inherits its norm. The closure of S, ® S, with respect to
this norm will be denoted by S, ® S, and it can be shown that with the previous identificaiton in
fact Sp, @ Sp = S,(H @ H).

Similarly consider LP(T;S,) the space of Bochner measurable functions f : T — S, equipped
with norm

=

1l = ( /T 1£(2)|dz)5 .

We may linearly identify an element x ® g € S, ©® LP(T) with the function g -« € LP(T; S,) given
by (g-x)(2) = g(2)z. This way S, ® LP(T) inherits a norm from LP(T;S,) and its completion is
denoted by S, @ LP(T).

We will now introduce the notion of a completely bounded map. In fact S, has a so-called
operator space structure and this leads to the notion of a completely bounded map; we omit
details but they can be found in Pisier’s book [Pis03] or [Pis98]. It is a theorem of Pisier [Pis98]
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that this notion of completely bounded map is equivalent to the one given in the following theorem,
which we will take as a definition.

Theorem 2.25. A map T : S, — S, is completely bounded if
T :Sp = Spllep = [ldRT : Sp ®Sp = Sp @ Syl < 0.
A map M : LP(T) — LP(T) is completely bounded if
|M : LP(T) — LP(T)||ep == iId®@ T : S, @ LP(T) — Sp ® LP(T)|| < oo.

LECTURE 5: TRANSFERENCE OF FOURIER AND SCHUR MULTIPLIERS

In this section we consider H = ¢*(Z) and we let S, = S,(¢*(Z) denote the Schatten class
associated with the Hilbert space £2(Z). Note that as all separable Hilbert spaces can be identified
unitarily the space S, does not depend on the choice of the Hilbert space. However, to introduce
Schur multipliers we shall require to pick some natural basis which is why it is more convenient
to work with H = ¢2(Z). We extend our notion of Schur multipliers.

Definition 2.26. Let ¢ : Z? — C. We define the Schur multiplier with symbol ¢ as the linear
map
My : Sy — Sy i — My(z),
where My(x) € So is determined by (My(x)d;,0;) = ¢(i, 5)d; ;-
Remark 2.27. The finite rank operators |d;) (6;],7,7 € Z form an orthonormal basis of Sa,

see Remark Each orthonormal basis vector |0;) (§;],4,5 € Z is an eigenvector of My with
eigenvalue ¢(i, j). Therefore, in particular

[My Sz = Sa|| = [|¢]]co-

The following theorem was proved by Neuwirth-Ricard [NeRill]. For general amenable locally
compact groups it was proved in [CaSal5].

Theorem 2.28. Let 1 < p < co. Let m € {*°(Z) and set ¢(i,j) = m(i — j). Then,
[T« LP(T) = LP(T)|cp = [[Mm : Sp — Splleb-
Remark 2.29. In fact we prove that
®) [T+ LP(T) = LP(T)|| <[[ M = Sp — Syl
[T+ LP(T) = LP(T) [ =[[ My = Sp = Spllcp-
The first of these inequality also holds in the completely bounded setting by tensoring with S,
everywhere in the argument and considering completely bounded norms.
Proof of the inequalities . We first prove >. Let py, : £2(Z) — ¢%(Z) be the orthogonal projec-
tion onto Cdg, k € Z. Let

u=> pp®z" € B{*(Z)® L*(T)).
keZ
The sum converges in the strong operator topology and u is unitary. For any = € S, = Sp(€2 (7))
we have
z]ls, = llz @ 1s,ere(r) = llulz ® Du*|ls,oreT)-
From this point we just write || - ||, for any of the p-norms in the latter equality and suppress the
space in our notation.
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We have for x € S, that

(id @ Tpn) (u(x @ 1)u™) =Thn( Z pirp; @ 277) = Z pirp; @ m(i — )z

©,JEL ©,JEL
= 3" 60 J)pip; © 27T = (M @ id) (u(z @ 1)u”).
1,JEL

Combining this we obtain that for z € S, we have
1My (2)|lp =[|(Mp @ id)(u(z @ D)u)|lp = [[(id @ Tn) (u(z @ Lu)|l,
=(|(id @ Tn) (u(z @ D)) [lp < [[Tnlles | #]]p-
This concludes the estimate >.

