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0. Introduction

It is well-known that the asymptotic behaviour of a Cy-semigroup of linear oper-
ators T = {T'(t) }+>0 cannot be adequately described by the location of the spectrum
o(A) of its infinitesimal generator A. If we define the growth bound wo(T) as the
infimum of all w € IR for which a constant M > 0 exists such that

|T()|| < Me*?, Vit > 0,
and the spectral bound s(A) by

s(A) =sup{ReX: A € 0(A)},
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one has the inequality s(A) < wo(T), but strict inequality may occur. In their re-
cent paper [LM], Latushkin and Montgomery-Smith proved the following striking
fact: If one tensors an arbitrary Cp-semigroup T on X with the translation group
on LP(IR), the growth bound and the spectral bound of the resulting Cy-semigroup S,
on LP(IR, X)) coincide, and are equal to the growth bound of T. In fact, they proved
the stronger result that the spectral mapping theorem holds for S,,. Independently, for
p = 2 and X Hilbert, this result was obtained by Rau [Ral]. These results also hold for
tensoring with the rotation group on LP(I"), where I' is the unit circle. Furthermore,
the analogous results hold for Cy(IR) and C(T").

These results drew much attention and were extended into various directions; cf.
[Ra2], [Ra3], [RS1], [Rs2], and the references given there. Also, L. Weis [W] recently
announced a proof of the stability conjecture for positive Cy-semigroups on LP which
is based on them.

The present paper was inspired by the Latushkin-Montgomery-Smith results in
the following way. Explicitly, S, is given by

S,(1)f(s) =Tt f(s—t), seR, t>0, feLP(R,X).

Integrating this over [0, s] with respect to ¢, the resulting integral can be interpreted
as the convolution of T with the restriction f|r,. Here, and in the rest of the pa-
per, R4 = [0,00). This observation motivates two questions: Firstly, do versions
of the Latushkin-Montgomery-Smith theorem exist for the translation semigroups on
LP(IR4) and Cy(IR4), and secondly, can one study the asymptotic behaviour of T by
looking at its convolution with functions in LP(IR4, X) or Cy(IR4, X)? In this paper,
we answer the second question affirmatively as follows. For a function f € L] (IR, X)
we define the convolution T * f by

(T % f)(s) = /OST(t)f(s—t)dt, s> 0.

Theorem 0.1. Let T be a Cy-semigroup on a Banach space X and let 1 < p < co.
Then the following assertions are equivalent:
(i) wo(T) < 0;
(ii)) T f € LP(R4, X) for all f € LP(IR4, X);
(iii) T* f € Co(Ry, X) for all f € Co(R4, X).

Loosely speaking, this means that wo(T) < 0 if and only if T acts on one of
the spaces LP(IR4, X) or Cy(IR4, X) by convolution. The proof, which is based on a
partial answer to the first question, is given in Section 1. In Section 2, we apply the
theorem to show that wo(T) < 0 if and only if

sup
s>0

/ST(t)f(t) dtH <00, VfeAP(R.,X),
0

where AP(IR, X) is the space of X-valued almost-periodic functions. In fact, we show
that the same result is true for a more general class of spaces of X-valued functions
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which contains Cy(IR4, X) and AP(IR, X). Also, we improve (iii) of Theorem 0.1 by
showing that wo(T) < 0 if T *x f € L*°(IRy, X) for all f in one of the spaces in this
class.

In Section 3, we discuss an extension of Theorem 0.1 to the action of T by
convolution on vector-valued Banach function spaces over IR .

In Section 4, we deal with the weak analogue of Theorem 0.1. It is shown that the
condition that (z*, T x f) € L'(IRy) for all z* € X* and f € L'(IR,, X) is equivalent
to wo(T) < 0 in Hilbert spaces. We also show that this need not be true in arbitrary
Banach spaces.

1. Proof of Theorem 0.1

Let T be a Cy-semigroup on a Banach space X. Let 1 < p < co. We define a Cy-
semigroup S, on LP(IR,, X) by tensoring T with the semigroup of right translations

on LP(IR4):
Snfe) = { O 120 (1)

0, else.

We denote by B, its infinitesimal generator. Similarly, by using the right translation
semigroup on Cyo(IR, ), the subspace of all f € Cy(IR4) such that f(0) = 0, we obtain
a Cp-semigroup S, on the corresponding X-valued space Cyo(IR, X). Its generator

will be denoted by B.
For an operator T, we denote by Ao (T') the approximate point spectrum of 7.

