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Abstract

Noting that every L'-space satisfies a randomized version of the UMD property, we
show how a general stochastic Fubini theorem for the stochastic integral of operator-
valued processes with respect to cylindrical Brownian motions can be obtained as an
application of the theory of stochastic integration developed recently by Lutz Weis and
the authors.

1 Introduction

The stochastic Fubini theorem and stochastic processes indexed by a parameter have been
studied by many authors, cf. [1, 4,5, 8,12, 19, 22]. A general version of the stochastic Fubini
theorem, valid for real-valued semimartingales as integrators, is due to Doléans-Dade [8] and
Jacod [12, Théoreme 5.44]. Roughly speaking it can be formulated as follows. Let (S, X, u)
be a o-finite measure space, let (£, %, P) be a probability space and let ¢ : Sx[0,T]xQ — R
be ¥ ® A([0,T]) ® F-measurable. If (t,w) — ¢4(t,w) = qﬁ(s t,w)is integrable with respect
to a semimartingale X for all s € S, if the process (t,w) f S ¢s(t) du(s) is well defined
and integrable with respect to X, and if

' ¢s(t) dX (t)| dp(s) < oo almost surely, (1.1)
s'Jo

then, almost surely,

//¢ ) dX (t) du(s //¢ ) du(s) dX (t).

Motivated by applications to stochastic differential equations in infinite dimensions, it is
desirable to have a version of the stochastic Fubini theorem for integrals of operator-valued
processes with respect to cylindrical Hilbert space-valued semimartingales. Generalizing an
earlier result of Chojnowska-Michalik [4], a stochastic Fubini theorem for .Z(H, H')-valued
processes with respect to H-cylindrical Brownian motions Wx was proved by Da Prato and
Zabezyk [5]. Here H and H' are separable real Hilbert spaces. In this result the condition
(1.1) is replaced by the condition

¢ € L'(S;L*((0,T) x ;8 % (H, H'))), (1.2)

where % (H, H') denotes the Hilbert-Schmidt operators from H into H'.

The purpose of this paper is to prove a stochastic Fubini theorem for integration of
Z(H, E)-valued processes with respect H-cylindrical Brownian motions under assumptions
analogous to (1.1) but which may be easier to verify in concrete applications. Here, F is
assumed to be a real Banach space. Since the special case F = R already exhibits all main
ideas, we have written out our results in detail for H-valued processes only; here we identify
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Z(H,R) with H. The extension to .2 (H, E)-valued processes is sketched at the end of the
paper. It turns out that condition (1.2) may be weakened to

¢ € L'(S;L2(0,T; % (H, H'))) almost surely.

Our approach to the stochastic Fubini theorem is based on a straightforward extension
of the theory of stochastic integration developed recently by Lutz Weis and the authors in
[15] to processes with values in a UMD~ space, together with the basic fact that L!-spaces
possess the UMD ™ property. The idea is to interpret the stochastic integral parametrized
by S as a stochastic integral in the Banach space L!(S). The essence of the stochastic
Fubini theorem is then nothing but the statement that a bounded linear functional may be
moved into the stochastic integral:

/S /O ' ¢s(t) AW g (t) du(s) = < /0 ' by () AW (t), 1>

(L1(8),L==(S))
T T
= [ 60O 1) wsm sy Wu®) = [ [ 6.0 duts) W0
In order to develop this simple idea in a rigorous way, some measurability problems have to
be overcome. The main difficulty consists of lifting measurability properties of ¢ that hold
pointwise in s to the corresponding L!(S)-valued functions. This problem is discussed in
Section 2. The main results of the paper are contained in Section 3.

In a forthcoming paper, the results of this paper will be applied to study stochastic
evolution equations.

2 Measure theoretical preliminaries

Let (S,%) be a measurable space and let (Y,d) be a complete metric space. A function
¢ S — Y is called X-simple if it is of the form ¢ = 2712[:1 14, ®yp with 4, € ¥ and
yn € Y for n = 1,..., N. countably valued ¥-simple functions are defined similarly. A
function ¢ : S — Y is called strongly X-measurable if it is the pointwise limit in Y of
a sequence of X-simple functions. It is well-known [18, Lemma V-2-4] that a function
¢S — Y is strongly Y-measurable if and only if the following two conditions are satisfied:

(i) the range of ¢ is separable;
(ii) we have ¢~ !(B) € X for all Borel sets B in Y.

This implies that the pointwise limit of a sequence of strongly ¥-measurable functions is
strongly ¥-measurable again.