Next we prove the estimate <. Recall that (2¥)pcz forms an orthonormal basis of L?(T). For
F C Z welet P : L?(T) — L?(T) be the orthonormal projection onto the linear span of z*, k € F.
Assume that F' is finite; we shall later choose F' more specifically. Consider the maps,

@b LP(T) — Sy(x) : @+ | F| " » PpaPp.
We now prove three claims.

Claim 1: ¢%. is a contraction.

Proof of claim 1: For p = oo this states that x — Pra P is a contraction from L*(T) to B(L?(T))
which is obviously true.

For p = 1 we take € LY(T). Write = ab with a,b € L?(T) and |z|1 = | all2]|b|l2; note
that we may take b = \x|% and a = :r\x]_% on the support of z. We have Fourier expansions
a=Y ez arz® and b= 3", bp2". Now we have

|F|~|PpaPplly <|F| Y| Prall2l|bPr|2

Now || Pral|3 is the sum of the squares of the absolute values of the matrix entries of Ppa where
we recall that with respect to the basis (zk) kez the matrix entries are:

indexed by Z

Pra = indexed by F{ ... a_1 ay a1
a_1 Qg aq

On a fixed row we find the sequence (ay)rez, possibly shifted, and there are precisely |F| rows.
This means that we have

1
2
1 1
| Pralls = [F|2 (Z Iak|2> = |F[2]|all2,

keZ

and similarly

[N

1 1
16PF |2 = |F[> (Zlbk!2> = [E|z][bll2-

keZ
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Therefore
lep (@)1 = |F|~ | PraPplly < [F| 7| Prall2llbPella < [F|~ al2llbll2 = ||z

This concludes the claim for p = 1.

For arbitrary 1 < p < oo we conclude by a version of complex interpolation [BeLo76]. Note
that the maps depend on p so we cannot use the most primitive version of complex interpolation;
nevertheless it is possible to interpolate analytic families of operators.

Claim 2: @8 o T, = My o ©h..
Proof of claim 2: This follows from the description of Fourier multipliers given in @
Claim 3: For x € LP(T) and y € L4(T) we have
Jim (o, (1), 9F, W) = (@ Y)pa
where Fj; = [—j,j]. In particular the limit exists.

Proof of claim 3: Let x = ", ., x,2" and y = > okez yr2* be the Fourier expansions of x and .
Note that for any F' C Z finite,

indexed by F'

PrxPr = indexed by F e, T_1 T X1
r—1 Xo I1

And so
(5 (@), 05 (W))pg = Te(Ph(2)9%, () = |[F| " Te(PpaPryPr),
is an expression that is computable. A short matrix computation shows that

S |FﬂF+k|

|F| ' Tr(PraPryPr) =
s F|

Now take F' = F; = [—j, j] and let j — co. The previous two equalities yield

F;NFj + k|
o g |FNF; + k|
jlgf)lo@pj(:c),@pj(y» X —Jlglélokezzxky ]F] ];Za:ky k= (T, Y)pgq

Remainder of the proof. Now take x € LP(T) and y € LY(T). Then by using Claim 3, Claim 2,
Remark (last bullet), and then Claim 1, we find:

[(Ton(@), W)l =i (5, (Ton(2)), 98, (W)}l = i M, (@), 08, (W)

<My : Sp = Spllllek, (@) pll ok, (@)llg < 1My 2 Sp = Splllzllpllylla-

Taking the supremum over z and y in the unit ball yields
[T« LP(T) — LP(T)|| < ||Mg = Sp — Spll,

and thus concludes the proof.
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Remark 2.30. Theorem [2.2§ can be generalized after the introduction of locally compact groups
and their group von Neumann algebras, see [NeRilll [CaSal5]. In the analogous statement the
inequality > then holds for any locally compact group and the inequality < holds for any so-called
amenable locally compact group. The question whether there exists a counter example in case
the group is not amenable remains open. In [CaSal5] it is shown that the proof technique does
not extend beyond amenable groups.