Lemma 1.1. Ife? € Ao(T(1)) for some 0 € [0,27), then 0 € Ao (B,), 1 < p < co.

Proof: The result is essentially contained in [RS2]. For reasons of self-containedness,
and since the setting in [RS2] is more general and slightly different, we give the proof
in some detail. First assume 1 < p < co. Since § € Ao(T'(1)), for each n = 1,2, ... one
can find a norm one vector z,, € X such that

iko 1

T (k)xy, — e x| < 3’ E=1,..,n.

In particular, 1 <||T(k)z,| < 2foralln and k = 1, ..., n. Using the local boundedness
of T, it is easy to see that there are constants 0 < o < (3 < oo such that

a<|T@)zn| <8, tel0n); n=12,..

For each n, let a, : R4 — [0, 1] be a continuously differentiable function such that

an, =0on[0,5]U[n— §,00), a, =1on [1,n— %], and a},(¢t) < 10 for all ¢ > 0 and

n=1,2,.. Let g, :=c, a,(t)T(t)x,, where

e = (/On ]|T(t)xn||pdt) "
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Then, using that a,, = 1 on [i, n— i], we have

1
Q a\n — 5 )P
( 12) < gnllzrr, x) < 1 n=12..

253~ Pnr

Also, by direct calculation one checks that

Bpgn(t) = —c, tal, )T (t)x,,  t>0.

n n

Since |aj,| < 10 on [g, 1] U [n — §,n— 3] and 0 elsewhere, we have

108-87% +108-8" 7
b +1 b : n=1,2,..

| BEgn||Lr (R, x) < 0
anr

Therefore lim, o || BpgnllLr(r,,x) = 0, which shows that (HgnHZZ}(IR%X) -gn)n21 is
an approximate eigenvector for B, with approximate eigenvalue 0.

Next, we show how to modify this argument for p = oco. In this case, we choose a
C'-function a,, that vanishes on [0, 1] U [n — 1, 00), and further satisfies a,,(in) =1,
lanlleo = 1, and ||a’,||cc < 5n~ L. Then g, = an()T(t)zn, n = 1,2, ..., defines an

approximate eigenvector for B., with approximate eigenvalue 0.  ////

Lemma 1.2. With the above notations, for all 1 < p < oo we have s(B)) = wo(S,) =
wo(T).

Proof: Clearly, s(B,) < wo(Sp) < wo(T). It remains to prove that wo(T) < s(B,). By
rescaling, we may assume that wo(T) = 0, and it suffices to show that this implies that
s(Bp) > 0. Since 7(T(1)) = eo(T) = 1, there is a 6 € [0, 27) such that ¢’ € o(T(1)),
and in fact, e € Ao (T(1)) since the boundary spectrum is always contained in the
approximate point spectrum. By Lemma 1.1, this implies that 0 € o(B),). Therefore,
s(Bp) > 0 and the proof is complete.  ////

Theorem 1.3. Let T be a Cy-semigroup on a Banach space X and let 1 < p < oo.
Then the following assertions are equivalent:
(i) wo(T) < 0;
(ii)) T f € LP(R4, X) for all f € LP(IR4+, X);
(iii) T* f € Co(Ry, X) for all f € Co(Ry4, X).

Proof: First we prove (ii)=(i). By Lemma 1.2, we have to prove that s(B,) < 0. For
this, it is enough to prove that the resolvent of B), exists and is uniformly bounded in
the right half plane. Indeed, once this is established, a standard resolvent expansion
argument shows that the resolvent exists and is uniformly bounded in a half plane
{Rez > —¢} for some € > 0; cf. [Hu| or [NSW]. Thus, s(B,) < —e.

We start by observing that there is a constant M > 0 such that | T+ f| Lr(r, ,x) <
M| fllr(r, ,x) for all f € LP(IR4, X). To see this, we claim that the map f +— T * f
is closed as a map of LP(IR, X) into itself. Indeed, assume f,, — f and T f,, — ¢ in
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LP(IR4, X). Then it is immediate that (T * f,,)(s) — (T x f)(s) for all s > 0. On the
other hand, since a norm convergent sequence in LP(IR,, X) contains a subsequence
that converges pointwise a.e., it follows that (T * f,, )(s) — g¢(s) for some sequence
(ng) and almost all s. Therefore, T * f = g, as was to be shown. The existence of the
constant M now follows from the closed graph theorem.