By covering the range of a strongly Y-measurable function ¢ with countably many balls
B with radius % and centre y7', and defining ¢, to have the constant value y7 on the set
¢~ 1(By \ U< Bj) we obtain a countably valued ¥-simple function ¢, : S — Y such that
sup,cg d(¢n(s), ¢(s)) < . Thus every strongly L-measurable function is the uniform limit
of a sequence of countably valued X-simple functions.

As was mentioned in the introduction, it will be important to lift measurability proper-
ties of a process indexed by a parameter s to the corresponding L!(S)-valued process. This
problem is easily reduced to the following abstract question:

If (Q, %) is a measurable space, F is a Banach space, and ¢ : S x Q — E is
a X ® % -measurable function with the property that all sections ¢, are strongly
¢-measurable, where ¢ is some sub-c-algebra of %, does it follows that ¢ is
strongly ¥ ® ¢-measurable?

In general the answer is negative even for indicator functions (cf. the example below).
On the other hand, the answer is ‘almost positive’ if (Q,.%,v) is a o-finite measure space,
in the sense that ¢ has a modification which does have the required properties. We call two
functions ¢ : S x Q@ — E and ¢ : S x Q — E modifications of each other if for all s € S we
have ¢(s,w) = ¢(s,w) for v-almost all w € Q.



Proposition 2.1 Let (S,X) and (2, &, v) be as above, let 4 be a sub-o-algebra of &, and
let E be a Banach space. If ¢ : S x Q — E is a strongly ¥ ® F -measurable function with
the property that for all s € S the function ¢s is strongly 4 -measurable, then ¢ admits a
strongly ¥ ® ¢ -measurable modification.

We may assume without loss of generality that v(Q) < co. In fact, if ¥(Q) = oo, pick
sets (2, € Z such that p(2,) > 0 is strictly increasing with n and {J,5, 2, = Q. Put
Y1 :=Qp and Y01 = Q01 \ Qy, for n > 1, and define

~ 1 v(ANY,)
A) =S A0 ) g
=Dy AT

Then v is a probability measure on (2, .#) which has the same null sets as v, and therefore
we may replace v by ¥ in Proposition 2.1.

From now on we assume that v(Q) < co. We denote by L°(Q; E) the space of strongly
Z-measurable functions, identifying functions that are equal v-almost everywhere. This is
a complete metric space with respect to the translation invariant metric || - ||o defined by

1o = / 1£@)]| A1 du(w).

A sequence in L°(Q; E) converges in the metric ||-||o if and only if it converges in v-measure.
If 4 is a sub-o-algebra of .%, we denote by L°(Q,%; E) the closed subspace of L°(); E)
consisting of all strongly ¢-measurable functions, identifying again functions that are equal
v-almost everywhere.

For a sequence (fn)n>1 in LY(; E) and a := (an)n>1 € ', we make the following
observation: if || f,|lo < a, for all n > 1, then lim,,_,, f, = 0 v-almost everywhere. Indeed,
define g : @ — [0,00] by g(w) =3, 5, [ fa(w)[| A 1. We have

/Qg(w) dv(w) = Z | frllo = llal[;n < oc.

n>1

Hence g is v-almost everywhere finite and the claim follows. The proof of the proposition
follows the proof of the celebrated result of Dellacherie and Meyer on the existence of a
progressively measurable version of adapted measurable processes [6, Theorem IV.30] with
some simplifications due to the absence of a filtration, and is included for the reader’s
convenience.

Proof of Proposition 2.1. Assume that v(Q2) < co. It follows from the Fubini theorem that
for all s € S, ¢(s,-) is a strongly .#-measurable function, so we may define ¢ : S — L°(Q; E)
as (P(s))(w) := ¢(s,w). We claim that ¢ is strongly Y-measurable. By a monotone class
argument we can find a sequence of ¥ ® %#-simple functions ¢, : S x Q@ — FE, each of
which is a finite linear combination of functions of the form 1,44 r ® z with A € ¥, F € .7,
r € E, such that ¢ = lim, .. ¢, pointwise on S x Q. Define v, : S — L°(; E) as
(Yn(9))(w) = ¢Pn(s,w). Then each ¥, is a E-simple function and for all s € S we have
P(s) = limy, o0 ¥ (s) in LO(Q; E). This proves the claim.
Choose a sequence of countably valued :-simple functions 7, : S — L%(; E), say

Ma(s) = D Lag(s)h
k

with A} € ¥ and A} : Q — E strongly % -measurable, such that for all s € S we have

l0(s) — mn(s)]lo < 27"

For n,k > 1 let s} € A} be arbitrary and fixed. Then |[¢(s}) — hillo < 27™. Put

én(sa w) = Z 1AZ' (8)¢(SZ’ w)'
k



By the ¢-measurability assumption on the sections of ¢, we obtain a countably valued
Y-simple function ¢, : S — L°(Q,¥; E) by

('(/)n(s))(w) = én(sa w)a

and for all s € S we have

1(5) = u(s)llo < [1¥(5) = ma(s)llo + lIma(s) = dnls)llo < 27F1.