Remark 2.31. The proof Theorem is based on the principle of transference; and let us
say that both directions of the inequality are transference proof. They have in common that
one LP-space is isometrically embedded in another LP-space in such a way that the Fourier and
Schur multipliers are intertwined by the embedding. There are many variations of this trans-
ference principle available in the literature and we list a number of them that were relevant in
noncommutative analysis - the list shall surely be incomplete:

e In [Lee65] Karel de Leeuw proved a transference result for Fourier multipliers on R? to
Fourier multipliers on Z%. This was generalized to locally compact groups, with conditions,
in [CPPR15)] using again a new transference proof.

e In [Pis98] Pisier constructed a Fourier multiplier that is bounded but not completely
bounded. Part of the proof used transference from Fourier to Schur multipliers exactly as
in Theorem [2.28 note that Pisier’s result dates back further.

e In [?] Fourier multipliers on SL(n,R) were constructed. The proof uses a ‘local’ version of
transference, see that paper. In fact the paper uses several applications between Fourier
and Schur multipliers back and forth.

e In [CGPT22| sharp Hérmander-Mikhlin conditions were found for when the symbol of a
Schur multiplier acts boundedly on S,. The proof uses transference of twisted Fourier
multipliers.

e Theorem was generalized for actions of groups in [Gonl§].

e In [PoSull] boundedness of Schur multipliers of divided differences was shown using a
transference proof that we shall outline in the next section. The proof also follows as a
special case of [CGPT22].

e There are several multilinear transference results. A multilinear version of Theorem 2.2§
can be found in [CKV22]. A multilinear De Leeuw theorem was proved in [CJKM24] for
locally compact groups with conditions. Multilinear transference was applied in [CaRe25]
to tackle problems on Schur multipliers of higher order divided differences.

e Several multiplier theorems on quantum tori have been obtained, see e.g. [CXY13| Ric16]
(this list may be far from complete).

LECTURE 6: TRANSFERENCE AND SCHUR MULTIPLIERS OF DIVIDED DIFFERENCES

In this lecture we give another applicaton of a transference result: the main result of [PoSull].
To do this we need to develop our theory a little bit further.

We shall need to do harmonic analysis on T¢ and in particular for d = 2. All the theory about
Fourier and Schur multipliers makes perfect sense in case we change T for T¢ and Z by Z¢. To
keep the notation simple let us do this for d = 2 so that T?> = T x T. In this case, we have the
coordinate functions

21 (21,22) — 21, z9 : (21,22) — 22.

We have used the same abuse of notation as before and denote by z; both the coordinate and the
coordinate function.
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Definition 2.32. A function m € ¢°°(Z?) defines a bounded map
Ty - LA(T?) — L2(T?) : 281282 s m(ky, k) 28252,

with norm ||m||«. Let p € [1,00). If T},, maps L?(T?) N LP(T?) to L?(T?) N LP(T?) and extends to
a bounded map LP(T?) — LP(T?) then T}, is called a LP-Fourier multiplier with symbol m.

We shall use the following theorem as a black box.

Theorem 2.33. There erists a function m : Z* — C such that for (i,j) € Z2,(i,j) # (0,0) with
li] < |j| we have
]
m(laj) =
J

and such that m is the symbol of an LP-Fourier multiplier for any 1 < p < oo.

Proof sketch. We shall give some references to the literature from which one can reconstruct the
proof. The original way to prove this theorem is through [PoSulll, Lemma 6] and then applying
a completely bounded version of the Marcinkiewicz multiplier theorem which is due to Bourgain
[Bou86| and relies on the fact that the Hilbert transform from Section is in fact completely
bounded (from this fact the total proof is only a page or 3). Combining this with De Leeuw’s
discretization theorem [Lee65], which is again a transference result, gives the result. O

The following theorem was proved by Potapov and Sukochev [PoSull]. We state it a different
- in fact less elegant - form to avoid some small technicalities. We let S be the Schatten von

Neumann class associated with ¢2([1,n] N Z).

Theorem 2.34. Let 1 < p < co. There exists a constant C, > 0 such that for every f € C*(R)
with || f']|ec < 00, for every n € N, and for every X = (A\1,...,\,) € R™ we have

1My, 2 Sy = Spll < Cpll flloc-
Proof. We will give the proof except that we shall accept that the following reductions can be

carried out, the second one being trivial:

e Without loss of generality we can assume that there exists N € N such that \; € %Z
and f(\;) € Z. This assumption can be made by approximating arbitrary A; € R with
elements from %Z. A similar approximation is also carried out in [PoSull].

e Without loss of generality, we may assume that ||f'||.c < 1 as we may replace f by
Ilf'll=f if f is not the constant function. If f is constant both f’ and ¢y are 0 and so
the statement is trivial.