For Ty > 0, we define g, : LP(IR4+, X) — LP(]0,Tp], X) by restriction: 7y, f =
flio,ry)- For T >0, Ty > 0and f € LP(IR4, X), we define the entire LP (IR, X)-valued
function Fr ¢ and the entire LP([0, Tp], X )-valued function Fr g, ¢ by

T
Frop(z) = /O =S (1) f dt,

Frr, 1(2) = 71, (Fr s (2)).

For each z, the map f — Frr, ¢(%) is bounded as a map LP(IRy, X)) — LP([0, Tp], X).
A trivial estimate shows that each of the functions z — Fr ¢(2) and z — Fp 1, ¢(2) is
bounded in each vertical strip {0 < Rez < ¢}, ¢ > 0.

For A € R and f € LP(R4, X), let fa(s) := e f(s), s > 0. The restriction of
S, to the invariant subspace Cyo(IR4, X) N LP(IR4, X) extends to the Cy-semigroup
Seo on Cpo(IR4, X). Since point evaluations on the latter space are continuous, for
fe€Copo(Ry, X)NLP(IR4, X), T > Tp, and 0 < s < T we have

< / e NS, (1) dt) (s) = / NS, (1) f (5) di

=/S e M) f(s —t)dt

0

= e ) s — .
= [ Twne-oa

1, <e-”<'> / T rwne- dt)

< g 1 I fillpearyx) < 1T fall ey, x)

Therefore, for T' > T,

| 7,15, £ (PN Lo ((0,70], ) =

LP([OzTOLX)

< M| fallee(ry,x) = M fllLrr., x)-
Since Cpo(IR4+, X) N LP(IR4, X) is dense in LP(IR4, X), it follows that

||FT,T0,f(i)‘)||Lp([0,TQ],X) < MHfHLP(RJr,X)? VA€ Rv T > T07 f € Lp(]R’-i-aX)'
(1.2)
Also, if we choose constants N > 0 and w > 0 such that ||.S,(t)|| < Ne“? for all ¢ > 0,
then for Rez = w + 1 we have

T
| Fr, 10,7 (2) || Lo ([0,70],x) < ||7TT0H/O 6_(w+1)tN€WtHf||Lp(1R+,X) dt
<SNA—e D fllerar,.x) < NI fllerr,,x)-
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It follows that for each f € LP(IR4, X) and Ty > 0 fixed, the functions z — Fr 1, ¢(2)
are bounded on the line Rez = w + 1, uniformly with respect to T > 0, with bound
N||fllzr(r,,x)- Therefore, by (1.2) and the Phragmen-Lindelof theorem [R, Thm.
12.8], for each f and T fixed we have

17,10, £ () 2o (0,70), x) < max{M, N}|fllLrr, x), VO <Rez<w+1, T >T1y.
(1.3)
Also, for Rez > w we have

Jim Frop, g (2) = 71, R(2, By) f-

Combining these facts, it follows from Vitali’s theorem [HPh, Thm 3.14.1] that for
each f € LP(Ry,X) and Ty > 0 the function z — 7w, R(z, Bp)f has an analytic
continuation Fuo 1y f to {0 < Rez < w + 1}, and that for 0 < Rez <w +1,

FOO7T07f(Z) = ]'i FT7T07f('Z)
T—o0
uniformly on compacta. Moreover, by (1.3),

| Foo, 1o, £ (2) |l e (j0,10),x) < max{M, N}|fllLrar,x) VO <Rez <w+1, Ty >0.

(1.4)

By regarding LP ([0, Tp], X) as a closed subspace of LP(IR4, X), for all w < Rez < w+1
we have

lim Foon,r(2) = lim 7p R(z, Bp)f = R(z, Bp)f, (1.5)

To—00 To—00

the convergence being with respect to the norm of LP(IR,,X). Again by Vitali’s
theorem, now using (1.4), it follows that R(z, B,)f admits a holomorphic extension
Foo,00,f t0 {0 < Rez < w+ 1}, and that for all 0 < Rez < w + 1,

lim lim FT,TO,f(Z) = lim Foo,To,f(z) :Foo’oo,f(z) (16)

To—o0 T—00 To—00

uniformly on compacta. By an easy analytic continuation argument, we must have
{0 <Rez <w+1} C o(Bp) and Fuo o0,7(2) = R(2, Bp) f.