By the observation preceding the proof, for all s € S we have
d(s,w) = (Y(s))(w) = lim (Pn(s))(w) = lim ¢, (s,w) for v-almost all w € Q.

Let C be the set of all (s,w) € S x Q for which the sequence (¢, (s,w)) converges. Then
the function

P(s,w) == lim 1a(s,w)pn(s,w).

n—oo

is a ¥ ® ¢¥-measurable modification of ¢. O

The following example was communicated to us by Klaas Pieter Hart. It shows that
in general the strong ¢4-measurability of the sections ¢ of a jointly measurable function ¢
does not imply the strong ¥ ® ¢4-measurability of ¢.

Ezample. Let (5,%) = (Q,.%) = (w1, ), where wy is the first uncountable ordinal and
P = P(wy) is its power set. Let & be the sub-o-algebra of & consisting of all sets that
are either countable or have countable complement. Let

A:={(a,0) w1 Xw1: a< G}

It is well known that & @ & = P (w; X wy) [21], see also [13, Theorem 12.5], and therefore
Ae PP Moreover, for all o € wy the section A, := {f € w1 : (o, B) € A} belongs to
¢. We will show that A ¢ & ® 4. The example announced above is obtained by taking
for ¢ the indicator function of A.

Define an increasing family of collections of subsets (63)se., as follows. Let %, denote
the collection of all measurable rectangles in & ® 4. If § € w; is a successor ordinal, say
B8 = a+1, let €3 be the collection of all sets obtained from %, by taking complements,
intersections, and countable unions. If 3 € w; is a limit ordinal, let ¢ := J,, . 5 €. Note
that 2 @ 9 = s, €5. With induction on j it is seen that every C' € €3 belongs to a
o-algebra generated by a countable family of measurable rectangles in & ® 4.

Suppose now, for a contradiction, that A € & ® ¢4. Since there is a first ordinal
B € wy such that A € %3, there exists a countable collection of measurable rectangles
P, xG, € PRY such that A€ P4 :=0(P, xGp; n=1,2,...). Choose a; € w;y such
that G,, C [0,ay) for all countable G,, and G,, 2 [a1,wq) for all G,, whose complement is
countable. For each n, (F,, x Gp,) N (w1 X [a1,w1)) equals either & or F,, x [a,w). Hence if
B e P4, then BN (w1 X [aq,w1)) = Pp X [a,w) for some Pg C wy. But obviously there
exists no set P4 C wq such that AN (w1 X [@1,w1)) = Pa X [a1,w1). Thus A € Py, a
contradiction.

Remark. Let v be the probability measure on (w1,%) defined by

0, if P is countable,
1, if P is uncountable.

V(P) = {

Any modification of the indicator function 14 fails to be & ® ¢-measurable equally well.
This does not contradict Proposition 2.1, since v cannot be extended to a measure on

(wlv @)

We continue with a measurability result for functions having LP-sections.
Proposition 2.2 Let (S,%) and (Q, F,v) be as before, let 1 < p < oo, and let E be a
Banach space. If ¢ : S x Q — E is a strongly ¥ ® F -measurable function such that for all

s € S we have ¢ € LP(Q; E), then the function ¢ : S — LP(Q; E) defined by ¢ (s) := ¢ is
strongly X-measurable.



Proof. Let (€4) be an increasing sequence of sets in .# with v(€) < oo and [J, Qx = Q.
By approximating ¢ with the functions 1o, n4|<k} ¢ and recalling that pointwise limits of
strongly ¥-measurable functions are strongly ¥-measurable, we may assume that v(Q) < co
and that ¢ is uniformly bounded.

