Non-symmetric Ornstein-Uhlenbeck semigroups in Banach spaces

J.M.A.M. van Neerven!-2

Department of Mathematics
Delft University of Technology
PO Box 5031, 2600 GA Delft

The Netherlands

J.vanNeerven@twi.tudelft.nl

Abstract - Let E be a separable real Banach space and let Q € L(E*, E)
be positive and symmetric. Let S = {S(¢)}+>0 be a Cp—semigroup on E.
We study the relations between the reproducing kernel Hilbert spaces asso-
ciated with the operators Q; := fg S(s)QS*(s) ds. Under the assumption
that these operators are the covariances of centered Gaussian measures fi;
on F, we also study equivalence p; ~ s for different values of s and ¢, and
we calculate their Radon-Nikodym derivatives.
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0. Introduction

In this paper we investigate the reproducing kernel Hilbert spaces and Gaussian mea-
sures associated with a non-symmetric Ornstein-Uhlenbeck semigroup on a separable
real Banach space F. This study is usually carried out in a Hilbert space setting,
and one of the motivations of this paper was to see to what extent the theory can be
extended to the Banach space setting.

The main difference between the Banach space- and the Hilbert space situation is
that the covariance operator of a Gaussian measure on a Banach space FE is a positive
symmetric operator @) (the precise definitions are given in Section 1) from the dual E*
into F/, rather than an operator on E. Thus, in contrast to the Hilbert space situation,
it is no longer possible to represent the reproducing kernel Hilbert space H associated
with Q as H = Im Q'/2. When working in a Banach space setting, any reference to
the operator Q'/2 has therefore to be avoided. This turns out to be, at least for the
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questions considered in this paper, more of an advantage than a disadvantage, as we
believe that the resulting proofs have gained some transparency.

Another difference from the Hilbert space situation is that no necessary and suf-
ficient conditions on a positive symmetric Q € L(E*, E) seem to be known in order
that @@ be the covariance operator of a Gaussian measure on E. As we will show,
for several well-known results on non-symmetric Ornstein-Uhlenbeck semigroups it is
not relevant whether or not the positive self-adjoint operators that one is led to, are
covariances or not. In the remaining results we get around this difficulty by simply
imposing that ) be the covariance of a Gaussian measure; this replaces the usual
assumption in the Hilbert space setting that () should be trace class.

Let us now describe in more detail the contents of this paper. Let F be a real Banach
space, let Q € L(E*, E) be positive and symmetric, and let S = {S(¢)}>0 be a
Co—semigroup on E. The operators

Q¢ ::/0 S(s)QS*(s)ds

are well-defined in the strong sense (cf. Proposition 1.2 below), and positive and
symmetric. In case F is a Hilbert space and ), is also trace class, J; can be identified
as the covariance of the distribution u; of the F-valued Gaussian random variable

X(t) = /O St — s) dWo(s),

where Wg denotes a cylindrical Q—Wiener process and the integral is an Ito type
stochastic integral. The importance of this resides in the fact that the (strong Markov)
process (X (t)):>0 is the unique weak solution of the Langevin equation

dX (t) = AX(t)dt +dWq(t), t >0,
X(0) =0 almost surely,

where A is the infinitesimal generator of S. Without the trace class assumption similar
results hold; this time Wy has to be interpreted as a cylindrical Q—Wiener process.
For a comprehensive treatment of these concepts we refer to the book [DZ3].

In Section 1 we undertake a detailed study of the reproducing kernel Hilbert
spaces (RKHS’s) H; associated with the operators ;. We do not assume that Q; be
the covariance operators of Gaussian measures on E. We prove that

S(S)Hto C Ht0_|_5

for all s > 0 and ¢y > 0, and that H;, = Hy,+s (as subsets of F) if and only if S(to),
regarded as an operator from Hg into H i, is a strict contraction. We also show
that

S(s)Hy, C Hy,



for given s > 0 and ¢y > 0 implies
Hi = Hppax(s,to) for all ¢ € [max{s,to}, o0),

and that this result is the best possible.