Now let N € N be as above and assume that Ay,..., A\, € %Z. Define the unitary
n .
u=>Y p; @MW e s L/(T) @ LX(T) = S @ LP(T?).
j=1
Again we have for any z € S} that

Ju(z @ 1@ Dul, = [l
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Let m be the multiplier from Theorem W For 2 € S} we have the intertwining property.

ij=1

. —~ N(f(\) —f(\) o N(i—j) N(f@)—£())
_5;1 N —xy)  EE o

=y FADZT) e N9 g N U016
= MTA :

n
=(My, » ®id)( Z PiTp; © ZNOA) @ LNUEO=F))y
i,j=1
=u(Mg, A(7) @ D)u*.
Now combining the latter two properties we see that for x € S we have
1Mo, (@)|lp =llu(My; , (z) @ Du*[|p, = [|(id @ Tip) (u(z @ 1)u”) ||,
<[ T l[eplluz @ D |lp < | Ton|cal -
O

Theorem may at first glance look like a technical result but it has a number of beautiful
consequences of which we mention at least the following.

Theorem 2.35. Let 1 < p < oco. There exists a constant C,, > 0 such that for every n € N,
every A, B,Cx € M, with A, B,C self-adjoint and every f € C1(R) with ||f'||cc < 0o we have the
following commutator estimate:

I1FCA), 2]llp < Cpll Flloo 1[4, #]lloc,

and the following Lipschitz estimate

1F(B) = F(O)lp < CpllB = Clp-

Proof. We first prove the commutator estimate. Since A is self-adjoint we may assume it is
diagonal with eigenvalues (A, ..., A,) € R%;. Now we have

[f(A), 2] = ((f (M) = F(N))mij)is = Mopan (N = Aj)wiz)is) = My, a([4, 2]).
Therefore by Theorem [2.34
1[f(A), 2]l < 2Cy|[[A, ]|,

and we conclude the commutator estimate.
The Lipschitz estimate follows as we may take

(1) (20)

Then for the commutators we get:

=00 P09) wwa=(0p L)

Taking norms concludes the theorem. O



16

[BeLo76]

[Bou86]

[CaSal5]
[CPPR15)
[CIKM24]
[CKV22]
[CaRe25]
[CXY13]
[CGPT22]
[Cot55]
[CoFo76]
[GPX]
[Gon18]

[GoLa25]

[PoSull]

[Ric16]
[SkTo19]

[SteT0]

MARTIJN CASPERS

REFERENCES

J. Bergh, J. Lofstrém, Interpolation spaces. An introduction., Grundlehren der Mathematischen Wis-
senschaften, No. 223 Springer-Verlag, Berlin-New York, 1976, x+207 pp.

J. Bourgain, Vector-valued singular integrals and the H'-BMO duality, in Probability Theory and
Harmonic Analysis (Cleveland, OH, 1983), Monogr. Textbooks Pure Appl. Math., 98, pp. 1-19. Dekker,
New York, 1986

M. Caspers, M. de la Salle, Schur and Fourier multipliers of an amenable group acting on non-
commutative LP-spaces, Trans. Amer. Math. Soc. 367 (2015), no. 10, 6997—7013.

M. Caspers, J. Parcet, M. Perrin, E. Ricard, Noncommutative de Leeuw theorems, Forum Math. Sigma
3 (2015), Paper No. e21, 59 pp.

M. Caspers, B. Janssens, A. Krishnaswamy-Usha, L. Miaskiwskyi, Local and multilinear noncommutative
de Leeuw theorems, Math. Ann. 388 (2024), no. 4, 4251-4305.

M. Caspers, A. Krishnaswamy-Usha, G. Vos, Multilinear transference of Fourier and Schur multipliers
acting on non-commutative LP-spaces, Canad. J. Math. 75 (2023), no. 6, 1986—2006.

M. Caspers, J. Reimann, On the best constants of Schur multipliers of second order divided difference
functions, Math. Ann. 392 (2025), no. 1, 1119-1166.