Choose a sequence of Y-simple functions ¢, : S x 2 — FE, each of which is a finite
linear combination of functions of the form 1sxpr ® x with A € ¥, FF € %, x € E, such
that ¢ = lim,, .o, ¢, pointwise on S x €. These functions may be chosen in such a way
that in addition we have ||¢n|lco < 2||¢]loo. By the dominated convergence theorem, for
all s € S we have ¢(s,) = limu—00 Pn(s,+) in LP(; E). Define the 3-simple functions
Yn 2 S — LP(Q E) by ¥n(s) := ¢n(s,:). Then for all s € S,

This shows that 1) is strongly ¥-measurable. O

Note that we did not assume LP(Q; E) to be separable. If this is the case, the above
proof can be simplified somewhat by using the Pettis measurability theorem.
By repeated application of Proposition 2.2 we obtain:

Proposition 2.3 Let (S,X) be as before, let (Q,.F,v) and (Q,ﬁz,f/) be o-finite measure
spaces, let 1 < p, p < oo, and let E be a Banach space. If ¢ : S x {2 x Q—Fisa strongly
Y ®.F ®.F -measurable function such that for all s € S we have ¢ € LP(; LP(Q; E)), then
the function 1 : S — LP(; LP(; E)) defined by (s) := ¢ is strongly L-measurable.

3 The stochastic Fubini theorem

Let H be a separable real Hilbert space. A family Wy = {Wx(t)}iepo,r) of bounded
linear operators from H to L?(Q) is called a H-cylindrical Brownian motion if Wgh =
{Wr(t)h}ieo, 1) is an real Brownian motion for each h € H and

E(Wr(s)g- Wr(t)h) = (s At)[g,hlu s,t€1(0,T], g,h € H.

Let E be a real Banach space. A function ® : [0,T] — Z(H, E) belongs to L*(0,T; H)
scalarly if for all z* € E* the function t — ®*(¢)x* belongs to L*(0,T; H). Note that by
the separability of H and the Pettis measurability theorem [7], the strong measurability of
t — ®*(¢)x* is equivalent to its weak measurability.

Definition. A function ® : [0,T] — Z(H, E) is called stochastically integrable with respect
to Wy if ® belongs to L?(0,T; H) scalarly and there exists there exists a sequence (®,,) of
step functions such that:

(i) For all z* € E* we have lim ®}z* = ®*z* in L*(0,T; H);

(ii) There exists a strongly measurable random variable Y : Q@ — FE such that
T
Y = lim ®,(t)dWg(t) in L°(Q; E). (3.1)
n—oo 0
We then write Y =: fOT D(t) dWg(t).
Note that (i) and (ii) imply that for all 2* € E*,

</0T O(t) dWg (1), x*> = /OT O*(t)z" dWg(t) almost surely.

The stochastic integral for L2(0,T; H)-functions on the right hand side of (3.1) is defined
in the usual way: for step functions we put

T N N
/ > 1y @ hn AW () =Y Wi (tn)ha — Wa(tn—1)ha
0

n=1 n=1



and this definition is extended to arbitrary L?(0,T; H)-functions by approximation and
using the Ito isometry.

It was shown in [16] that ® is stochastically integrable with respect to Wy if and only if ®
belongs to L?(0,T; H) scalarly and there exists a y-radonifying operator Ig : L2(0,T; H) —
FE such that

T
<@%ﬁ>:4[mm@%mﬂHw,geL%mﬂﬂmx*eEf (3.2)

If (3.2) holds, we shall say that ® represents the operator Ip. Recall that a bounded
operator S from a separable real Hilbert space 57 into F is called y-radonifying if for some
(every) Gaussian sequence (7,) and some (every) orthonormal basis (h,) of 5 the sum
> n Yn Shy, converges in the L? sense. The vector space of all y-radonifying operators from
J to E is denoted by (7, E). It is a Banach space with respect to the norm || - ||, g),

151202 = E|| > 7m

If ®:[0,T) — Z(H, E) is stochastically integrable, then for the operator Is from (3.2)
we have

2
ol aso e =B [ 20 a0

Let (S,%, 1) be a o-finite measure space and fix an arbitrary 1 < p < co. In the next
two lemmas we consider a strongly ¥ ® %([0,T])-measurable functlon ¢:Sx[0,T]—H
which has the property that for all ¢ € [0,7] and h € H, the function s — [¢(s,t),h]n
belongs to L?(S). We then define ® : [0,T] — £ (H, L*(S)) by

(@(t)h)(s) := [@(s,t), hln- (3.3)
As an application of Proposition 2.2 we have:

Lemma 3.1 Let the function ® : [0,T] — £ (H, L?(S)) defined by (3.3). For allh € H the
function ®h : [0,T] — LP(S) defined by (Ph)(t) := P(t)h is strongly B([0,T])-measurable.