Therefore, by (1.4), (1.6), and the uniform boundedness theorem, it follows that
R(z, Bp) is uniformly bounded in {0 < Rez < w+ 1}. By the Hille-Yosida theorem,
R(z, B,) is also uniformly bounded in {Rez > w + 1}. Thus, R(z, B,) exists and is
uniformly bounded in {Rez > 0}. This completes the proof of (ii)=-(i).

Next, we prove (i) =(ii). Assume wo(T) < 0, and choose > 0 and M > 0 such
that ||T(t)|| < Me # for all t > 0. Let 1 < p < co be arbitrary and fixed. By applying
Jensen’s inequality [R, Thm. 3.3] to the probability measure p(1 — e #*)"Le™#t dt on
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[0, 5], we have, noting that =@~V (1 — e=#s)P~1 < ;,=P=1 for all s > 0,

/OOOH/OST(t)f(s —tydt|ds < /OO </ Me—”tHf(S—t)Hdt)pds

<Mp/ (1 — e /Hfs—th( _ emh)=Lemnt gy ds
< M- / / )| £ (s — 1) |P dt ds

=) [T e [T - e asar
0 t

< MPp=P|FIP-

This proves (i)=-(ii).
The implication (i)=(iii) is proved as follows. Choose M > 0 and p > 0 such that
|T(#)|| < Me # for all t > 0. Fix € > 0 and f € Co(IR4, X) arbitrary. Choose N so

large that se™"* < e and || f(s)|| < €| fllco(r.,x) for all s > N. Then, for s > 2N,
s s . 5 B
|[ rse-oaw| < [ areriiflo,m e [* e e, x i
0 s 0
< M1+ p7 el flegmr, x)-
Since T x f also is continuous, we obtain the desired conclusion.

It remains to prove (iii)=-(i). We do this by modifying the proof of (ii)=-(i). First
we note that there exists a constant M > 0 such that

IT * fllogmry,x) < M| fllcomr,,x)  Vf € Co(Ry, X).

Indeed, this follows from applying the uniform boundedness theorem to the operators
Ty : [ [3 T(t)f(s—1)dt.

Let f € Coo(IR4, X) arbitrary. Since T x f € Cy(IR4+, X) by assumption and
(T = f)(0) = 0, it follows that T acts boundedly on Cyo(IR4, X) by convolution, with
norm at most M.

Let Coo([0, Tp], X) be the closed subspace of Cyo (IR, X) consisting of all functions
vanishing on [Ty, o). For each Ty > 1, define the piecewise linear function g on R4
by

1, 0<t<Th—1;
gTo(t):{TO—t, To —1 <t <Tp;
0, else

and the operator Iz, : Coo(IR+, X) — Coo([0, Tp], X) by
Mz, f)(@) = g1, () f (), 0 <t <To.

Note that, for any function f € Coo(IRy, X), ||z, fllcoo(0,10],x) < ||fHCOO(IR+7X).
With 7p, replaced by Ilp,, the proof of now proceeds along the lines of (ii)=-(i).
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The reason for introducing the operators Iz, is as follows. If we simply truncate
a function in Cyo(IR4, X) with 77, the resulting function need not define an element
of Cyo([0,Tp], X), so that we cannot perform the limiting operation (1.5). With the
operator Ilz,, this poses no problems.

In the next section, we will improve part of Theorem 1.3 by showing that wq(T) <
0 if (and only if) T * f is merely bounded for all f € Co(Ry, X).

2. Applications

The main result of this section is an application of Theorem 1.3 for the case
of Co(IR4,X). We need the following definitions in order to state the result. Let
BUC(IR4, X)) denote the space of all X-valued bounded uniformly continuous func-
tions on IR;. A linear subspace E of BUC(IRy, X) will be called locally dense in
BUC(RR4, X) if for every € > 0, every bounded closed interval I C IR, and every
f € C(I) there exists a function f. ; € E such that

sup [|f(t) = fer()[| < e.

tel

If, in addition, there is a constant K > 0, independent of I and ¢, such that for
every f € C(I) the function fcr can be chosen in such a way that || fc 7|l prcr,,x) <
K| fllc(r), we say that E is boundedly locally dense in BUC (IR, X).

