ON THE EXISTENCE AND GROWTH OF MILD SOLUTIONS
OF THE ABSTRACT CAUCHY PROBLEM FOR OPERATORS
WITH POLYNOMIALLY BOUNDED RESOLVENT

J.M.A.M. VAN NEERVEN! AND B. STRAUB?

ABSTRACT. In this paper we study the growth of mild solutions of abstract
Cauchy problems governed by a densely defined generator A of an a-times
integrated semigroup {S*(t)};>0. We prove the following results:

(i) If [|S«(t)|| < Me“! for some M > 0, w € R, and all ¢ > 0, then for
alle >0, 0 > 0 and 20 € D((—Aw+to)*"®) a unique mild solution exists.
Moreover, this solution is exponentially bounded, and its exponential type
is at most w. If 29 € D((—Awto)1T2T), the solution is classical.

(ii) If || S*(t)|| < M (1+t") for some constants M > 1,v > 0, and all ¢ > 0,
then for all € > 0, o > 0 and all zg € D((—As)®*¢) a unique mild solution
exists. Moreover, this solution is polynomially bounded, and its polynomial
type is at most max{a—1+¢,y+¢,2y —a+e}. If zg € D((—As)1Tote),
the solution is classical.

These results are applied to study the growth of mild solutions of the
Cauchy problem governed by a densely defined operator whose resolvent is
polynomially bounded in the open right half plane.

1. INTRODUCTION

In this paper we study the asymptotic behaviour of solutions of the abstract
Cauchy problem

(ACP) w'(t) = Au(t) (t>0), u(0) =,
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where A is a closed linear operator with domain D(A) in a complex Banach
space X. We will investigate this problem for densely defined operators A sat-
isfying certain resolvent estimates in a right half plane. We prove existence and
uniqueness of mild and classical solutions for initial values in optimal domains,
and give optimal estimates for the growth of these solutions.

In order to motivate our approach, let A be a linear operator whose resolvent
R(\, A) := (A — A)~! exists and is polynomially bounded of order O(|\|7~!) for
some v > 0 and all Re A > w > 0. By the general theory of Laplace transforms,
the operator A generates an exponentially bounded, a-times integrated semigroup
S% = (5%(t))e>0 for every a > v given by
(1.1) S*(t)x = L MATYR(N, Az dA

2mi w+o+iR
for all t > 0 and = € X (see, e.g., [3, Theorem 3.1]). If one takes « = n € N
then it is well-known that (ACP) admits a unique mild solution u(-, zo) for every
xg € D(A™), which is given explicitly by

mn n—1 g
(1.2) u(t,zg) = ;t—nS”(t)xo = Z%Akmo + S™(t)A"zy, t>0.
k=0

In case zg € D(A™Y), then u(-,z0) is a classical solution. Formula (1.2) shows
that the exponential type of u(-, o) does not exceed that of the integrated semi-
group S™. Also, if S™ is polynomially bounded of order [, then (-, xo) is poly-
nomially bounded of order max{n — 1, 8}.

Now, if the resolvent grows like O(JA|7~1), integer exponents n in (1.1) are
not optimal and should be replaced by exponents v + . This leads us to study
fractionally integrated semigroups S®. Formally, one expects that, in analogy to
the integer case, (ACP) has a mild solution u given by u(t) = C;%SO‘ (t)z for every
x € D((—A)%). Formal, but simple Laplace transform manipulations show that
this fractional derivative of S(-)x should be given by the singular integral

° q d[a] d[a]
1. — Fa - [a]l—a ® " qa o1 a _A a—[a] ]
(1.3) w(t) /0 1 (s 7l SYt) — s 7] S (t/s))( ) xo ds

Here, I', = 7~ !sin((a—[a])7) and [a] denotes the integer part of a. This integral,
however, has singularities in 0, 1, and co. Moreover, it is not clear whether the
fractional powers of —A exist. We overcome both problems by considering, for
8 > «a, the (-times integrated semigroup Sngg generated by A, 4, = A —w —0;
here w is the exponential type of S* and ¢ > 0 is arbitrary. The main results
show that, by doing so, we obtain mild solutions for more initial values xy than
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by considering only the integer case, and that their behaviour is controlled by
that of the integrated semigroup as in the integer case.

Theorem 1.1. Let a > 0 and A be the densely defined generator of an a-times
integrated semigroup S* satisfying ||S*(t)|| < Me“! for some constants M > 1,
w >0, and all t > 0. Then, for alle > 0, ¢ > 0 and ¢ € D((—Aw+s)*),
the abstract Cauchy problem (ACP) has a unique mild solution. Moreover, this
solution is exponentially bounded, and its exponential type is at most w. If xg €
D((=Aui0)tTete), the solution is classical.

Theorem 1.2. Let a > 0, and let A be the densely defined generator of an a-times
integrated semigroup S% satisfying ||S*(t)|| < M(1+4¢t") for some constants M >
1,v>0, and all t > 0. Then, for alle >0, ¢ > 0 and all xg € D((—A,)*"),
the abstract Cauchy problem (ACP) has a unique mild solution. Moreover, this
solution is polynomially bounded, and its polynomial type is at most max{a —1+
g, v+ 2y —a+e}. Ifxg € D((—Ay)'TeTe), the solution is classical.

In these results, we use fractional powers for operators whose resolvent exists
and is polynomially bounded in a sector {| arg A | < ¢}; cf. Section 5. However, we
would like to point out that this does not increase the difficulty of the argument.
Its complexity is caused by the generality of the setting and our efforts to obtain
the correct orders for the growth of the solutions. The fractional powers of —A in
Theorem 1.1 (resp. Theorem 1.2) exist in the classical sense if ||[S*(t)| < Mt*e“*
for some w > 0 (resp. w = 0). In that case, we obtain in Theorem 1.2 polynomially
bounded solutions of order a.

The results are optimal in the following sense. Suppose that A is a closed,
densely defined linear operator such that fractional powers of —A can be defined
and let @ > 0. Then A is the generator of an exponentially bounded (-times
integrated semigroup for every 8 > « if and only if the abstract Cauchy problem
(ACP) has a classical solution u(-,z) for every 8 > o and 2 € D((—A)?*1) such
that u(-,z) and u'(-, z) are exponentially bounded (cf. [23]). If o € N, then the
equivalence holds also for 8 = « (see, e.g., [5, Theorem 2.5], [16, Theorem 1] or
[19, Theorem 4.2]).

Let us briefly sketch the history of the Theorems 1.1 and 1.2. If 0 < a < 1
and ||S%(t)|| < Mt®e“t, it was shown by M. Hieber [10] that the Cauchy problem
admits a unique classical solution for each zg € D((—Ay+1)'7*+¢), and that this
solution is exponentially bounded. He states without a proof that this result
is valid for all @ > 0. Although no bound for the exponential type is given,
his proof shows that it is at most 3w. Hieber’s result was extended in [21] to
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a-times integrated semigroups, 0 < a < 1, satisfying ||S*(t)|| < MtPe“t for some
0 < 8 < a. The proof there also covers some cases where o and/or § are greater
than or equal to 1.

The paper is organized as follows. In Section 4, we show that for 3 > « and
7 € D((—Au+0)?) the integral

o 1] 18]

torolt) = [ (8 0880 = 2 G 2aD)) (- A Pl
converges absolutely and represents a continuous, polynomially bounded function.
Note that this is the equivalent to (1.3) for the S-times integrated semigroup Sg o
generated by A, 1,. In Section 6, we show that wu,+,(-) is a mild solution of the
problem

(ACPy4s) u'(t) = Apgou(t) (E>0),  u(0) = zo.

For the proof, we need detailed estimates on the behaviour of Sg +o and its [§]-th
B

w—Hto

derivative. We approach this problem in Section 3 by explicitly representing S
as a Stieltjes integral,

t
S0, (b = /0 @A) GB(1 — §)a g p(s),

where g3 is the unique non-negative, non-decreasing, left-continuous function
whose Laplace-Stieltjes transform is A™%(\ +w + ¢)”. This representation allows
us to reduce the problem of estimating S21% to that of obtaining estimates for
certain Stieltjes integrals involving g, +s,a+e. These are collected in Section 2.
We return to operators A whose resolvent is polynomially bounded in the right
half plane in Section 7. Starting with different resolvent estimates we estimate
the (polynomial) growth of the integrated semigroups generated by A. This leads

to the following result.