The following lemma gives a necessary and sufficient condition for the stochastic inte-
grability of the function ®. It is a special case of [15, Proposition 4.1], which generalizes the
case H = R considered in [16, Corollary 2.10]. See also [20, Corollary 4.3] and [2, Theorem
2.3] for related results.

Lemma 3.2 The function ® : [0,T] — ZL(H,LP(S)) defined by (3.3) is stochastically
integrable in LP(S) with respect to an H-cylindrical Brownian motion Wy if and only if ¢
defines an element of LP(S; L?(0,T; H)). In this case we have

]EH/ dWH H - ||¢)||’2y(L2(07T;H)7Lp(S)) ~p ||¢||ip(S;L2(O,T;H))-

Here ‘<,’ means that we have a two-sided estimate with constants depending only on p.

In order to extend the notions introduced above to processes @ : [0,7] x Q@ — Z(H, E)
we need to introduce some terminology. Throughout, F = (#;)c[o,r) denotes a filtration
satisfying the usual conditions. We assume that the H-cylindrical Brownian motion Wy is
adapted to F, by which we mean that for all h € H the real-valued Brownian motion Wxh
is adapted to F.

A process @ : [0,T] x Q — Z(H, E) belongs to L°(Q; L?(0,T; H)) scalarly if for all
x* the process ®*x* belong to L°(Q; L?(0,T; H)). Such a process is said to represent an
element X¢ of LO(;~v(L%(0,T; H); E)) if for all f € L?(0,T; H) and z* € E* we have

T
(Xof,z*) = /0 [f(t),®*(t)x*]| g dt almost surely.



A process @ : [0,T] x Q — Z(H,FE) is called scalarly progressively measurable with
respect to F if for all h € H and x* € E* the process ®*x* is progressively measurable with
respect to F. By the Pettis measurability theorem, this happens if and only if for all h € H
and z* € E* the process (Ph, z*) is progressively measurable with respect to F.

A process @ : [0,T] x Q — Z(H, E) is called elementary progressive with respect to F
if it is of the form

K

N M
P(t,w) = Z Z Lty 1 tn] X A (t,w) Z hi @ Tmn,
=1m=1

k=1

where 0 <t < -+ <ty < T, Apn € F1,, 15 Thnm € E, and (hg)r>1 is a fixed orthonor-
mal basis for H. Clearly, every elementary progressive process is scalarly progressive and
represents an element of L°(Q;~y(L?(0,T; H); E)).

Definition. A process ® : [0,T] x Q — Z(H,E) is called stochastically integrable with
respect to Wi if ® belongs to L°(2; L?(0,T; H)) scalarly and there exists a sequence (®,,)
of elementary progressive processes such that:

(i) For all z* € E* we have lim ®}z* = ®*z* in LY(Q; L*(0,T; H));
n—oo

(ii) There exists a strongly measurable random variable Y :  — E such that

T
Y = lim ®,,(t)dWg(t) in L°(Q; E).

n—oo 0

We then write Y =: fOT O(t) dWg(t). Tt is easy to check that if @ is stochastically integrable,

then & is scalarly progressively measurable and for all * € E* we have
T T
</ O(t) dWg (1), ac*> = / O*(t)x* dWg(t) almost surely. (3.4)
0 0

Remark. 1In [15] a slightly narrower definition of stochastic integrability is used and a
correspondingly stronger version of Proposition 3.4 is proved. Since the proposition is used
only as a technical tool in the proof of Theorem 3.5, where it is applied to elementary
progressive processes ®,,, the simpler definition given above is sufficient for our present
purposes. We refer to [15] for a fuller explanation on this point.

Let (r,)n>1 be a Rademacher sequence. A Banach space E is called a UMD~ space if
for some (every) 1 < p < oo there exists a constant [, such that for every finite E-valued
martingale difference sequence (d,,))_; independent of (r,),>1 we have

N
EHnZ:ldn

The class of UMD spaces is defined by reversing the estimate. By a simple randomization
argument it is seen that a Banach space is a UMD space if and only if it is both UMD~
and UMD™. The classes of UMD~ and UMD space were introduced by Garling [11] who
proved among other things:

p

N
p
n=1

o If £ is a UMD™ space, then its dual £* is a UMD~ space. If E* is a UMD™ space,
then its predual E is a UMD~ space'.

e Every UMD~ space has finite cotype. Every UMD™ space is superreflexive.
e F is a UMD space if and only if E is both UMD~ and UMD™.