Theorem 2.1. Let T be a Cy-semigroup a Banach space X and let E' be a closed,
boundedly locally dense subspace of BUC (IR, X). Then the following assertions are
equivalent:

(i) wo(T) <0;

(ii) sup H/ T(t)g(t) dtH < oo forallg € .
s>0 0

Proof: The implication (i)=-(ii) is trivial. We will prove (ii)=-(i). By the uniform
boundedness theorem, there is a constant C' > 0 such that

sup
s>0

/ T<t>g<t>dtHscug|rBUc<R+,X>, vg e E. (2.1)
0

For a given f € Co(IR4, X) and s > 0, let M, = supg<;<, | T(t)|| and let f, € E be
any function such that

1
sup [If(s =) = Ll < 71 fllcom,.x),

0<t<s

and
| fsllBuem, ,x) < K| fllcom,,x)-
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Such an f, exists by the definition of a boundedly locally dense subspace; K is the
constant from the definition. Then, by (2.1),

1T # ) (s)| = \

/Os T() (f(s— 1) — fo(t) + fs(2)) dtH

< llesms ) + H / () /.(1) dtH (2.2)

< fllcomry,x) + CllfsllBuem,,x) < (1 + CK)| fllogm.,x)-

It follows that T % f is a bounded continuous function. If we can prove that

lim Tt)f(s—t)dt=0,

S—00 0
it follows that convolution with T maps Cy(IR4, X) into Cy(IR4, X ). Then we can
apply Theorem 1.3 to obtain that wo(T) < 0.

Fix € > 0 arbitrary and choose N so large that ||f(s)|| < (1 + CK) e for all

s > N. Write f = fo + f1, where fy € Co(R4, X) is chosen in such a way that
fo(s) = f(s) for all s > N and || follcy(mr, ,x) < (1 +CK) 'e. Note that the support
of f1 is contained in the interval [0, N]. By (2.2), for all s > 0 we have

[ Tt dtH < 1+ CE)llfollcum, x <

It follows that it is sufficient to prove that

Jim T(s ~ N) ( / SR 0 dt) ~ Jim T (s —di=0.  (2.3)

0

Since limy oo A2R(A, A)2f1(-) — f1(-) uniformly on [0, N], and hence on all of R,
(2.2) shows that it is even sufficient to prove that

lim T(s — N) ( / S ONROLARA (N 1) dt) ~0 (2.4)

§— 00

for all A sufficiently large. Note that, for each such A,
N
/ T(HNR(N, A)?2f (N —t)dt € D(A?). (2.5)
0

In order to prove (2.4), we claim that the resolvent of A exists and is uniformly
bounded in the right halfplane.

To prove this, fix u > 0, g € F, and s > 0 arbitrary. Choose a function g, s € F
such that

1
su () —e Hg(t)] <
ogtgs ng, (t) gt)] < sM, Hg||BUC(R+,X)



and [|g,.sllBucr.,x) < KllgllBucar,,x)- Then, by (2.1),

Next, let v € IR and = € X be arbitrary and fixed. Let g, , s € E be a function such
that

/ e MT(t)g(t) dtH <\lgllBucm,,x) + CllgusllBucm, x) (2.6)
0 .

< 1+ CK)|gllBucm,,x)-

SUp [|gv.a,s(t) — e @ f| < ——||]|

0<t<s sMs

and ||gu,e.s| Bucmr,,x) < K||z|. Then, by (2.6) applied to g, s s,

/ e_(“Jri”)tT(t)xdtH < ||l=|| +
0

/O e () gy s (1) dt”

<zl + 1+ CK)|gv,2,sl BUCMR, x)
<1+ 1+ CK)K)|x|.

(2.7)

Since s > 0 and p > 0,v > 0 are arbitrary, (2.7) shows that the entire X-valued
functions z — [ e *'T(t)x dt are bounded in the right half plane, uniformly in s >
0. Moreover, for Re z sufficiently large, they converge to R(z, A)x as s — oo. An
application of Vitali’s theorem and an analytic continuation argument show that the
right half plane is contained in o(A) and that the resolvent of A is uniformly bounded
there. This concludes the proof of the claim.