Theorem 1.3. Let A be a densely defined linear operator on X whose resolvent
exists in the right half plane. Suppose there are « > 0 and 3 >0, a —1 < 3 < «,
such that

RN, A)|| < MM Y (ReN)™P,  ReX > 0.
Then, for all e >0, 0 >0, and x¢g € D((—Ay)*"¢), the abstract Cauchy problem
(ACP) has a unique mild solution u(-,xo). Moreover, this solution is polynomially
bounded of order B +e. If xg € D((—A,)1T"€), the solution is classical.

Note that the condition o — 1 < [ < « is a consistency requirement which
is automatically satisfied whenever A is an operator satisfying the remaining
conditions.
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If a = 3, the fractional powers are the classical ones, and we obtain polynomi-
ally bounded solutions of order . In the special case that o = 8 = 1, this holds
even if D(A) is not dense in X (cf. [6, Theorem 4.10 and Remark 4.11]).

A similar result is obtained if ||[R(\, A)|| < M (1 + |A\])®~! for some o > 0 and
all ReA > 0, in which case we obtain solutions in D((—A)*"¢) of polynomial
order max{0,a — 1} +¢.

In the final Section 8 we apply our results to certain differential operators on
LP(R™) and Co(R™).

2. PRELIMINARY ESTIMATES

In this section, we will derive estimates for certain Laplace-Stieltjes transforms
that will be useful in the sequel.

We start by recalling some basic facts concerning completely monotonic func-
tions. A C°°-function G : (0,00) — R is said to be completely monotonic if
(—=1)"G™(X) >0 for all n € N and X > 0. Here G denotes the nth derivative
of G. By Bernstein’s theorem [26, Theorem IV.12.b], G is completely monotonic if
and only if it is the Laplace-Stieltjes transform of a non-decreasing, non-negative,
left-continuous function g : [0,00) — R with g(0) = 0. The function g is uniquely
determined by G. Recall that the Laplace-Stieltjes transform G of g is defined as

G(\) :/ e Mdg(t), \>0,
0

where the integral is an improper Stieltjes integral. In the above situation

[eS) T T
/ e M dg(t) = lim e M dg(t) = g(0+) + lim e M dg(t).
0 T—oo Jo 0 Je

For p € C and 8 > 0, we define the functions g, g : [0,00) — R by

0 k
9.8(8) = X(0,00)(8) + Z %, s > 0.
k=1 :

Here < 3 >p:i= B(B—1)...(8 -k +1), k = 1,2,..., and x(9,c) denotes the
characteristic function of (0,00). For u > 0, the following lemma identifies the
Laplace-Stieltjes transform of g,, s.

Lemma 2.1. For each > 0 and 8 > 0, the function G, 5(\) = A"P(A + p)?,
A > 0, is completely monotonic. Moreover, it is the Laplace-Stieltjes transform of
9u,3- In particular, g, g is non-negative and non-decreasing.
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Proor. Fix p > 0 and ﬂ > 0. Observe that G, z(A) = F(H(\)), where
FN) =X and H\) = )\Jr . It is easy to verify that F' is completely monotonic.
The function H satisfies H(A) > 0 for all A > 0 and its derivative H' is completely
monotonic. By [8, Criterion XIIL.4.2], it follows that G, g is completely mono-
tonic.

By Bernstein’s theorem, there is a unique non-decreasing, non-negative, left-
continuous function g : [0,00) — R with g(0) = 0, the Laplace-Stieltjes transform
of which is G, 3. On the other hand, we note that for all A > p,

[e'e) oo k

/0 G_Ad<><<of>o> Z<6>k ) ) = 1+Z<iu>k%
k=1 ’

(+4)

= Gu,ﬁ(/\)-

The interchange of Stieltjes integral and summation is justified by [26, Theo-
rem 1.16.4] applied to the partial sums. By the uniqueness theorem for the
Laplace-Stieltjes transform, it follows that g = g, 3. O

We will need a number of estimates concerning g, 3. Throughout the paper,
we adopt the convention that indices attached to a constant express on which
parameters the constant depends.

Lemma 2.2. For each 0 < 8 < 1 there is a constant Cg such that for all w > 0
and o > 0 we have

! —o(t—s 1 — —
Ae (t )dgw+0',ﬁ(8) < CB max{l,m} 0-6 1tﬁ 17 t>0.

2w

PRrROOF. The proof is a refinement of an argument in [21, Theorem 2.1]. Fix
0<fB<1l,w>0ando >0. By [7, Formulas 4.1 (20), 4.3 (1), 5.4 (1) and 5.4 (8)],
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we have

o] t
/ e*’\t/ e ) dg, i o 5(s) dt

0 0

= / e—(A—‘rU)t dt / e—At dgw.pgﬁ(t)
0 0

1 Atwt+o)’
 A+o A
1 T(B) A+w+0)?
S T(B) AN Ato

o0

_ 1 Ooef,\t f-1 1 oM y—B = (wto)t )
“ww), dtf(l—ﬁ)/o g (Z 0% H )dt

k=0

_ 1 Ooef)\t ! —S —(w+o)s = S
e ¢ (Z )d o

0

where (u)p = 1 and (u)r = vw(u+1)...(u+ k —1) if & > 1. The uniqueness
theorem for Laplace transforms gives

/ eig(tis)dgw—i—aﬁ(s)
0
= ; ' —s B— lg —(w+o)s
-t , ) <Z )

k

We are going to estimate the integral in (2.1). Since 0 < 8 < 1, we have (1—-0); >
(1= 0)(k—1)! for all £ > 1. Hence,

Put ¢ := =. The function { — £(1 + 5)7¢, € > 0, attains its maximum at the
point & = (In(1 + §)) !, where it takes the value (eln(1+ §))~!. It follows that

(2.2) i (ws)*
. —~ (1-B)k — 1-p

k=0

1

< — (1 k =1,2,....
- eln(1—|—5)( +0)%, K B
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Put ¢; = (In(1 +6))~!. By this and the definition of J,

2 (ws)* _ 2 k(ws)*
1+Z(k—l)! =1 il
k=1 k=1

IN

max{1,cs} Z %((1 + &)ws)”
k=0 "

= max{l, c(;}e(‘”'%)s.

Next, using that e~ % < Cpé9 for all € > 0 and some constant Cy, we have

t (1 \B-1 Lo \B-1 t (4 _ \B-1
/ t=s)" e 2%ds = /2 =" e’%sds—&-/ =3 e 2%ds
0 0

sP sP sP

¢ B—1 pco . n -8 . L

< - -6 —%5( (_) -7t ﬁfld

(2.4) < <2> /0 s e s + 3 e /0 S S
B-1 81

(5) () ra-os

ﬁ*ltﬁfl

IN

kgo

for every ¢t > 0. Combining (2.1), (2.2), (2.3), and (2.4), we obtain

¢ ¢ o0 k
—o'(t—s)d _ \B-1.—-8_ —(wto)s (UJS)
e Guto,5(s) < C /(t s)P7 s e 1+ ds
/o * o ;uf—l)!
¢
< C’é/(t—s)ﬂ_ls_ﬁe_(“’+”)s (max{l,cs}e(“’+%)s) ds
0
< ”Bmax{l,cg}aﬁ_ltﬁ_l.

O

Upon letting w | 0 we see that g,+, — ¢, pointwise. Since each of the
functions g,4+s, w > 0, is non-decreasing and non-negative, we can apply [26,
Theorem 1.16.4] and obtain:

Corollary 2.3. For each 0 < 3 < 1 there is a constant Cg such that for all o > 0
and all t > 0 we have

t
/e*”(tfs)dgg)g(s) < CgaP~ 1P~
0

Next, we consider the case that there is also a polynomial term.
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Corollary 2.4. For each 0 < # <1 and vy > 0 there is a constant Cg  such that
for allw >0, 0 >0, and t > 0 we have
oB—r—1

t
—o(t=s) (¢ _ T dgu o < Cqoy——o
| e = s darant) < Con s

=1
_0o
4w+20)

PrOOF. Fix 0 < < 1,7 >0, w > 0, and o > 0. The function & — £Ye 2§,
1 and the maximum value is
(2yo~1)Ye7. Therefore, there exists a constant C., such that

& > 0, takes its maximum in the point & = 2vo~

(2.5) &< Croet, €0,

By Lemma 2.2 (applied to w +— w + 10 and 0 — 10) and (2.5),

t
/ e—o—(tfs) (t _ 5)7 dngro,ﬁ(S)
0

IN

¢
Cy U_’Y/ e E0T dguw+0,5(8)
0

1, -1
C,o77C 1, (ln(1+—2—— B=lyf—1,
~ O ﬁmax{ ,(n( +2(w+%0))> o

Since the term containing the logarithm is always greater than 1, the proof of the
corollary is complete. O

IN

Upon letting w | 0, we obtain:

Corollary 2.5. For each 0 < 8 <1 and v > 0 there is a constant Cg 4 such that
for allo > 0 and t > 0 we have

t
/ e =) (t — 5)Vdg, 5(s) < Cprol 7711
0

3. a-TIMES INTEGRATED SEMIGROUPS AND PERTURBATIONS WITH THE
IDENTITY

The concept of n-times integrated semigroups, with n € N, was introduced
by W. Arendt in 1987 ([1], see also [13] and [19]). A little later, M. Hieber [10]
introduced a-times integrated semigroups for all « € R, a > 0.