In Sections 2 through 5 we assume that FE is separable and that each of the
Q: is the covariance operator of a centered Gaussian measures u; on E. After some
preliminary observations in Section 2, we study equivalence of measures p; ~ s under
various conditions in Section 3. For instance, it is shown that

[t ™~ [t for all ¢ € [tg, 00)

whenever there exist s € (0,00) and t; € (fg,00) such that S(s)Q = QS*(s) and
Mty ™~ Hig-

In Section 4 we derive an explicit formula for the Radon-Nikodym derivative
dpir, /dpe, whenever these measures are equivalent. The approach depends on second
quantization, existence of linear y—measurable extensions, and a classical theorem of
Shale concerning absolute continuity of image measures, and may be of some interest
in its own right.

In Section 5 we proceed to show that for ¢; fixed the Radon-Nikodym derivative
dpir, /dpe, depends continuously upon .

In Section 6 we return to the cylindrical case and study the RKHS H, associated
with the strong limit Q) = lim;_,~, @; whenever this limit exists. Assuming that )
is the covariance of an (invariant) centered Gaussian measure pi, on E, we discuss
versions for ., of some of the results obtained in the previous sections. For Hilbert
spaces F, the main results of this section have been obtained recently by Chojnowska-
Michelak and Goldys [CG1-3], [Go] and Fuhrman [Fu]. In particular this is true for the
expression of the Radon-Nikodym derivative dpu¢/dji~,, which was established by [Fu]
in the null controllable case, and was extended to the more general situation considered
here by [CG3]. We point out, however, that the approach taken in these references in
very different for ours. To the best of our knowledge the principal results of Sections
1 through 5 are new even in the Hilbert space setting. Some of these (Theorems 1.4,
1.7, 3.2, and 4.1) extend in a natural corresponding results about invariant measures
to finite ¢, but others have no analogue for invariant measures (Theorems 1.9 and 3.5)
or its analogue seems to be new as well (Theorem 5.5).

In the final Section 7 we discuss some extensions of our results to the class of
so-called (cylindrical) Gaussian Mehler semigroups recently introduced by Bogachev,
Réckner, and Schmuland [BRS].

1. The reproducing kernel Hilbert spaces H;

Throughout this section, E is a fixed arbitrary real Banach space. A bounded linear
operator Q) € L(E*, E) is called positive if (Qz*,xz*) > 0 for all z* € E* and symmetric
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if (Qz*,y*) = (Qu*,z*) for all z*,y* € E*. If @ is positive and symmetric, then
on Im@Q = {Qz* : z* € E*} we may define an inner product [-,-] by the formula
[Qx*, Qy*] := (Qz*,y*). The completion H of Im @) with respect to this inner product
is a Hilbert space, and the inclusion i : Im@) C E extends to a continuous injection
i : H — E. Moreover, if we regard () as an operator from E* to H we have the identity
i* = Q. We will refer to H as the reproducing kernel Hilbert space (RKHS) associated
with Q). If E is separable, then H is separable as well. If E is a Hilbert space and @) is
a positive and symmetric operator on E (identifying E and its dual), then H = Im Q%
with identical norms. For more information we refer to [VTC, Chapter III], where the
simple proofs can be found.

We recall with the following result, which is proved along the lines of [DZ2,
Proposition B.1].

Proposition 1.1. Let Q,Q € L(E*, E) be two positive symmetric operators. Then
for the associated RKHS’s we have H C H (as subsets of F) if and only if there exists
a constant K > 0 such that

(Qz*, z*) < K(Qx*,z*), Va* € B,

In this situation, the operator V : ImQ — Im@Q defined by VQz* := Qz* extends
to a bounded operator from H into H; we will sometimes use the suggestive notation
V =QQ™!. If H= H (as subsets of F), V is a (Banach space) isomorphism of H
onto H, the inverse being given by V~1Qz* = Qz*.

Suppose Q € L(E*,E) is positive and symmetric, and let S = {S(¢t)};>0 be a

Cy—semigroup on E. Our terminology concerning Cy—semigroups is standard; we
refer to [Pa] for more details. For each ¢ > 0 the operator @; defined by

t
Qix” ::/ S(s)QS™(s)x" ds, x* e E7,
0

is positive and symmetric. Note that this integral exists as a Bochner integral in E;
strong measurability of the integrand follows from:

Proposition 1.2. For all z* € E*, the function s — S(s)QS*(s)x* is strongly
measurable.