IThis corrects a misprint in the published version



For the theory of UMD spaces we refer to the review article by Burkholder [3] and the
references given therein.

By [11, Theorem 2] and the Lévy-Octaviani inequalities one easily sees that a Banach
space I/ is a UMD~ space if and only if for some (every) p € [1,00) there exists a constant
B, g = 0 such that for all E-valued martingale difference sequences (dn)N_, we have

n N

P - . P

E sup H E dkH < (ﬁ;E)pEIEH g dekH .
k=1 k=1

1<n<N
This may be used to prove:

Proposition 3.3 If (S,%, u) is o-finite and E is a UMD~ space, then for all p € [1,00)
the space LP(S; E) is a UMD~ space.

The fact that L'(S), and more generally every space which is finitely representable in !,
is a UMD~ space is proved in [11, Theorem 3]. Apart from the trivial case where (S, %, 1)
consists of finitely many atoms, the space L'(S) is an example of a UMD~ space that is
not a UMD space.

The following proposition is proved in the same way as [15, Theorem 3.7] and generalizes
of a result of McConnell [14] for H = R and UMD spaces E. It uses an obvious one-sided
generalization of [10, Theorem 2'] to UMD~ spaces.

Proposition 3.4 Let E be a UMD~ space and let @ : [0,T] x Q — L (H, E) be a scalarly
progressively measurable process. If ® represents an element Xg of L°(2;v(L?(0,T; H), E)),
then ® is stochastically integrable with respect to Wy, and there exists a sequence of ele-
mentary progressive processes @, : [0,T] x Q@ — ZL(H, E) such that:

(7') lim X‘i)n = X(I)n Zn LO(Q; 7(L2(07 T; H)? E));
T

(i) lim ®,(t)dW(t) = /0 O(t)dWg(t) in L°(Q; E).

n—oo 0

Below we shall apply the proposition to the space E = L'(S). By Lemma 3.2, the
space LO(Q;v(L2(0,T; H), L(S))) can be identified with L°(Q; L'(S; L?(0,T; H))) isomor-
phically.

After these preparations we are in a position to state and prove our first main result.

Theorem 3.5 (Stochastic Fubini theorem, first version) Let ¢: S x [0,T] xQ — H
be a process satisfying the following assumptions:

(i) ¢ is strongly ¥ ® B([0,T]) ® F-measurable;
(i) For all s € S, the section ¢4 is progressively measurable;
(iii) For almost all w € Q, (s,t) — ¢(s,t,w) belongs to L'(S; L*(0,T; H)).
Then:
1. For almost all s € S, the process ¢ is stochastically integrable with respect to Wy ;

2. For almost all (t,w) € [0,T] x Q, s — ¢s(t,w) defines an element of L*(S; H) and
there exists a progressively measurable process (¢, ) : [0,T] x Q — H, stochastically
integrable with respect to Wi, such that

wmmm:L@WMW@

for almost all (t,w) € [0,T] x §2;



3. For almost allw € Q, s — (fOT bs(t) dWH(t))(w) belongs to Ll(S) and
/S(/OT s(t) dWH(t))(w) du(s) = (/OT<¢>, 1) (t) dWH(t))(w),

If in (iii) we make the stronger assumption that ¢ € LP(Q; L'(S; L*(0,T; H))) for some
p € [1,00), then it follows from similar estimates as in [15] that

T
p
8| [ (6.0 aWa )] < ORI 51201

for some universal constant Cp, and the equality in (3) may be interpreted in LP(2).

Proof. By Proposition 2.1 (where we replace 2 by [0, T]x and for 4 we take the progressive
o-algebra & of [0, T] x Q) we may choose a version of ¢ which is ¥ ® Z?-measurable.

(1): For almost all w € Q we have ¢(s,-,w) € L?(0,T; H) for almost all s € S. Hence
by Fubini’s theorem, for almost all s € S the process (t,w) — ¢(s,t,w) has trajectories
in L?(0,T; H) almost surely. By standard results it follows that for almost all s € S the
process ¢, is stochastically integrable with respect to Wy.

(2): Using the embedding

L'(S;L*(0,T; H)) — L*(S; L*(0,T; H)) = L'(0,T; L*(S, H))

and the Fubini theorem, (iii) implies that for almost all (¢,w) € [0,7] x ©Q the function
s+ ¢(s,t,w) defines an element of L'(S; H). The exceptional set N being progressively
measurable, we may redefine ¢(-,t,w) to be 0 for (t,w) € N and thereby assume that
#(,t,w) defines an element of L!(S; H) for all (t,w) € [0,T] x Q. Now define an operator-
valued process @ : [0,7] x Q — Z(H, L*(9)) by

(P(t,w)h)(s) := [¢(s,t,w), h|m.