Let o > 0. A closed linear operator A is called the generator of an exponentially
bounded a-times integrated semigroup if and only if (w, 00) C o(A) for some w > 0,
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and there exists a strongly continuous mapping S¢ : [0,00) — B(X) satisfying
[|S*(t)|| < Me** for some M > 1 and all ¢ > 0, such that

(3.1) R\, A)x = \@ /oo e NS () dt
0

for all z € X and A > w. In this case, S = (S*(¢))¢>0 is called the exponentially
bounded a-times integrated semigroup generated by A.

Note that an exponentially bounded 0-times integrated semigroup is a Cy-semi-
group and vice versa.

If A is the generator of an exponentially bounded a-times integrated semi-
group S%, then A also generates an exponentially bounded (-times integrated
semigroup for each 3 > «, which is given by

(3.2) SA(t)x = T(3—a) /0 (t — 8)P7718%(s)x ds.

For every x € D(A) and t > 0, we have

S*(t)x € D(A), AS“(t)x = S*(t)Az, and
(33) te

St = mx + /0 SY(r)Azdr.

For details, we refer to [10].

Throughout the following, we assume that A is the generator of an exponen-
tially bounded a-times integrated semigroup S®. By [a], we denote the integer
part of ¢, i.e. the unique integer such that [o] < a < [o] + 1.

Lemma 3.1. Let 0 < m < [a] and x € D(A™). Then S*(-)x € C™([0,0),X)
and
m ta—k

am o _ m—k o m
i S (D) _;7F(a_k+l),4 z + S*(t)A"z

for allt > 0.
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PROOF. For m = 0, the assertion is trivial and for m = 1, it follows directly from
(3.3). If m > 2, we obtain by (3.3) that

o ta t r? T1 Tm—2 7/.’(,3;1_1 1
S%(t) r(a+1)x+/0(r(a+1)A“/o (*/0 (F(a+1)A v

+ /Orm_lSo‘(rm)Ama: drm)drm_1 . .)d?”z) dry

to taJrl A ta+m71 Amfl
= Tar)” T Tar)™ T T a7
// / *(rm)A"x dry, ... drodr
for all ¢ > 0. This yields the claim. |

In particular, it follows that the Laplace transform of (d™/dt"™)S“(-)x exists
for all A > w.

Lemma 3.2. Let 0 <m < [a] and © € D(A™). For every A > w we have

* L dm R\ A)x
At « _ )
/0 e o S (t)x dt “a=m

PrOOF. By Lemma 3.1, the Laplace transforms of (d*/dt*)S*(:)z (0 < k <
m) exist for all A > w. Since S*(0)z = 0, it follows from Lemma 3.1 that
(d¥ /dt*) S (t)x|i=o = 0 for every 0 < k < m — 1. Integrating by parts, we obtain

/ G_Atd—sa(t)itdt _ )\m/ G_Atsa(t)itdt — \™ R()\,A)(E _ R(/\7A)£L'
0 dtm 0 )\oz )\a—m

for every A > w. a
Lemma 3.2 and formula (3.1) motivate us to introduce the notation

S (1) 1

= —9“ < < .
dth (t)z, 0<m<]q]

Whenever A generates an (o — m)-times integrated semigroup S*~™, it is given
by (d™/dt™) S¢(-), in agreement with our notation. Later, we will mainly work
with S~[°l(.) rather than with S(-) itself. In this way, what we essentially
achieve is a reduction to the case 0 < a < 1.

The following perturbation result explains the importance of the functions g, g
introduced in Section 2.
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Proposition 3.3. Let « > 0 and let A be the generator of an exponentially
bounded a-times integrated semigroup S®. Let uw € C. Then A, == A —pu
generates an exponentially bounded a-times integrated semigroup Sf;,

the following relation between S and Sj;. For allt >0 and x € X,

and we have

t
Sﬁ‘(t);v = /0e*“(t*S)So‘(t—s)xdgu7a(s).

PRrROOF. By assumption, there exist constants M > 1 and w > 0 such that
[1S«(t)|| < Me*t for all t > 0. For A € C, Re X > |u| + w, we obtain

1+ H)a RN+ p, Az

A (A + p)e
_ L <a>y uki RN+ p, A)x
(3.4) = <1+kZ_1 o Ak) 3 F e
R(A+p, A)x

= AT i RV,
Crpe o)

R()\;\fu)x (

where

k! e (N4 p)e

- k1 A
Ry(\) = Z<a>k pt 1 R+ p, Az
k=1

_ <a>ppto [y, k]
—ZT/O e M) dt

k=1

oo "L <a>y pf
/0 e Md(Z klk - f[kH](t)),

k=1

and
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is the j-th antiderivative of f(t) := e #'S*(t)x. Choose ¢ > |u| such that
IO < M'e for all t > 0. Then, for all k > 1 and ¢,h > 0,

t+h
70 = ) < [ M) s
t+h s _ k-1
- / %f“)d’“
t+h
< /+ e dr ds
/t+h /
_ Ck‘/t eSSds.

It follows that s, (t) := S_p_, (k) ™' <a>j pk fEH(#) (n > 1) satisfies 5,,(0) = 0
and

A

ds

e “"drds

IN

n kE  pt+h
[sn(t+h) —sn(®)] < Mz:%(ﬂ)/ o5 ds
: t

c
k=1

1 t+h
< Ma+1) | —— e“ds
1- )

for all ¢,h > 0. This estimate shows that the functions s,(-) are locally of uni-
formly bounded variation.

Since for A > |u| + w, AR, (A\) = fo t)dt converges as n — 00
(by (3.4)), the Trotter-Kato theorem of Laplace transformb (see, e.g., [9, Corol-
lary 4.3]) yields that the functions $n(+) converge (uniformly on compacta) to
s(-) given by s( ) =S ge, =azk b flkH(4). Further, s(-) satisfies s(0) = 0, and
limy, o0 R fo ’M ds ) for A > |u| + w.

Sirmlaurly7 we obtain that sn( ) = Yoy o2k pk fIR(4) converges (uniformly
on compacta). It follows that s(-) is differentiable and its derivative is given by
$() = S5, Se2hyk (1), Thus,

R(MNA e
¥=/ ( +Z<°‘>’““ f[’“())dt, A> [l +w

and

_ <a>p pkoft(t—s)t
a put Qo ns Qo >
Sit)x = e S () + E X /0 1) e " S%(s)xds, t>0.

k=1
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Next, we use that

. = <a>g ,uk (t_s)k_l — s Qo
nlifﬁ.lo]; o ¢ e

_ <0¢>;.C bk (t—s)kt s
Z k—l)! e MS8Y(s)x

uniformly on compacta. Hence, we can interchange summation and integration.
A change of variables yields

k—1
Sty = e M5t / <a>k u s e P8t — s)x ds
" (Wt (k—1)!

t = - :
= / e—uu—s)S“(t—s)”fd(X(Om)( HZ%)
: k=1 .

t
_ / e—“(t_s)So‘(t —8)w dgﬂ,a(s)'
0

By the definition of g, o, this completes the proof. |

Using the representation of Sj(t) given in Proposition 3.3, it follows that
S5 ()]l < Ke, where ¢ = max{w—Rep,|u|}, for some K = K,, > 0 and
all ¢ > 0. By replacing the role of a by a — [a] in Proposition 3.3, the same
argument shows:

Proposition 3.4. Let z € D(A) and u € C. Then for every t > 0,
t

go—lal )z = / e*“(t*S)Sa*[a](t— 8)x dgu,a—(a)(s)-
0

Note that if a — [a] = 0, that is if « is an integer, the function g, ¢ in Propo-
sition 3.4 is given by g,.0(t) = X(0,00)(t), t > 0. Hence, in this case for all
z € D(AlP)) and ¢ > 0 we have S(t)x = e #S0(t)a.