Proof: As a map from E* into H, the operator @ is the adjoint of the inclusion map
i: H C F, and as such @ is weak*-to-weakly continuous. Hence the weak*-continuity
of S(-)x* implies weak continuity of QS*(-)x*.

Step 1 - First we assume that E is separable. Then H is separable and we may choose
a countable orthonormal basis (h,) C H. Fix y* € E*. Expanding QS*(s)x* and
QS*(s)y* in terms of (h,) we have

o0

(S()Q5™(s)2",y*) = [Q5™(s)2", QS (s)y"] = ) _[QS*(s)2", hal[QS™ (8)y", ),

n=1
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so (S(-)QS*(-)z*,y*) appears as a countable sum of continuous functions. This proves
that S(-)QS*(-)x* is weakly measurable. Since it is also separably valued by the sepa-
rability of F, strong measurability now follows by an appeal to Pettis’s measurability
theorem [DU, Chapter II].

Step 2 - Now let E be arbitrary. Let Hy be the closed linear span in H of the set
{QS*(t)x* : t > 0}. Since @, as a map from E* to H, is weak*—to—weakly continuous
and t — S*(t)z* is weak*—continuous, Hy is weakly separable and therefore separable.
Denoting by Ej the smallest closed S—invariant subspace in F containing Hy, it follows
that Ej is separable in E. Let 1 : Hy C Ey and jo : Fy C E denote the inclusion
maps. Now define Qo € L(E{, Ey) by

Qo(joy™) == (ip 0o Py o Q)y™, y* e E7,

where P is the orthogonal projection of H onto Hy. We check that Qg is well-defined.
If j5y* = 0, then y* annihilates Ey and therefore, for all ¢ > 0,

[QS™(t)z", Qy™] = (QS™(t)z™,y") = 0.

This means that Qy* L Hp, so PoQy* = 0 and hence Qo(jiy*) = 0. Next we check
that Qg is positive and symmetric. For all y* € E* and z* € E* we have

(Qojoy™, Jo ") = (1RQy™, 2") = [PoQy", Qz"] = [PoQy", PoQz"],

which is symmetric in y* and z* and non-negative if y* = 2*.

Let Sy denote the restriction of S to the invariant subspace Ey. The lemma
follows from the corresponding result for the separable space Ey once we have realized
that for all s > 0,

S(5)QS5"(s)x”™ = So(s)io Q5™ (s)z™ = So(5)Qo(jo 5™ (s)2™) = So(s)Q0S5 (s) (Jgz™)-

We will frequently use the following algebraic relation between the operators @Q;, which
is immediate from their definition: for all ¢, s > 0 we have

Qitrs = Qs + 5(5)QS™(s).

The RKHS associated with @; will be denoted by Hy; the inclusion map H; C F is
denoted by i;. As in the case of a Hilbert space E/, H; can be interpreted as the space
of reachable states of a certain linear control problem in F; this point of view will be
elaborated elsewhere.

The present section is devoted to a systematic study of the relation between the
spaces H; for different values of t. The first observation is a direct consequence of
Proposition 1.1:

Proposition 1.3. If0 <ty < t1, then Hy, C Hy,.
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From the identity S(s)Q¢,S*(s) = Qty+s — Qs combined with Proposition 1.3 we see
that S(s) maps the linear subspace Im (Q,S*(s)) of Hy, into Hy,1s. The next result
shows that we actually have S(s)H;, C Hyts:

Theorem 1.4. For all s > 0 and ty > 0 we have S(s)H;, C Hy +s. Moreover,
1S() | c(myy my o) < 1
Proof: For all z* € E* we have
1QeoS* (s)2™ ||, = (QuoS™(s)2*, S (s)2™)
= (Qro+sx™ ") — (Qsx™, ™) (1.1)
< {Quots7™, %) = |Qeors2”|Fr, .-

Hence,

‘<Qt05*(8)x*7y*>‘ = ‘[Qtos*(s)x*7Qtoy*]Hto| < ||Qt0+sx*HHtO+5

Define a linear functional 14« : Im Q45 — R by

ws,y* (Qto—l—sx*) = <Qt0 S*(S)x*v y*>'

If Qty4sx™ =0, then Q¢ S*(s)xz* = 0 by (1.1), so 1, is well-defined. By (1.2), 1)y
extends to a bounded linear functional on Hy ;s of norm < ||Q4,y*||m,. Identifing
s+ with an element of Hy 4, for all 2* € E* we have

(s, @) = [Quots®”, Ysyr iy, = (QuoS™(8)™, y") = (S(5)Quoy™, 7).
Hencev S(S)Qtoy* = d]S,y* € Ht0+s and ’S(S)Qtoy*HHtoJrs g ||Qt0y*HHt0‘ u

Whenever it is convenient, the restriction of S(s) as an operator in L(Hy, Hyys) will
be denoted by S;_.;1s(s) and its adjoint (S;—;44(s))* € L(H1s, Hy) by S;_;, .(s).