Z. Chen, Q. Xu, Z. Yin, Harmonic analysis on quantum tori, Comm. Math. Phys. 322 (2013), no. 3,
755-805.

J.M. Conde-Alonso, A.M. Gonzdlez-Pérez, J. Parcet, E. Tablate, Schur multipliers in Schatten-von
Neumann classes, Ann. of Math. (2) 198 (2023), no. 3, 1229-1260.

M. Cotlar, A unified theory of Hilbert transforms and ergodic theorems, Rev. Mat. Cuyana 1, 2 (1955),
105-167.

M.G. Cowling, J.F. Fournier, Inclusions and noninclusion of spaces of convolution operators, Trans.
Amer. Math. Soc. 221 (1976), no. 1, 59-95.

A.M. Gonzélez-Pérez, J. Parcet, R. Xia, Noncommutative Cotlar identities for groups acting on tree-like
structures, arXiv: 2209.05298.

A. Gonzélez-Pérez, Crossed-products extensions, of LP-bounds for amenable actions, J. Funct. Anal.
274 (2018), no. 10, 2846-2883.

S. Goldstein, L. Labuschagne, Noncommutative measures and LP and Orlicz Spaces, with Applications
to Quantum Physics, Oxford University Press 2025.

L. Grafakos, Classical and modern Fourier analysis, Pearson Education, Inc., Upper Saddle River, NJ,
2004, xii+931 pp.

K. de Leeuw, On L? multipliers, Ann. of Math. (2) 81 (1965), 364-379.

X. Lu, R. Xia, Hilbert transforms on Cozeter groups and groups acting on buildings, arXiv: 2508.18176.
T. Mei, E. Ricard, Free Hilbert transforms, Duke Math. J. 166 (2017), no. 11, 2153-2182.

G. Murphy, C*-algebras and operator theory, Academic Press, Inc., Boston, MA, 1990, x+286 pp

S. Neuwirth, E. Ricard, Transfer of Fourier multipliers into Schur multipliers and sumsets in a discrete
group, Canad. J. Math. 63 (2011), no. 5, 1161-1187. doi:10.4153/CJM-2011-053-9.

G. Pisier, Q. Xu, Non-commutative L?-spaces, North-Holland, Amsterdam, 2003, 1459-1517.

G. Pisier, Similarity problems and completely bounded maps, Lecture Notes in Math., 1618, Springer-
Verlag, Berlin, 2001, viii4+-198 pp.

G. Pisier, Non-commutative vector valued L”-spaces and completely p-summing maps, Astérisque No.
247 (1998), vi+131 pp.

G. Pisier, Introduction to operator space theory, London Math. Soc. Lecture Note Ser., 294. Cambridge
University Press, Cambridge, 2003, viii+478 pp.

D. Potapov and F. Sukochev, Operator-Lipschitz functions in Schatten—von Neumann classes, Acta
Mathematica 207, no. 2, pp. 375-389, Dec. 2011.

E. Ricard, L?-multipliers on quantum tori, J. Funct. Anal. 270 (2016), no. 12, 4604-4613.

A. Skripka, A. Tomskova, Multilinear operator integrals, Lecture Notes in Math., 2250, Springer, Cham,
2019, xi+190 pp.

E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Math. Ser., No.
30, Princeton University Press, Princeton, NJ, 1970, xiv+290 pp.

TU Derrt, EWI/DIAM, P.O.Box 5031, 2600 GA DELFT, THE NETHERLANDS
Email address: M.P.T.Caspers@tudelft.nl


https://doi.org/10.4153/CJM-2011-053-9

	Background and notation
	Prerequisites
	General notation

	Lecture 1 - Schur multipliers
	1.1. Schur multipliers - an introduction
	1.2. Special examples of Schur multipliers
	1.3. Literature

	Lecture 2 - Fourier multipliers on the torus
	2.1. Standard notation

	Lecture 3 - Connection between Fourier and Schur multipliers: algebraic level
	Lecture 4 - Schatten-von Neumann noncommutative Lp-spaces
	Completely bounded maps

	Lecture 5: Transference of Fourier and Schur multipliers
	Lecture 6: Transference and Schur multipliers of divided differences
	References