4. A SINGULAR INTEGRAL

In this section, we apply the results of Sections 2 and 3 to estimate the singular
integrals

1
(4.1) vp(t7x) = Fa,s/ — (S[a+s]—a—sszz+s—[a+s] (t) —

0o S—

1 a+te—|a+ t
ESP o E](;))mdsa
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where T, . := 7 sin(a + € — [a +¢])m. As we will see later, for certain initial
values the solutions of the abstract Cauchy problem can be represented by inte-
grals of this form.

We start by proving estimates for ||S§‘+s_[°‘+s} (t)x|| (x € D(Al*e])). Later,
it will be important to have such estimates in the cases that S satisfies either
[|S*(@)|| < M(1+41t7) or ||S*(t)|| < Me*“!. For this reason, we assume throughout
that [|[S(t)|| < M (1 + t7)e*t and specialize later to the cases v = 0 and w = 0.
By ||2|lm = >, || A*z|| we denote the graph norm on D(A™).

Lemma 4.1. Let o > 0, o € N, and A be the generator of an a-times integrated
semigroup S* satisfying ||St)|| < M (1 +t7)e*t for some M >1,~v >0, w >0
and all t > 0. Then there is a constant Cy  such that for allt >0, 0 <o <1
and x € D(AlY),
min{—[a],a—[a]-y-1}
a—[a g _lal—
ISSee (Bl < MCa, 17 .
+ Y 111(1 4 4w+20) [a]

PROOF. First, assume w > 0. Put 8 := o — [a] and note that 0 < 8 < 1. By
Proposition 3.4, Lemma 3.1, Corollary 2.5, Lemma 2.2, and Corollary 2.4, and
the facts that g, 1, s is non-negative and non-decreasing and that 7= >
we have

185 o ()|

w

_o
4w+20

t
< / ANt~ 5)z| dgsop(s)
0

t [a] —k
t—s)
< [ emwrallt=s) {t=s)*" + M1+ (-5 2]l 1a] d9utop(s
</ > N MO e el doars ()
[a] B—1 B—y—1
o + P
<Y Caplw+a) U ) + MCapy 177
; ln(l + 4w+2(r)
We now estimate (w-+0)?~2T+=1 by g8—a+k=1 and use that 0 < o < 1. By taking
the most negative powers of ¢ in the resulting expression, the desired estimate is

-

obtained.
Upon letting w | 0, and using that S}(¢)z depends continuously on p > 0 by
Proposition 3.3, the result follows for w = 0. O

This lemma will be used to derive certain Holder-type continuity properties of
the map t — S5 ().
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Lemma 4.2. Let o« > 0 and let A be the generator of the a-times integrated
semigroup S* satisfying ||S*(t)|| < M (1 + t7)e*t for some M >1, v >0, w >0
and all t > 0. Let &€ > 0 such that 3 := a+¢ € N. Put § :== £ min{e, 3 — [3]}.
Then there exists a constant Cy .~ such that

w1 gmin{—[8],6-[8]-7—e-1}

ln(l + 44;.)3—20)

|2z - sE | < MCacy

w—Hto

(t =) lllls)

forall0§7'§t,0<a§1andeD(A[B]).

PROOF. Let p:=e—dandn:=a+p=pF—-0. Thenn > o, n ¢ N and [n] = [F].
By (3.2) we have

1 t
S”t;v:—/ t—s)P"18%s)xds, xze X, t>0.
e = g5 | =975
Hence
M
4.2 " < ———tP(14+)e*t < MC,(1+t7P)ev? > 0.
(4.2) IIS(t)II_P(p+1)t(+t)e < MC,(1+¢777)e*, =0

Let 0 < o0 <1 and z € D(AM). By (4.2) and Lemma 4.1, for ¢ > 0 we have
omin{—[nl,n—[n]—y—p—1}
In(1 + 5%57)
We need a better estimate for 0 < ¢ < 1, which we will produce next. By

Proposition 3.4 and Lemma 3.1, (4.2), (2.5), and the fact that g.4q,,—[; is non-
negative and non-decreasing, for all 0 < ¢ < 1 we obtain

IS5 ()

t
< / e~ @O 1§10t  5)t| dgiy 1) (5)
0

(4.3) 1S3z < MCyy,

wto [EAITt

t [77] (t _ S)nik
< / e W= N o L MO, (14 (t—5)")e ) | [y
0 =

(4.4) I'(n—k+1)

A t+-o,n—[n) (5)

[n

<McC, ., A B 12(115) Yoot o, () (£)
k=1
< MC,'WP([n AR N ) ||| € et

In the last estimate, we used the assumptions 0 < o <1, 0 <t <1, and the fact
that by the definition of g, o,,—[; We have gu 4 o,—[m () < elwto)t,
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Combining (4.3) and (4.4), we see that there exists a constant C,/ |  such that

n—[n] ,  ewtigmin{=fuln—ln]—y—p—1}
(45 S Ozl < MO @/, t>0.

7P 111(1 + 44,.)3—20)

Since [n] = [f] we have

- - I .
sPe = LY 00 = o [0S e s

and, using (4.5), it follows that

15055 (e = S5 ()

w—+o w—+to

_ 1 }/Tt(t—s)élsglg]](s)w d5+/OT ((t—5)°"" = (r—s)"Y) SZ;?](s)xdsH

- T(6)
< MCy 5.0 </Tt(t_3)6ld5 "‘/OT((T_S)(Sl_ (t_s)éil) ds)

ewt1lymin{—[n},n—[n]—y—p—1}

In(1+ —4wizg) HQC”W
w+1 ymin{—[n],n—[n]—y—p—1}
_ 5 5 5 s\ ¢ O
=MC) 5, ((t=7)°+7° = = (t—7)°)) T ——" (B2l

S 2MC1I7’,Y,5)p (t_T)ls

5 ]|
111(1 + 4w+20) [77]

for all 0 < 7 < t. Since [] = [f], and since 71, p and ¢ depend only on « and &,
the proof is complete. O

We are now in the position to give conditions under which the integral (4.1)
converges.

Lemma 4.3. Let a > 0 and let S be an a-times integrated semigroup satisfying
|S*(#)|| < M(1+t")e*t for some M > 1, v >0, w >0 and all t > 0. Let
e >0 such that a +¢ ¢ N. Then for all x € D(Al*te]), 0 <0 <1, and t > 0,
the integral v,y (t,x) converges absolutely. Moreover, the map t — vy1o(t, )
(t > 0) is continuous and polynomially bounded.

ProoF. The integral has singularities in 0,1, and co. We split it accordingly
1
in three parts: [~ = [ +f;2+f200 = (I) 4+ (II) + ({II) and estimate these
2
separately.
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Put 8 := a+¢ and § := {min{e,3 — [3]}. By Lemma 4.2, there exists a
constant C' = Cq v,¢,w,0,m > 0 such that

e we - sV ma|| < c—r) el 0T <t
Since Sf_w (0)z = 0, in particular we have

Hsﬁ 151 );vH < Ct¥ |allg, t>0.

w—+o

The [-times integrated semigroup S? satisfies || SP(¢)| < F(%Afs)(l + 7TE)ev

(t > 0), cf. the proof of (4.2). Therefore, by Lemma 4.1, there exists a constant
K = K4 ~e,w,0,m > 0 such that
H era )xH S Ktﬁ_[ﬂ]_l ||$||[B]7 t>0.

Combining these facts, it follows that

1
, .
IO < [ 25 Bce ol ds + [ 2||sEPs)a]| ds
0 2t

1 oo
2 2 18—
< C’1t5||a:||[m +/ —CS[SHQJH[ﬁ]dS —|—/ “KsP1A 1||x||[5]ds
min{2t,1} § 1 S
= Gy (t + 1) ||zlg
2
1 _ _
1Dl < [ =g s P 0 - S5 Sy as
2
+ 21 ‘—5—&-[[3] —1‘ SB*[B](t) d
%|s_1|s s wro (5)z ds
2 t°
< —BHBlor | — 2 d
< [ = |l ds

2

_ _ t\s
s—PHAl g 1‘0(;) ||l ds

_|_
Nh—-\

|s—1]
= Cst° ||@|lg);

> 1 _ _ t
larn)| < / — (s ol + 571l ds = Cat?lzlig

These estimates yield that v, (t,2) converges absolutely for all z € D(A),
t > 0and 0 < o0 < 1. Moreover, the convergence is uniform for ¢ in compact
subsets of [0,00). Therefore, the map ¢ — v,4,(t,2) (¢t > 0) is continuous.
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The polynomial boundedness of v,44(-,z) (t > 0) is again a consequence of the
estimates above. g

We now turn to the case w = 0 emphasizing the o-dependence of the inte-
gral vy (t,z). Such estimates are necessary to obtain polynomial bounds for our
solutions of the abstract Cauchy problem.