Corollary 1.5. For all 0 < ty < t; the inclusion mapping H;, C H,, is contractive.

Qtoy” llrr, - (1.2)

Proof: For all x* € E* we have
Qe 1, = [Quo™, Quyx* — S(t0)Quy —105* (to)2 ™,
= (Quoz", 27) — [Quox™, S(to) Qe 10 5™ (t0) 2" | mr,,
= | Qua*|I7r,, — [Quo™, S(t0)Quy—1oS™ (t0) 2]y, -
But Sf ., (t0)Qt, = Q¢, 1,5 (to). Hence,
[Qto™, S(t0)Qty —1,5™ (to) ™| 1,
= [Qn 2", S(t0)Qu,—to 5™ (to)2™ ] m,, — ||S(t0)Qt1—t05*(t0)$*H%{tl
= (Qu1—1o 5™ (to)™, S (to)x™) — IS (t0)Quy 1o S™ (to) 2" II3,,
= ||Qt1—t05*(to)$*||%ftl,to il S — (to)Qtl—tOS*(to)ﬁ*H?{tl
2 0;

for the inequality we used that [|Sy, —t,—¢, (Yo)llc(m,, ., .m,,) < 1. We conclude that
|Qtox™ || 1, < Q102 1, for all z* € E*, and the corollary follows. u
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Next we characterize equality of Hy, and Hy, 4, in terms of the restriction S(tg) €
L(Hy,, Hy,+s). For later reference, we first isolate a simple lemma.

Lemma 1.6. Lett; >ty > 0, s > 0, and assume that S(s) maps Hy, into Hy,.
Then S(s) € L(Hy,, Hy, ), and for all x* € E* we have

1Qe, 5™ (8)2™ (| 11,y < ISy, b1y - Q07" -
Proof: By the closed graph theorem, S(s) is bounded as an operator from Hy, into
Hy,. For all z* € E* we have

Qe S™ ()| 1, = sup{[Q1,S™(8)2", Qeoy"]m,, + ¥ € £, [|Qtoy |1, <1}
= Sup{<S(s)Qt0y*,x*> : y* € E*7 ||Qt0y*||Ht0 < ]'}
= sup{[S(s)Qt,y", Qr,z"]m,, * ¥" € B, [|Qeoy" |1, <1}
< NS ecrg, i) - Qe a1, -
| |
Theorem 1.7. Let ty > 0 and h > 0 be fixed. Then Hy, = Hy,+p, (as subsets of E)
if and only if HS(tO)Hg(Hh,HtOJrh) < 1.

Proof: We have already seen that H;, C H;,4p. It remains to prove that Hy p C Hy,
if and only if ”S(tO)||£(Hh,Ht0+h) < 1.
First assume [|S(%o)| z(m,,,m,,,,) < 1. For all 2% € E* we have

1Qua* I3, = (Qua”,2™)
= (Qegrnz”, x7) = (S(to)QnS™ (to)x™, %)
= | Quo+na* I, ., — 1QuS™ (to)2" |13, -
But by Lemma 1.6,
1QrS™ (to)z™ || 1), < IS 2,1y ) N1Qto+rZ™ ([ 1y 4
Hence,

(Quor™, @) = 1Qu I, = (1= IS 11,11, ) ) Q1002 I, .,

= (1= 18 0) 211 11,019 ) (Quotn™ 3.