By a well-known theorem of Slemrod [Sl], the uniform boundedness of the resol-
vent in the right half plane implies that wy(T) < 0, i.e. there are constants K > 0 and
> 0 such that |T(t)y|| < Ke *|ly||p(az) for all y € D(A?) and ¢ > 0. Therefore,
(2.4) is a consequence of (2.5).  ////

Since Cy(IR4, X) is a closed, boundedly locally dense subspace of BUC(IR4, X),
Theorem 2.1 implies:

Corollary 2.2. Let T be a Cy-semigroup on a Banach space X. Then wy(T) < 0 if
and only if
sup
s>0
As another application, we define AP(IR, X) as the closure in BUC (R4, X) of
the set of all functions {e**) @ z: A € R, z € X}. It is easy to see that AP(IR;, X)
is boundedly locally dense in BUC(IR4, X). Indeed, if I C IRy is a bounded closed
interval and f € C(I) is given, we choose N so large that I C [0, N] and fix an
arbitrary continuous function fy € C([0, N + 1]) that coincides with f on I and
satisfies f(0) = f(IN + 1). Then we approximate fy uniformly in [0, N + 1] by linear
combinations of functions et @ x, § € {27k/(N+1): k € Z}, v € X. Since these
functions are N + 1-periodic, their sup-norms on IRy are the same as their sup-norms
in [0, N +1]. Therefore, AP(IR4, X) is boundedly locally dense in BUC(R4, X).
Since AP(IR4, X) is also closed in BUC(IR4, X)), we obtain:

/OST(t)g(t) dtH <00, VgeCo(Ry,X).
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Corollary 2.3. Let T be a Cy-semigroup on a Banach space X. Then wy(T) < 0 if
and only if

sup
s>0

/Os T(t)g(t) dtH <00, VYge AP(Ry,X). 2.8)

One should compare this theorem to the following result of [Ne]: if

sup sup

AEIR s>0 0

/ eMT () dtH < 00, (2.9)

then w1 (T) < 0. Here, w1(T) denotes the growth bound of orbits originating from
D(A), i.e. the infimum of all w € R for which there is an M > 0 such that ||T'(t)z| <
Me“*||z||p(ay for all z € D(A). The difference between (2.8) and (2.9) is that in the
latter we consider one function () ® z € AP(IR4, X) at a time, whereas in (2.8) we
consider all functions in AP(IR4, X). The supremum over A € R in (2.9) accounts
for the fact that the sup-norms of e'*() ® 2 are uniform in \.

We conclude this section with an improvement of Theorem 1.3 for the case
Co(R4, X).

Theorem 2.4. Let T be a Cy-semigroup a Banach space X and let E' be a closed,
boundedly locally dense subspace of BUC (IR, X). Then the following assertions are
equivalent:

(i) wo(T) < 0;

(ii)) T f € L*(R4, X) for all f € E.
Proof: The implication (i)=-(ii) is trivial. We will prove (ii)=-(i). By the uniform
boundedness theorem applied to the operators Ty : f — [ T(t)f(s — t) dt, there is a
constant C' > 0 such that

sup
s>0

[ r0ss-na| <Cllaea, wer @

For a given f € FE and s > 0, let M, = supg<,<, [|T(t)|| and let f; € E be any function
such that .

su S_t - st S ?
s =) = 0l < 7 Ifllsvem, x)

and
I fsllBuem, ,x) < Kl fllBucm, ,x)-

Then, by (2.10),

[ r0s0al| < ilsem. o+ | [ 101600
<\ fllBvem,,x) + CllfslBvcm,,x) < 1+ CK)|fllBucm.,x)-

Since s > 0 is arbitrary, wo(T) < 0 by Theorem 2.1. ////
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3. Generalization to Banach function spaces

Let E be a rearrangement invariant Banach function space over IR;. We will
adopt the terminology of the book [BS]. Although the definition of a Banach function
space given there is very restrictive, it is not difficult to show that in the rearrange-
ment invariant case the assumptions (P4) and (P5) of [BS], Def. 1.1.1, are redundant
provided one assumes that F is carried by IR;. This means that for each measurable
H C Ry of positive measure there exists a function f € E that is not identically zero
a.e. on H.

The fundamental function is the function g defined by

ee(t) = |xule,
where H is a subset of measure t. One can show that for every ¢t > 0, such a set exists.
By the rearrangement invariance, the function ¢ g is well-defined.

By [BS, Lemma II1.6.3], the right translation semigroup is strongly continuous
on F if and only if ¢g(0+) = 0, provided the simple functions are dense in E. This
is the case if E has order continuous norm, which in turn is the case if ' is separable
(this follows from [BS, Chapters 1.4 and 1.5]). Examples of rearrangement invariant
Banach function spaces with order continuous norm satisfying ¢ g(04+) = 0 are the
spaces LP(IR4), 1 < p < oo, and all reflexive spaces rearrangement invariant Banach
function spaces.