Lemma 4.4. Let a > 0 and let S be an a-times integrated semigroup satisfying
[S*@®)|| < M(1+1tY) for some M > 1, >0 and all t > 0. Let ¢ > 0 such that
a+e & N. Then there exists a constant Cy . such that

lvg(t,z)|| < MCq e gmin{—latel,a—[ate]—y—1} pate—[ate]-1 ||33||[a+e]
forallt>2,0< o<1, and x € D(Al*Fe]).

ProOOF. Fix 0 < n < 19 < 1 and split the integral in three parts as follows:

Jo =Sy T ST+ 2L, = (D) + (IT) + (IIT). Later, we will make a judicious

choice for 1y and 1 depending on t.
Put 8 :=a+¢ and § := £ min{e, 3 — [3]}. By Lemma 4.2 we have

HS?‘W] (t)a — SP~ 1P (T)xH < MGy o yo™m =108 Bl=v=2= 1k 230| 5]

for some constant Co 4 >0and all0 <7<t,0<0o<1landxz € D(A[ﬁ]).
The 3-times integrated semigroup S” satisfies
ISP < MC-(1+¢7%9),  t>0,
and hence by Lemma 4.1 we obtain
||S’5_[ﬂ](t)x|| < MKg . Urnin{—[ﬁ]ﬁ—[ﬂ]—v—s—ﬁtﬂ—[ﬂ]—l||m||[6].

for some constant K, . >0and allt > 0,0 < o <1 and z € D(AP). We will
now estimate (I), (IT), and (III) separately.
First, for (I) we have

(D] < MEoq ez 00—t}

1—
. / T L (BT g ()51 g
0 |3—1|
in{~ (81,6~ (6] SO P IR L S
min{—[8],8—[8]—v—e— —[8]— _
= 2MKa,'y,s||x||[B] g Y t /; HS ds.
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Next, for (II) we have

| t
\an| < / 5041051 1)a — 58~ ) s

—y 15 =1
1+n 1
i / ‘Sfm[ﬁ] _ 571‘
1-n |S - 1|

ds

t
Se=181
B
14+n 1
—= S
o1
MK alljg o™ 108101121 5= [5)1

1 — -1
/ TP = 5T g g,
1 s —1]

MCa | gy o™i~ A= (Bl —y—e=1} 48 / —BHAI5 g
1

IN

-7
Finally, we estimate (III):
s B+8] gs.

) * 1
|(IIT)| < QMKQ,%EHJ;HW] omin{=[8l.8—-[f]—v—e—1} ;5—[A]-1 /
14n S—1

Now,

1-n 1 _ —B+(8] 1-n
/ Ls—ﬁ-*-[ﬁ] ds < 2/2 s BBl 4o 4+ (1_77> / 1 ds
0 |s —1f 0 2 (1-my2l—s

267[ﬂ] 1— —B+(8]
< + < 770) lnl :
1-3+[6] 2 n
+n 1

1 B[] s+ig1-s [
B < (1 )P SN
/ P s < (=) / ST

< (1- no)—5+[ﬁ]—5 25—1775;

T | g—B+[B] _ ¢—1
/ "Ms_wmds < (1 =) B+18) /
1-n |S - ]-| - 1

1t | s1=B+] 1|

d
s—1] 7

-n

< (1 —no) A P2ng(1 — no) PP (1-+13])

<201 - 770)2(—5+[ﬁ]);
1 2 1 o 1 21-8+Al
/ — s Bl gs < / ds—|—2/ s gy = In— 4+ Z——
14n 5—1 147 S — 1 2 n 6

In the estimate of the third integral we applied the mean value theorem and in
the estimate of the fourth integral we used that (s — 1)~ < 2s7! for all s > 2.
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Putting everything together, we obtain
‘ 1
o ()] < MCopcelllpo™ B8 (511 1) 9.
Ui

So far, these estimates are valid for all t > 0 and 0 < n < 19 < 1. We now fix
t > 2, and take n = t(B—1F1=1-0)/0 anqd 5y = 208-181=1-0)/3  This gives

e (t,2)[] < MC:xfy,amoHfC”[[3]‘7min{7[B]757[5]777571}@57[6]71(l—‘r lnt)—&-tﬁ*[ﬁ]*l)'

Finally, since § and 79 depend only on « and €, the proof of the lemma is complete.
O

5. FRACTIONAL POWERS

In this section, we introduce the fractional powers of the generator of an ex-
ponentially bounded a-times integrated semigroup.

Let A be a closed, densely defined linear operator on X and assume that
there are constants 0 < a < %, M > 1, and v > —1 such that the sector
Yo :={A€C :|arg A < a}U{0} is contained in p(A) and

(5.1) RO A) < MA+[ADY,  de X

Since 0 € p(A), it follows that in fact R(\, A) exists and satisfies (6.1) on 3, UBg
for some § > 0 and By := {A € C : |A| < §} (with possibly a different constant M).
Following [22], fractional powers of —A can be defined as follows.

For every b € R, we let < b >:= max{0, [b] — [-7] +2}. Let I" be the (upwards
oriented) boundary of ¥, UBs, where § > 0 is as above. We define (—A)° as the
closure of the operator J® given on D(J?) = D(A="") by

1
— /(—/\)bR(/\,A)di if b <0,
271 T

1
211

Jbr =
/(—/\)b*[b]*lR(A, A) (A dx if b > 0.
r

The space D(A) is understood to be X.
In the case that v = —1, the definition is consistent with the usual definition
of fractional powers as given in [24].
The operators (—A)? satisfy the following properties. For the proofs of the
statements, we refer to [22] and [23].
(P1) The operators (—A)® are closed and densely defined; if b < —(y+1), then
(—A)® € B(X).
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(P2) If b is an integer, then (—A)’ is the usual power of —A. If b is not an
integer, then for all x € D(A=b"),

Sln([b] +1- b)ﬂ— / tbf[b]flR(t7 A)(—A)[lexdt.
™ 0

(—A)’z =
If A is bounded, this holds for all x € X.
(P3) The operators (—A)® are injective, and (—A)~*(—=A)® = Ip_ayp).
(P4) For all b,c € R, we have (—A)?T¢ C (= A)®(—A)¢ with equality if [b+c| >
v+ 1 or b+ cis an integer.
(P5) Let b € R such that (—A)~™® € B(X) and let ¢ € R. Then D((—A)") C
D((—A)®) if and only if (—A4)°~* € B(X).
For every o > 0, the operator A, = A — ¢ also satisfies condition (5.1) (with
possibly a different constant M). Concerning the domains of the fractional powers
of —A and of —A, = —(A,), we have the following results.

(P6) If b > ~ + 1, then D((—A,)?) does not depend on ¢ > 0, that is,
D((—=A,)®) = D((—A)?) for all ¢ > 0.
(P7) For allb € R and 0 < 0¢ < 01, we have

(_Ado)b(_Affl )71) = ((_Affl )(_AUD)_l)

If A is the densely defined generator of a-times integrated semigroup S¢ satis-
fying || S*(t)|| < MtPe®t for some constants M > 1, w >0, 3 > 0, and all t > 0,
it follows from (3.1) that {A € C : Re A > w} C g(A) and that

—b

|A|~
(Re A — w)B+1
for all ReA > w. For o > 0 consider the operator A, , = A —w — 0. Let
0<a< Fand 0<d <o. Then X,UBs C{A € C : Rel > —0} C 0(Au4s).
Since Re A > |A| cosa for all A € ¥, we obtain by (5.2) that

B Auto) | = IR +w + 0, A

MT(@B+1) (M +w+o0)®
(cosa)Btl ([N + =% )B+1

cos a

MC(1 + |A\)*Pt

(5.2) [|IR(\ A < \A|a/ e RN B etqr — MT(G+ 1)
0

(5.3)

IN

for some C' = CuoBweoae > 0 and all X € ¥,. By applying this to 8 = 0
and § = ~ it follows that if [|[S*(¢)|| < M(1 4+ t7)e*?, then [|[R(X, Autos)| <
MC((L+ M)+ @+ A)> ") < 2MC(1 + [A)*~!. Together with (P6),
this leads to:
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Lemma 5.1. Let a > 0 and A be the generator of an a-times integrated semigroup
S* satisfying ||S*(t)|| < M(1 + t7)e*t for some M > 1, v >0, w > 0, and all
t>0. Then, for allc > 0 and b € R the fractional powers (—A, ;)" are defined.
Moreover, if b > a, then the domain D((—Aw.4.)®) is independent of o > 0.