By Proposition 1.1 this gives the inclusion Hy,p C Hy,.
Conversely, assume that Hy,p C H;,. Then there exists K > 1 such that

(Qosna™,7%) < K Q™ 2% = K(Qugsna™,a) — K(S(to)Qn S (to)a", 2°)
for all x* € E*, or equivalently,
1QnS™ (to)z" 13, < (1 = K~ H)|Qso4nz™ I3, ..,
for all * € E*. Hence for all *,y* € E*,
1S(t0)Qny™; Qto+n®™ |1, 1| = |[Qny”, @nS™ (to) ™ 1, |
<@y | a2, 1QRS™ (t0) 2™ 1,
S V1= K@y |, [|Quo+nz™ |y -
<

This shows that ||S(to)z(w,, V1-K-1<1. "

Hygqn)
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Throughout the rest of this paper, the notation ‘H;, = H;,” means equality of H;,
and Hy, as subsets of E'; as Hilbert spaces, H;, and H;, will usually carry different
inner products.

Corollary 1.8. If0 < ty < t; are such that H;, = H,,, then H; = H;, for all
t e [to, OO)

Proof: 1t is clear that H,, = H; = Hy, for all ¢t € [tg, t1]. Furthermore, Theorem 1.7
implies that Hy,+s = Hy 45 for all 6 > 0. These two observations clearly lead to the
desired result. n

The following theorem relates equality of different spaces H; to their invariance under

S:

Theorem 1.9. If S(s)Hy, C Hy, for some s > 0, then Hy = Hyax(st,y for all
t € [max{s,to},00).

Proof: In view of the Proposition 1.3 we only need to prove the inclusion H; C
H pax{s,to) for t € [max{s, g}, 00).

Step 1 - In this step we prove the following: If o € (0,t0] and t; € (%o, 2to] are such
that S(o) maps Hy, 4, into Hy,, then Hy, C Hy,—,. By Lemma 1.5, using that
0 <ty —tg < to, for all * € E* we have

1Qe,—t0 5™ (@)™ [ 11y, oy S NS () 2ty g i) Q0T o -
It follows that
(Qua™, ) = (Quy™, 2%) + (Rt —1,5™ (to)z™, S™(to)z™)
= (Quo™, ") + [|Q1y 105" (0)S™ (to — o)™ I3, _,.
<A{Qypx™, 2") + ||S(U)H%(Ht1,to,Ht0)HQtoS*(to — U)x*’|§1t0~

1Q4, 5™ (to — 0)a* |77, = (QueS™ (to — )z, 5™ (to — 0)a™)
= (Qa2ty—02",27) = (Qtg—0™, 27)
< <Q2t0—aaj*ax*>'

Putting these estimates together, we obtain
(Qu ", 2%) < (Qrox™, %) + HS(U)Hi(Htl_tO,HtO)<Q2to—ax*ax*>

< (L+ 18O 2, oy i1y ) Q10" )

By Proposition 1.1 this implies the inclusion H;, C Hoty—o-

Step 2 - In this step we prove: If s € (0,to] is such that S(s)Hy, C Hy,, then for
all t1 € [to + s,2tg] we have Hy, C Hy, _s. Indeed, by Theorem 1.4 we know that
S(2tyg — t1) maps Hy, . into Hy,. Therefore also S(2tg —t1 + s)Hy,—+, C Hy,, and
from Step 1 we obtain Hy, C Hoyo—(2t9—t,+s) = He,—s-



Step 3 - In this step we prove the theorem for the case s € (0,to]. First assume
t € [to, 2to]. Write t = to + ks + ¢, where k is a nonnegative integer and € € [0, s). If
k = 0, then by Proposition 1.3 and Step 2,

H; C Ht0_|_5 - Ht0~
If £ > 1, then we apply Step 2 k times to see that
H CH_ ¢ CHy 2, C .. CHy_ps=Hyy e,

and therefore by the previous case, H; C Hy,.

Step 4 - In this step we prove the theorem for the case s > tg.

First observe that by dualizing the identity it S(s)|m,, = S(s)it,, where iz, :
Hy, C Eis the inclusion map, we obtain (S(s)|m,, )" Qt, = QtOS*( ). Fixt1 € (s, s+to]
arbitrary. For all z* € E* we have

(Qux,27) = (Qsa™, %) + (Q1, 55" ()27, 5% (s)2)
< (Qsa™,27) +(Q1y 5™ ()27, 57 (s)27)
= (Qsa™, ") + Qe S™(s)2" 1T,
= (Qsa™, ") + [(S(8)] 1., )" Quo ™[I,

<{(Quz”,7) + 1S() 2 s, ) (Quor™, )

< (11862, ) (@, 27).