If E = E(IR;) is a rearrangement invariant Banach function space over IR, with
order continuous norm satisfying ¢z (0+) = 0, the operators Sg(t) defined by

_JTO)f(s=1), s—t=0;
5e(0)1(5):= { e
define a Cy-semigroup Sg on E(Ry, X). It generator will be denoted by Bg. Here,
E(IR4, X) is the space of all Bochner measurable functions f : IRy — X such that
|f()|l € E(IR4). This space is a Banach space, as can be seen by a modification of
the proof of the completeness of LP.

It is not hard to see that the proofs of Lemmas 1.1 and 1.2 carry over almost
verbatim to Sg. One has to distiguish between the cases that lim;_,o, ¢g(t) is infinite
or finite. In the first case, one argues as for L?(IR4) and in the second case as for
C()(]R,_|_).

Summarizing, we have:

Lemma 3.1. Let T be a Cy-semigroup on X and let E(IR;) be a rearrangement
invariant Banach function space with order continuous norm satisfying ¢ g(0+) = 0.
Then, for the semigroup Sg we have s(Bg) = wo(Sg) = wo(T).

Theorem 3.2. Let T be a Cy-semigroup on X and let E(IRy) be a rearrangement
invariant Banach function space with order continuous norm satistfying ¢ g(0+) = 0.
Let T be a Cy-semigroup on a Banach space X. Then the following assertions are
equivalent:

(i) wo(T) < 0;

(ii) T+ f € E(IR4, X) for all f € E(IR4+, X).
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Proof: (ii)=(i): Armed with Lemma 3.1, we can copy the proof of (ii)=-(i) of Theorem
1.3 almost verbatim. In order to establish the boundedness of convolution with T as
a map of F(IRy, X) to itself, we now use the fact that a norm convergent sequence in
E(IR4, X) has a subsequence that converges pointwise a.e. This in turn follows from
the fact that f, — f in E(IRy, X) implies that fy|j0.5 — f|[0,k) in the norm of L'[0, k]
for all k =1,2,... [BS, Cor. 11.6.7] and a diagonal argument.

The proof that (i) implies (ii) proceeds as follows. For y > 0 and g € L}, (IR.),
define

(Tu(9))(s) := /0 e Mg(s—t)dt,  s>0.

The proof of Theorem 1.3, (i)=-(ii), shows that this defines a bounded operator T, :
L'(Ry) — LY(IRy) of norm < 1. Also, it is trivial that T}, is bounded as an operator
L>®(R;) — L*®°(IRy), of norm < p~!. By a well-known theorem of Calderén [C] (see
also [BS, Thm. III.2.12]), every rearrangement invariant Banach function space over
IR, is an exact interpolation space between L'(IR;) and L>°(IR. ). Therefore, T}, is
bounded as an operator E(IR;) — E(IR,), of norm < p~1.

Let f € E(R4, X) be arbitrary. Since wo(T) < 0, there are constants M > 0 and

p > 0 such that ||T'(t)|] < Me # for all t > 0. Since ||f(-)|| € E(IR4), we have

I« fllea, 0 = I DON|, <

TN <o)

E(R4)

()
4 Me | f( — )] dt

E(R4)

:M‘

E(R+)
= Mp ' fllear,,x)-

/"

4. The weak case

In this section, we study the weak analogue of Theorem 1.3. If F(IR) is a given
function space over IR, we want to characterize those semigroups T on X for which
(x*, T * f) defines an element of F(IR;) for all z* € X* and f € F(IR4+, X). Here,
and in the following, for a ¢ € L} (IRy, X) and a functional z* € X*, the function

loc

(z*,g) € Li, . (Ry) is defined in the natural way: (z*, g)(s) = (z*, g(s)); s > 0.

loc
For E = L! we solve this problem as follows. A semigroup T is said to be weakly