In the next section, these fractional powers are used to show that for each
o > 0 the solutions of the abstract Cauchy problem (ACP) are given by

u(t, 3:0) = e(w+g)t Uw+z7(ta (_Aw+0)a+€_[a+€]m0)'

Here vy44(+,+) is the singular integral studied in the previous section, w is the
exponential type of the a-times integrated semigroup generated by A. Com-
paring this representation of u(t,zo) with the estimates in the previous section,
we see that we need an estimate for the graph norm with respect to Al*tel of
(—Aw+g)o‘+5_[°‘+5] xo that takes into account the o-dependence. As it is a direct
consequence of the properties of fractional powers, we give the estimate at this
junction. The o-dependence only plays a role in the case of polynomially bounded
integrated semigroups, so we restrict ourselves to the case w = 0.

Lemma 5.2. Let A be the densely defined generator of an «a-times integrated
semigroup S¢ satisfying ||S*(t)|| < M(1 4+ tY) for some M > 1, v > 0, and
all t > 0. Then for all b < « there is a constant C,p pr > 0 such that for all
0<o<1andxc D(-A)?),

(] [b]

Do AR(=A) P < O g OO Y T AR (= AL P

k=0 k=0
PROOF. The assertion follows immediately if b € N. Then b — [b] = 0 and
(—A, )07l = (= A))*"1) = [x. Thus assume b ¢ N. By (P3), (P7), Lemma 5.1
and the obvious fact that A* commutes with the fractional powers of —A,, we
have

[b] [b]

DA (= A) M = Y AR (= A) P (=) "D (- 40) e

k=0 k=0

(]

(54) Z H(_Al(_AU)—l)—(b—[b])Ak(_Al)b—[b]mH
k=0

IN

[b]
||(_A1(_Ag)fl)*(b7[b])u Z ||Ak(—A1)b7[b]{E||
k=0
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We need to investigate the fractional powers of —B := —A;(—A4,)"! € B(X).
The operator A — B is given by

A—B= ()\(U—A) +(1 —A))(U—A)*l =+ 1)<AA"++11 —A) (o — A)~L.

Hence, the inverse

IS /\0'+1_ -t
A v G v

exists if >“’++1 € 0(A), in particular for all A > 0. By (5.3), the estimate [|S¢(¢)] <
M(1 + t7) implies ||R(p, A)|| < MC,(u* ' + p>=771) for all p > 0. It follows
that for A > 0, (A — B)~! satisfies
ST

1 1 A+ 1\ Ao +1\* T
M .
_)\+1<+)\+1 O{()\—H) +<)\+1>

Since —= < A2l < ] for all A > 0 and 0 < o < 1, we majorize ()‘)\‘7—:'11)0‘_1

1

— -1 —
10 =B) = 157

M1 S 1
by ( )\}H)"“ if the exponent a — 1 is negative and by 1 otherwise. Thus the
term 5 (3ZH)* ! is bounded by 1. To estimate the term =% (3ZH)*=7~! w,

proceed similarly unless o < 7. Then, to avoid polynomial growth in A, we have to

use that )‘)\"—:11 > o forall A\ > 0and 0 < o < 1. This yields that L‘I()‘)\":ll)“ -1

is bounded by ¢®~7. Summarizing, for all 0 < ¢ <1 and A > 0 we have

1

B < —
I0=B)7 <

(1 + 20mi{0e=7b a7 ).

Now, by (P2) and the fact that B is bounded it follows that

(—p)- 01 _ M/wt[b]fb(t_mfldt.
m 0

Therefore, for all 0 < 0 < 1 we have

sin(b — [b])7

s

I(=B)~ =] <

/ t[b]_bH—l(l + 200 AL O Yt
0

Combining this with (5.4) gives the desired result. O
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6. THE ABSTRACT CAUCHY PROBLEM

This section is devoted to the proofs of Theorems 1.1 and 1.2. As we already
mentioned in Section 5, we are going to show that the mild solutions wu(-,z) of
(ACP) can be represented explicitly by the formula

(6.1) u(t, zo) = e Ty o (t, (—Apyo) 10T elgg),

The proof consists of a series of lemmas, in which we have the following standing
assumptions. The operator A is the densely defined generator of an a-times
integrated semigroup satisfying ||S(¢)|| < M (1 +t7)e** for some M > 1, v > 0,
w >0 and all £ > 0. Further € > 0 is such that « + ¢ € N and we fix 0 < 0 < 1.

Lemma 6.1. Let x € D(AlTel). Then the Laplace transform of the function
Voto (4, T) converges absolutely for all X > 0 and

/ e Mg ro(t,x)dt = (—Ayio) T ER(N, Ao, A > 0.
0

PRrROOF. The convergence of the Laplace transform follows from Lemma 4.3. For
A > 0, we obtain, writing ' . := 7~ sin(a + € — [ + €])7 and using (P2),

oo

e M,y (t, ) dt

S~

%) 1 1 - ;
[a+€] a—e a+a [a+te] L qate—[ate] T
/ / Sw (t)z . S (s )x) dsdt

wHto
= Fma/
r

i ((As)[a+€1 RN, Apio)T — —S(As)[a+€l = R(AS, Auio) )ds
0

——(s)etelmame (g — N)R(N, A yo ) R(AS, Ao )z ds

1
s—1
<1
e s—1
= Fa7€/ t[f’é-‘rs]—CX—ER()\, Aw+o’)R(t7 Aerg)CC dt
0
= (—Auyo) I RN, A o).
([

Lemma 6.2. For cvery x € D((—Au16)*19), (—Auiq)0telotely € D(Alete])
and

/ e Moot (—Auio)ot Tty dt = RO\ Avio)z,  A>0.
0

PROOF. Since x € D((—Au10)*"¢), by property (P3) we see that there exists a
y € X such that x = (—Awio) * °y. Then, by properties (P1), the first part
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of (P2), and (P4), we have (—A, 4, ) e 0Fely = (A, )" letely € D(Aletel),
Hence, vy 1o (-, (—Awro)* e[+ 2) is defined and by Lemma 6.1, it follows that
/ e Mupgo(t, (—Auie) eIty at
0

= (_Aw+o)[a+€]_a_sR(/\vAw+a)(_Aw+o)a+s_[a+s]x
= R(}\,Aw.‘,—o‘)x

for every A > 0. ]

Lemma 6.3. Let £ € D((—Awi0) o). Then vy o(t, (—Apyo)*Teloter) €
D(Ay+o) for allt >0, and

Aer(waJrU(ta (_Aw+o)a+87[a+a]x) = Uera(ta (_Aw+a)a+€7[a+E]Aw+ox)~

PROOF. First, note that the operators (—A,4,)**~*l and A,,, commute
on D((—Aut0)tT2T). By assumption, there exists a y € X such that z =
( A wto ) 1+o¢+a)y Then

z = (_Aw+g—)0¢+8*[06+8]x = (_Aerg)aJrE*[aJrE](_Aera)f(lJraJre)y
= (—Aw+o)_([“+5]+l)y c D(At[da:;]—}-l)'

N

By (3.3) and Lemma 3.1 we obtain S°15~ locte] () Apioz = ApyoSots [a+€]( t)

w—Ho wHto

~

for every t > 0. Since A4, is closed, this gives vy 4o (t, Avto2) = AwtoVuto(t, 2
for all t > 0.

O

Lemma 6.4. If 2o € D((—Au10)*"¢), then the map u(-, xo) given by u(t,xo) :=
Vpo(t, (—Apyo)temlotelny) fort > 0, is the unique mild solution of the abstract
Cauchy problem

(ACP,40) u'(t) = Agiou(t) (t>0), u(0) = zo.
If 20 € D((—Auso)tTote), then this solution is a classical solution of (ACP, ).