Hence, H;, C H. But then for any 7 € (0,¢; — s], by Theorem 1.4 and Proposition
1.3 we have S(1)Hs C Hyyr C Hy, C Hg. Since 0 < 7 < s, Step 3 now shows that
H, = H,forallt > s. n

Notice that the case s = ty already follows from Step 1. In Example 1.14 below we
show that the bound max{s, ¢y} is the best possible.

Next we study the situation where H, the RKHS associated with @), is S—invariant.
Then by the closed graph theorem, for each ¢ > 0 the restriction SH(¢) := S(t)|y is
a bounded operator on H, and it is easy to see that the function s — [[SH(s)||z(m) is
Borel.

Lemma 1.10. Suppose S(t)H C H for all t > 0. If there exists T' > 0 such that

T
/0 1S ()2 41 ds < o0,

then H; C H for all t > 0.
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Proof: By the semigroup property, for all £ > 0 we have

t
/O 1S (5) 241y ds < o0
Then,
t
(Quz*, 2") = / (QS*(s)z*, S*()a") ds
0

t
- / 1QS* ()13 ds
t
- / 157 (5))* Qa3 ds

t
< (Qa,z") / 1S () 12z, ds.

where we used that S (s) = S(s)i and i* = Q (recall that i : H C E is the inclusion
map) imply (ST (s))*Q = QS*(s). From Proposition 1.1 it follows that H; C H. =

Theorem 1.11. Suppose S(t)H C H for all t > 0 and assume there exists T > 0
such that

T
|16y s < o
Then for each t > 0,
QI (Qx*) = Qux*, xt e B,
defines a bounded self-adjoint operator QF on H. Denoting the RKHS associated
with the operator QF by H,, we have H; = H; with identical norms.

Proof: For all z* € E* and y* € E* we have

Q7 (Qr™), Quu = /O (57 (5)QS* (s)2*, Qy* ) ds

- / 157 (5)(S™ ())° Qu™, Q) ds.

Since by assumption [|SH ()]s € L7,[0,00), Holder’s inequality shows that Qf
extends to a bounded operator on H. The above identities show that this extension
is self-adjoint.

By Lemma 1.10 we have H; C H, which implies that for all z* € E* and y* € E*,

@ (Qx"), Q' (Qy)r, = [Qer™, Qf (Qy)n,

= [Qiz” 7Qy |

= (Quz",y")

= [Qz” ,Qty J,

= Q' (Qz"), Q' (Qy")]u,

Hence the identity map restricted to Im (Q 0 Q) = Im Q; extends to an inner product
preserving isomorphism of H; onto H;. n
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The following examples illustrate the results of this section.

Example 1.12. Let £ = L?[0,1] and let w be the Wiener measure on E; thus,
w is the centered Gaussian measure on E whose covariance operator () is the integral
operator on F defined by

1
(Qf)(s) = /0 (s A7) f(r) dr.

The associated RKHS is the Hilbert space H of all absolutely continuous functions f
on [0,1] for which f(0) = 0 and the a.e. derivative f’ belongs to L2[0,1]. The inner
product of H is given by [f,glg = [f', |-

Let S be the nilpotent right shift semigroup on FE, i.e.

0, otherwise,

S(t)f(s)z{f(s_t)’ tel0sh o tso0

We will show that H; = Hg for all ¢t > 0 and s > 0. Since S(t) = 0 for ¢t > 1 it is
clear that QQ; = Q1 and therefore H; = H; for all ¢ > 1. For this reason we will only
consider t € (0, 1].

Denote by S the restiction of S to H and note that S is a Cy—contraction
semigroup on H. Therefore by Theorem 1.11, for all ¢ > 0 we have H; = H; with
identical norms.

We compute the space H; explicitly. From

SH(S)(SH(S))*h(T) = X[s,11(T)R(T), s€[0,t], T€10,1], h € H,

we have

QFn(r)=(tAT)WT), T€[0,1], heH.
Therefore,
Hy =My =Im ((QF)"?)

= {h € H : the function 7 — (t A7)~ Y2h(r) belongs to H}
= {h € H : the function 7 — 7~ 2h(7) belongs to H}.