Since by (ii) the process (t,w) — [¢(s,t,w), h]m is progressively measurable for all s € S,
it follows by Proposition 2.2 that ®h is strongly progressively measurable for all h € H. In
particular, ® is scalarly progressively measurable.

By Proposition 2.3, the random variable w — ¢(+, -, w) is strongly .#-measurable from {2
to L1(S; L?(0,T; H)). Thus ¢ defines an element of L°(2; L'(S; L?(0,T; H))). By Propo-
sition 3.4 and the remark following it, ® is stochastically integrable with respect to Wy .

Identifying integration with respect to px with a bounded linear operator 7}, acting from
Z(H,L'(S)) to H in the canonical way, we have (¢, ) = T,,0®. Since T,,0® is stochastically
integrable with respect to Wy the result follows.

(3): By what has been proved in Step 2, ® is scalarly progressive and represents an
element of L°(Q;~(L?(0,T; H), L*(S))). Hence by Proposition 3.4 there exists a sequence of
elementary progressive processes ®,, : [0,T] x Q — Z(H, L*(S)) such that lim,, o, X¢, =
Xg in LO(;~4(L%(0,T; H), E)). Upon passing to a subsequence we may assume that

( /T (1) Wi (1)) (@)) (s) = Tim_(( / " e.) AW (1)) () ) (s)
0 TO
tim ([ (@) Wi (1) @)

(3.5)

n—oo

for almost all (s,w) € S x Q.

For each n, let ¢,, be the element of L°(€); (L*(S; L?(0,T; H)))) corresponding to the process
®,,. By passing to a further subsequence we may also assume that

lim ¢,(s,-,w) = ¢(s,,w) in L?(0,T; H) for almost all (s,w) € S x Q. (3.6)

n—00

Defining ¢y, s(t,w) := ¢n(s,t,w), by (3.6) and the Fubini theorem for almost all s € S we
have ¢s(-,w) = lim, o0 ¢n s(-,w) in L?(0,T; H) for almost all w € . This implies that



$s(-) = limy 00 dps(-) in L2(0,T; H) in probability. By standard results on stochastic
integration, from this it follows that for almost all s € S,

n—oo

T
/ ¢s(t) dWg(t) = lim Gn,s(t) AW (t) in probability. (3.7

Comparing limits in (3.5) and (3.7), for almost all s € S we obtain

( /0 ' s (1) dWH(t)>(w) _ (( /0 ' ®(1) dWH(t)> (w))(s) for almost all w € €.

But then by the Fubini theorem, for almost all w € 2 we have
T T
( / s () dWH(t)>(w) - (( / 10) dWH(t)>(w)>(s) for almost all s € §.  (3.8)
0 0

Since fo t) dWy (t) is a random variable with values in L!(S), this proves the p-integrab-
ility assertlon The final identity follows by integrating (3.8) with respect to p. This gives,
for almost all w € €,

/s(/OT 6u(t) Wi (1)) (@) dp(s) = /S((/OT B(E) AW (1)) ) (5) du)
Ul <(/OT (1) AW (1)) (@), 1)
(&) ( /0 ! * (1)1 dWH<t))(w)
(iii) (/ (¢, ) (t )dWH(t))(w).

n (i) the brackets denote the duality between L'(S) and L°°(S), in (ii) we used the identity
(3.4), and in (iii) we used (2) and the Fubini theorem to the effect that for almost all ¢t € [0, T
we have, almost surely,

[@*(t)1, hlu Z/S[Qﬁ(s,tw)’h]z{ dp(s) = [(@, ) (t), hlu for all h e H.

O

Theorem 3.5 can easily be extended to the more general situation where ¢ is a process
with values in Z(H,H'). In this way, a generalization of the result by Da Prato and
Zabczyk [5] as stated in the Introduction is obtained. More generally, one can replace the
role of H' by an arbitrary real Banach space E. The condition from [5] that ¢ should take
values in LY(2; L2(0,T; % (H, H')) is then replaced by the condition that ¢ should take
values in L°(Q;v(L?(0,T; H), E)). The latter condition reduces to the former if £ = H’
since y(L*(0,T; H), H') = L?(0,T; % (H, H")) isometrically. In order to be able to give a
precise statement of the theorem we need to introduce some notations from [15].