PROOF. Assume that xg € D((—Awis)*"¢). Then by Lemma 6.2 and [12, The-
orem 2.1] the function u(:, 29) = Ve 4o (-, (— Ao )o@ Fel24) is a mild solution
of (ACP, ). Uniqueness is proved as follows Suppose there is another mild
solution (-, z¢) of (ACPy4s). Then w(t fo s,xo) — U(s,x0)ds is a classi-
cal solution of (ACP,4,) with initial value 0. By a theorem of Lyubic (see [20,
Theorem 4.1.2]), w(-) = 0.
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If 29 € D((—Awio)tH2TE), then also 29 € D((—Ay,10)*te) and therefore the
map u(t) := Voo (t, (—Auio)* o0 el2g) solves the equation

t
u(t) = AW_H,/ u(s)ds + o, t>0.
0

By Lemma 6.3 and the closedness of A, ., we obtain
t
Uera(ta (_Aw+a)a+€7[a+e]x0) = / Aerovaro’(Sa (_Aw+a)a+€7[a+e]x0) ds + o
0

for all t > 0. Hence, vy 40 (-, (—Auio)®te[0Fel2y) is continuously differentiable
and

Voo (8, (Awro) 710 20) = Auiovuio(t, (—Aute) 10 ay),
_Aera

Vot (0, ( )a+s—[a+s] xO) = .

The uniqueness follows by the above-mentioned theorem of Lyubic. O

Now we are in a position to prove Theorems 1.1 and 1.2.

PROOF OF THEOREM 1.1: If a« + ¢ = n € N, the theorem is an obvious conse-
quence of (1.2). Therefore, we may assume that o + ¢ ¢ N. By Lemma 6.4, for
each g € D((—A,10)*) there exists a unique mild solution of (ACP), which
is given by

U(t, :EO) = e(w+a)tvw+o(ta (_Aw+a)a+€7[a+e]x0)a t 2 07

and it is a classical solution if zg € D((—Ay1s) T4T)

a 0 > 0 such that

. By Lemma 4.3, there is

lut, 20}l < MCaebrw (= Auwro)* 10 g i T (L +80).

Since o > 0 is arbitrary and D((—A,1,)%"¢) and D((—Awi0)'T2Fe) are inde-
pendent of o, this estimate shows that the solution has exponential type w. O

PRrROOF OF THEOREM 1.2: First assume o + € =n € N. The n-times integrated
semigroup generated by A is of polynomial type v 4+ ¢. The desired result then
follows from (1.2).

Therefore, we may assume a + e € N. As in the proof of Theorem 1.1, for
0 < o <1 the solution of (ACP) is given by

u(t,z0) = e vyt (—Ao)o‘+s_[°‘+s]xo), t>0.
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Lemmas 4.4 and 5.2 yield that

lu(t,zo)ll < MCae sy ll(=A4a) a0
. taJraf[a+e]fleotamin{7[a+5],af[a+s]7'yfl}

IN

Cavesmll (A1) =0 | (o

. taJraf[a+£]7leoto,min{7[a+a],af[a+s]7'yfl}+min{0,a7'y}

forallt > 2 and 0 < o < 1. For t > 2 fixed, we now take ¢ = t~!. This leads to
lult, zo)l| < Kl . 500 € ll(—Ar)2TeTl0F g | o gmaxtoritenteymate)
for all ¢ > 2. This concludes the proof of Theorem 1.2. O

Remark.

(i) Suppose that A is the densely defined generator of an a-times integrated
semigroup for some o > 0, & ¢ N. Since A also generates an ([o] + 1)-
times integrated semigroup, it was known that (ACP) has a unique mild
solution for every x € D(Al*+1). The Theorems 1.1 and 1.2 improve this
result. In fact, take any 0 < € < [a] + 1 — a. If the fractional powers
are the classical ones then clearly D((—Ay,1,)*"¢) is a larger set than
D(AlPIH1), In the case that the fractional powers are not defined in the
classical way, it follows by (P5) that D((—Aw+,)*"¢) is not contained
in D(AlHY). Hence, Uy .« D((—Awto)t), the maximal set of initial
values for which we obtain mild solutions, is larger than D(Ald+1),

(ii) If the fractional powers of —A, exist in the classical sense, then the esti-
mates for the polynomial growth bounds in Theorem 1.2 can be improved
slightly. Indeed, since we have the inclusions D((—A,)") C D((—As)")
whenever v > p, the solution u(-, zo) satisfies an estimate

u t7x0 S Ooz €,0,v,M,x tmax{a—l+s,’y+s,2’y—a+s}7 t Z 25
,€,0,7,M,%0

for every ¢ > 0. Its polynomial growth bound is therefore given by
max{a — 1,7,2v — a}, i.e. the ¢’s can be dropped. For example, if
[1S«(@)]| < Mt™ (t > 0), the solutions are at most of polynomial type
.

7. UNBOUNDED OPERATORS WITH POLYNOMIALLY BOUNDED RESOLVENT

If A is the generator of an a-times integrated semigroup S* satisfying ||S*(¢)|| <
MtPewt| then by (5.2) there is a constant M > 1 such that

(7.1) IR\, AL < MIA® (ReX) ™71 Red>w.



EXISTENCE AND GROWTH OF MILD SOLUTIONS 29

In this section, we apply our results to arbitrary densely defined operators
whose resolvent satisfies (7.1). We start with a general fact about Laplace trans-
forms.

Lemma 7.1. Let w > 0 and let g : {ReX > w} — X be a bounded analytic

function. Let b > 0 and o > w. Then, the function f :[0,00) — X given by
1
flt) = — MATTg(N) dN, >0,
27 o+iR
is continuous, its Laplace transform converges absolutely on {ReX > w}, and
satisfies q(N) = AP*E [T e M f(t) dt there.

The straightforward proof is omitted. It can be found in [2, Theorem 2.7.1].
The following result is closely related to [3, Theorem 3.1].

Lemma 7.2. Let A be a (not necessarily densely defined) linear operator on X
whose resolvent exists in the right half plane. Suppose there are o > 0 and § > 0
such that for each o > 0 there is a constant M, such that

RO A < M, [N* (Red) P, Re) > o.

Then, for every e > 0, A generates an exponentially bounded (a + €)-times inte-
grated semigroup. Moreover, there is a constant Cc such that for each o > 0,

|Sote@)|| < CeM,o P e, t>0.
PROOF. Fix ¢ > 0 and o > 0. For z € X, define ¢,(\) := A!17*R(\, A)z. Then

g is uniformly bounded in {ReA > o}. By Lemma 7.1, applied to w —
b +— ¢, we obtain a continuous function f, such that for every t > 0,

1 w BN A)x
(1) = — ————dA.
fo(2) ~/o—+ilR ¢ T

g

Z and

- 2mi
Define S**¢(t)z := f,(t), t > 0. Then (7.1) holds and

Aote / e NS E()xdt = N\TE / e Mf(t)dt = R\ Az
0 0

for all A > 0. Next we estimate ||S*"¢(¢)]|:

211 o+iR )\a+€

1S ()=l

1 oo
—M, J*Be“tHxH/ lo +is| 717 ds
2 oo

= C.M,o "¢z



30 J.M.A.M. VAN NEERVEN AND B. STRAUB

It follows that the family S**¢ is an exponentially bounded (« + €)-times inte-
grated semigroup generated by A, and that the desired estimate is satisfied. O

The proof actually shows that it is enough to assume that [A'=%||R(\, A)]| is
bounded in each right half plane {Re X > o} and |A['=%||R(\, A)|| = O(Re \)~#
for Re X | 0.

PRrROOF OF THEOREM 1.3: We apply Lemma 7.2 with M, — M for all ¢ > 0 and
e ge. Fixt > 0. Taking 0 = !, we see that A generates an (o 4 £)-times
integrated semigroup of polynomial order 3+ 5. Therefore, by Theorem 1.2, the
unique mild solutions corresponding to initial values xo € D((—A,)*T¢) are of
polynomial order (3 + 5) + 5. O

The restriction a—1 < 3 < « in the statement of Theorem 1.3 was necessary for
reasons of consistency. Indeed, if 8 < a—1, then as A — 0 in a sector of angle less
than 7/2 we have || R(\, A)|| — 0. This implies 0 € o(A) and ||A~Y|| = 0, which is
impossible. If 8 > «, then limy_ . A||R(X, A)|| = 0. This is also impossible, as it
yields z = 0 for all # € D(A) since for such  we have x = AR(A, A)x — R(\, A) Ax
for all A > 0.