LY if -
/ (2", T(#)x)|dt < o0,  Vz e X,z" € X7,
0
Theorem 4.1. Let T be a Cy-semigroup on a Banach space X. Then the following
assertions are equivalent:
(i) T is weakly L;
(ii) (z*, T f) € LY(Ry) for all f € LY(IRy, X) and x* € X*.
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Proof: Assume (ii). Let S : Yy X Y7 — Z be a separately continuous bilinear map. For
yo € Yy define Sy : Y1 — Z, Sy, (y1) := S(yo,y1). Then each Sy, is bounded by the
continuity in the Yj-variable. Using the continuity in the Yy-variable, it is easy to see
that the map yo — Sy, is closed, and hence bounded by the closed graph theorem. It
follows that there is an M > 0 such that

15 o, yII < 1wl lyall < Mol Tyl

Applying this to the separately continuous bilinear map T : X* x L'(IRy, X) —
LY(IR,) defined by T'(z*, f) = (x*, T * f), it follows that there exists an M > 0 such
that

™, T Hllorry) < M|l xllz"|, Vfe L' (Ry, X),z* € X™.
Fix x € X, z* € X* and sg > 1 arbitrary. Choose 0 < 79 < 1 such that

1

70

/To<x*,T(s ) dt' > %\(x*,T(s)xH, 1< s < so.
0

Then,

S0 So 1
/ \(x*,T(s)m>|ds§2/ 1
1 1 70

0
_ 2/ 1
1 70

2 *

< T_0H<$ ;T (X[0,70) @ 2)) 21 (R )

2M * *
< Ixpn @ lo 27l = 2M 2] [l27])

To
/ (", T (s —t)x) dt‘ ds
0

S~

(2™, T(t)z) X[0,70] (5 — 1) dt‘ ds

Since sg > 1 is arbitrary, it follows that
/ |(x*, T(s)z)|ds < 2M ||z|| ||=*]|, Vee X, 2" e X™.
1

Therefore, fooo |{(x*,T'(s)x)| ds < oo for all z € X and z* € X™*, which proves (i).
Now assume (i). As is well-known and easy to see, there exists a constant C' such
that

/ (2", T(H)2)|dt < Ollz|| |=*]|,  Vz € X,z* € X*.
0

Let N := supg<s<y [|T(s)||. Fix z € X, 2* € X* and real numbers 0 < to < t;
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with t1 — 19 < 1. Then,

[ [ 0 w0 - nar)
0 0
0o max{s—to,0}
0 max{s—t1,0}
t1 s—to o s—to
S/ <x*,/ T(T)xd7'> d8+/ ‘<x*,/ T(T)deT>‘ ds
to 0 t1 s—t1
tl o tl—t()
< [T wNaleass [T\ [T T
to 0 0

t1—to

/ T(r)xdr
0

< (t1 = to)N(L+ C)f]| [|="].

ds

ds

ds

< (t1 = to) N[ f|l="]] +C‘ [~

Therefore, with M = N (1 + C), we have
12", T (Xto,t] © ) |y, < M (E1 = to)|f] |27

Next, let f be a stepfunction of the form f = Zz;é Xtr trs1] @ T- By splitting large
intervals into finitely many smaller ones, we may assume that 0 < tpy1 —tx < 1 for
all k =0,...,n—1. By the above estimate we have

n—1
™, T Pl < DI T (Xt ] @ 26)) 1wy )
k=0
n—1
<MY (trgr — )l |27 = M £l e, x) 127
k=0

(4.1)

Since the stepfunctions supported by finite unions of intervals of length < 1 are dense
in L'(IR4, X), (4.1) holds for arbitrary f € L'(IR;, X). This proves the implication

(D)= (). /]

Since there exist weakly L' semigroups with positive growth bound, the theorem
shows that condition (ii) does not characterize exponential stability. In Hilbert space
however, a Cp-semigroup T is weakly L' if and only if wo(T) < 0 [HK], [We]. In
combination with Theorem 4.1, this leads to the following result.

Corollary 4.2. Let T be a Cy-semigroup on a Hilbert space H. Then the following
assertions are equivalent:

(i) wo(T) < 0;

(ii) (y, T* f) € L'Y(Ry) for all f € LY(IRy, H) and y € H.

A positive Cy-semigroup on a Banach lattice X is weakly L! if and only if s(A) <
0. This is more or less folklore; a proof can be found in [NSW].
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Corollary 4.3. Let T be a positive Cy-semigroup with generator A on a Banach
lattice X. Then the following assertions are equivalent:

(i) s(A) <0;

(ii) (z*, Tx f) € LY(Ry) for all f € L}(IR,,X) and x* € X.
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