Every functional z* € E* induces a bounded operator z* : ~(L*(0,T;H),E)) —
L?(0,T; H) by

x*(S) := S*x*.

We shall erte (S,x ) instead of 2*(S). Applying this operator pointwise, we obtain an
operator z* : LO(Q;v(L2(0,T; H),E)) — L°(; L?(0,T; H)) by
(" (X)) (w) := X" (w)x*.

In what follows we shall write (X,z*) for z*(X). Let L%(Q;~v(L?*(0,T;H),E)) denote
the closed subspace of all of L°(Q;~(L?(0,T; H), E)) of all elements X such that for all
x* € E*, (X,z*) is a progressively measurable as an H-valued process with respect to the
filtration F. Here, we identify the elements (X,z*) € L°(Q;L?(0,7T; H)) with processes



(X,2z*) : [0,T] x Q — H. Note that if X = X4 is represented by a process ®, then
(X, x*) = d*a*.

Since every elementary progressive process is representable, the subspace of representable
elements is dense in L3(Q;v(L?(0,T; H), E)). It is shown as in [15] that the linear operator

Xo — fOT ®(t) dWg (t), which is well defined for representable processes by Proposition 3.4,
has a unique extension to a continuous linear operator

I"r . LY(~(L2(0,T; H), E)) — L°(%; E).

We shall write fOT X dWy for 1t6(X).
The proof of Theorem 3.5 can be adapted to obtain the following result.

Theorem 3.6 (Stochastic Fubini theorem, second version) Let E be a UMD~ space
and let ¢ : S x [0,T] x Q — L (H, E) be a process satisfying the following assumptions:

(i) For all h € H, ¢h is strongly ¥ @ $(|0,T]) @ F -measurable;
(ii) For all s € S, the section ¢ is progressively measurable for all h € H;

(iii) For almost all (s,w) € S x Q, the function t — ¢(s,t,w) represents an element
Usw € 7(L*(0,T; H), E), and for almost all w € Q, s — Us,, defines an element of
LY(S;y(L*(0,T; H), E)).

Then:

1. For almost all s € S, ¢s is stochastically integrable with respect to Wy,

2. For all z* € E*, s+ ¢%(t,w)z* defines an element of L*(S; H) for almost all (t,w) €
[0,T] x Q, and there exists an element (¢, p) € LA(Q~(L%(0,T; H), E)) such that
for all x* € E* we have

(6o 2" () = /S 67 (t,w)a”™ du(s)

for almost all (t,w) € [0,T] x §;

3. For almost allw € Q, s +— (fOT ¢s(t) AW (t))(w) belongs to L'(S; E) and we have
T T
L[ s0awu)@due = (| 0.m avam)e)

If E has type 2 we have a continuous embedding L?(0,T;~v(H, E)) — ~(L?*(0,T; H), E),
cf. [17]. Condition (iii) is then implied by the stronger condition

(iii) For almost allw € 0, (s,t) — ¢(s,t,w) defines an element of L*(S; L2(0,T;~v(H, E))).

If E has cotype 2 we have a continuous embedding v(L?(0,T; H), E) — L*(0,T;~v(H, E)),
cf. [17]. Because of this, every X € L2(Q;v(L?(0,T;H),E)) can be identified with a
progressively measurable process in L°(Q; L2(0,T;~v(H, E))) and the use of the abstract
It6 operator can be avoided. Moreover it can be shown that in this situation, (2) can be
strengthened as follows:

(2)! For almost all (t,w) € [0,T] x Q, s +— ¢(s,t,w)h belongs to L*(S; E) for all h € H
and there exists a process (¢, ) : [0,T] x Q@ — Z(H, E), stochastically integrable with
respect to Wy, such that for almost all (t,w) € [0,T] x Q we have

(6 1) (1, 0) = /S &5 1,w)h du(s)

forall h € H.



Both remarks apply if £ = H’ is a Hilbert space, in which case we have v(H,E) =
~(H,H") = %(H,H'").

Finally, in (iii) we may replace the almost sure conditions by moment conditions to

obtain random variables with finite moments in (3). For example, in the case E = H' we
could assume that ¢ € LP(Q; L*(S; L2(0,T; % (H, H")))) for some p € [1,00), in which case
we obtain

T
p
EH/O <¢’“>(t)dWH(t)H < GBI si12(0, s (11,1

and the equality in (3) may be interpreted in LP(Q; E).
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