Lemma 7.2 also allows us to deal with operators whose resolvent is of a slightly
different type of polynomial growth.

Corollary 7.3. Let A be a densely defined linear operator on X whose resolvent
exists in the right half plane. Suppose there are M > 1 and o > 0 such that

RO\ A)|| < M(14 M) E, Re\ > 0.

Then, for all ¢ > 0 and o € D((—A)**¢), (ACP) has a unique mild so-
lution u(-,xo) which is polynomially bounded of order max{0,a — 1} +e. If
xg € D((—A)'ToT), the solution is classical.

PROOF. If 0 < a < 1, then (1 + [A))®~1 < |A]*~! for all ReA > 0 and the
assumptions of Lemma 7.2 are satisfied with 3 +— 0 and M, — M for all o > 0.
Fix t > 0 and take o = t~*. It follows that A generates an (a+5)-times integrated
semigroup of polynomial order 5.

If o > 1, forall o > 0 and Re A > o we have (1+|\)*~! < (1+oH)o t\o L.
Therefore, with M, +— M(1+o0~1)*"1 31+ 0, and 0 = t~!, we obtain that A
generates an (a + 5)-times integrated semigroup of polynomial order (a—1) + 5.

As in Theorem 1.3, the desired conclusion now follows from Theorem 1.2,
noting that since 0 € p(A) the fractional powers of —A are defined. O
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Remark.
(i) Let A satisfy the condition of Theorem 1.3 with o = 3 =0. Then A — ¢
is invertible for all § > 0 and

RN, Ag)|| < MS™H1+ A)H, Re ) > 0.

Therefore, by [20, Theorem 2.5.2] As generates a bounded holomorphic
semigroup Ts; the bound is proportional to §~'. Hence, mild solu-
tions of (ACP) exist trivially for all zp € X, and they are given by
u(t, xg) = e T5(t)wg. Taking 6 =t~ it follows that u(-, o) is polyno-
mially bounded of order 1. Note that by Theorem 1.3, the mild solutions
in D((—A)®) are polynomially bounded of order e.

(ii) If A is a linear operator such that ||R(\, A)|| < M(1 + |A))*~! for all
Re A > 0 and some « > 0, it is shown in [15] that (ACP) has a classical
solution for each xg € D(A?**le]). The proof is based on a resolvent
expansion formula

1+ [«
RO Ay i] (~R(ho, A))2Hlol=ky

—R(\, A)zg = T )t (A= Ao)*

k=1
where 29 = (—R(\o, A))'*l*ly, and Laplace inversion (this explains the
occurrence of the term [a]). Corollary 7.3 can be viewed as an improve-
ment of this result for the densely defined case.

(iii) Whenever the fractional powers of —A exist in the classical sense, then,
as before (see Remark (ii) at the end of Section 6), the €’s occurring in
the estimates for the polynomial growth bounds can be dropped. For
example, if « = 3 in Theorem 1.3, the solutions are of polynomial type a.

Let us work out in more detail the case o = 1.

Theorem 7.4. Let A be a densely defined linear operator on X whose resolvent
exists and is uniformly bounded in the right half plane. Then, for all e > 0 and
x9 € D((—A)'*¢), (ACP) has a unique mild solution u(-,xzo). Moreover, this
solution is exponentially stable. If zo € D((—A)?T¢), the solution is classical.

PROOF. By astandard argument, one sees that the resolvent is uniformly bounded
in a half plane {Re A > —d} for some § > 0. Therefore, we can apply Theorem 1.3
for « =1 and 8 = 0 or Corollary 7.3 for « = 1 to the operator A + g. (]

As another application of Lemma 7.2, we obtain an improvement of our re-
sults in Section 6 as far as the exponential growth of classical solutions is con-
cerned. Noting that if A generates an a-times integrated semigroup S* satisfying
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[1S«(t)|| < MtPet, then by (3.1) for each o > 0 there is a constant M, > 1 such
that

IR, AL < My A% Rel >o.

We will show that this inequality is in fact sufficient for the classical solutions
to have exponential type of at most w. In order to formulate the precise result,
let s*(A) denote the supremum of all w € R such that [|[R(\, A)|| = O(J]A]%) for
|A] = oo in the right half plane {Re A > w}.

Theorem 7.5. Let A be the densely defined generator of an exponentially boun-
ded a-times integrated semigroup S¢. Then, for every w > s*(A) and all z¢ €
D((=A,)tTeTe), the abstract Cauchy problem (ACP) admits a unique classical
solution, and the exponential type of this solution does not exceed s*(A).

PROOF. Since for each ¢ > 0 the resolvent of A, ., satisfies ||[R(\, Ayio)|| <
My(1 4+ |A])® for some M, and all ReA > 0, Corollary 7.3 shows that for each
2o € D((—Apt0)t27€), (ACP, ) has a unique mild solution uy, (-, 2o), which
is of polynomial growth. But by the results of Section 6, there is also an exponen-
tially bounded classical solution. Since classical solutions are mild solutions, the
uniqueness of mild solutions implies that w44 (-, o) is a classical solution. But
then u(t, zo) := ety (t,x0) is the unique classical solution of (ACP), and
this grows exponentially of type w + o. Since w > s*(A) and o > 0 are arbitrary
and D((—A,)**%*¢) is independent of w, the theorem is proved. O

This result can be concisely formulated as saying that wiyate(4) < s*(A4).
For generators A of Cy-semigroups (i.e. the case a = 0), Weis and Wrobel [25]
recently proved that wi(A) < s°(A) holds. Earlier, Wrobel [27] had shown that
this is true in B-convex spaces, and in [18] it was shown that wy,.(A4) < s°(A)
holds in arbitrary Banach spaces. An elementary proof of the Weis-Wrobel result
was obtained in [17].

8. APPLICATION TO ELLIPTIC DIFFERENTIAL OPERATORS

In this final section, we list some concrete examples of differential operators
to which our results can be applied. For more details and proofs, we refer to the
paper of Hieber [11].

Proposition 8.1. Let A be a differential operator with constant coefficients on
one of the spaces X = LP(R™), 1 < p < oo, or X = Co(R™), and let & be its
symbol. Assume that £(-) = iq(+), with the polynomial q(-) either real homogeneous
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such that g(x) = 0 implies © = 0, or real elliptic. Then for all a > n\% — %|, A is

the generator of an a-times integrated semigroup S on X which satisfies
[S*@I < MA+1t%), t=0.
If p is homogeneous, then  ||S*(t)|| < Mt*, t>0.
In the above result, if X = Cy(R™) we take p = oo.

Ezxamples. The following operators generate a-times integrated semigroups.

(i) The Schrodinger operator A = iA, where A is the Laplacian, generates an
a-times integrated semigroup S® on the spaces X = LP(R™), 1 < p < oo,

or X = Co(R™), for all & > n|i — % . Moreover,

SO < Mt*, t=>0.

The space D((—iA)?) can be calculated explicitly: it coincides with the
Sobolev space W28:P.
(ii) The Korteweg-De Vries operator A = 86—; + % generates an a-times
integrated semigroup S¢ on the spaces X = LP(R), 1 < p < oo, for all
11

o> |5 — 5| Moreover,

S*@)|| < M(1+1tY), t>0.

For g € D((—A)**¢), in the above examples we obtain mild solutions of
polynomial type o and « + ¢, respectively. By using more direct methods, the
bound for the Schrédinger operator can be established more easily. Indeed, it
follows from the results in [4] that in this case the mild solutions are of polynomial
growth O(t"‘%fél). More generally, Zheng and Lei [28] recently showed that if
A is a constant coefficient differential operator of degree m whose symbol has
range in the closed left half plane, then the abstract Cauchy problem for A has
O(t"'>~»!) mild solutions for all initial values in D((—A)%), 3> =L — 1| At
least for integer a and X = LP(R™), the domain D((—A)"") equals D((—A)%).
Both [4] and [28] use the technique of regularized semigroups. Thus, up to an €
in the polynomial bounds, our results seem to be optimal. At present, we do not
know whether, in our abstract setting, this extra € can be removed.

Acknowledgement - We would like to thank Frank Neubrander for many dis-
cussions on this paper and for supplying the details of the proof of Proposition 3.3.
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