Thus, H; is independent of ¢, and its norm is given by

{{h’a h]H
X[o,qh + (AR W] E

IR lZ, = lIBll3,,

=
=

:/ h(T)h'(T)dT+/ (tAT)(H (7))2 dr.
0 0
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From the representation of Hy it is clear that S(s)H; C H; for all s > 0, so that a
posteriori Theorem 1.9 applies. On the other hand, by control theoretic methods it is

not difficult to show that the assumptions of Theorem 1.11 already imply the inclusion
SH(t)H C H;. Therefore by Lemma 1.10, S(t)H; C S(t)H C ‘H; = H, for all t > 0.

The next example shows that the inclusion H;, C H;, may fail to be dense for certain
0 < tyg < t1. The construction is based upon an example shown to the author by
Szymon Peszat.

Example 1.13. Let E = (0, 1] be the Banach space of continuous real-valued
functions f on [0,1] with f(0) = 0. Let S be the nilpotent right shift semigroup on
E. Fix a € (0,1) arbitrary and let Q € L(E*, E) be the rank one operator defined by
Qv := (fo,V) fo, where fy € E is a function which is strictly positive on the interval
(0,a) and vanishes on [a, 1]. Clearly @ is positive and symmetric. From

Qu = /0 (for S*(5)1)S(s) fo ds

it follows that for each t > 0 the RKHS H,; is contained in the closed linear span Gy
of the set {S(s)fo: s €0,t]}.

Suppose 0 < tg < t; < 1 are such that ¢t; —ty > a. Then G, hence also Hy,, is
contained in the closed subspace E,4, of E consisting of all functions vanishing on
[a + to, 1]. On the other hand,

Quon)0) =

t1

S(s)Qdt, —s ds) (t1)
0

= [ fo(t1 —5)(S(s)fo)(t1) ds

0

_ /O (folty — ))2ds > 0,

where d;, denotes the Dirac measure at t;. Since t; > to + a, Qi 01, € Eat,.- But

. . —H —F
if H;, were dense in Hy, , we would have Q;,0;, € Hy, = H;, "' C Hy, C Eqi4,.
Therefore the inclusion Hy, C H;, cannot be dense. n

This example can be extended to show that Theorem 1.9 is the best possible:

Example 1.14.  For each n let E, := Cy[0, 1], let S,, be the nilpotent right shift
semigroup on F,, and let @,, be as in Example 1.13 with a,, := 1/n. Let E be the
co—direct sum of the spaces F,,, and define S and () as direct sums of the S,, and @,, in
the natural way. Then the inclusion H;, C H;, fails to be dense for all 0 < ¢y <t; <1,
this being the case in the kth summand whenever ¢; — to > 1/k. On the other hand,
the fact that S(t) = 0 for all ¢ > 1 implies that H; = H;y for all ¢t > 1.

Trivially, S(1)Hy, C Hy, for all £y > 0. In particular this holds for any ¢y € (0, 1),
although H; is constant only after ¢ > 1. This shows that Theorem 1.9 is the best
possible in case max{s,to} = s.

Similarly, for all s > 0 we have S(s)H; C H;. In particular this holds for any
s € (0,1), although H; is constant only after ¢ > 1. This shows that Theorem 1.9 is
also the best possible in case max{s,to} = to. L
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2. The associated Gaussian measures /i,

In this section and the next, F will always denote a separable real Banach space, and
S is a fixed Cy—semigroup on E.

It is not hard to see that for each positive symmetric Q) € L(E*, E) there exists
a unique finitely additive cylindrical measure u, defined on the ring of all cylindrical
sets of F, whose Fourier transform is given by

ii(z") = exp (—%@ xw)) . et e B (2.1)

In this section we fix a positive symmetric operator Q € L(E*, E) and make the
following

Assumption 2.1. For each t > 0 the cylindrical measure u; associated with the
positive symmetric operator Q; € L(E*, E) is countably additive.

In other words, we assume that the operators (); are the covariances of centered
Gaussian measures j; on the Borel o—algebra of F.
Remark 2.2. We state two sufficient conditions for Assumption 2.1 to be satisfied:

(i) E is a Hilbert space and @ is trace class (i.e. the cylindical measure associated
with @ is countably additive);

(ii) The cylindrical measure associated with @ is countably additive, S(s)H C H for
all s > 0, and

t
téw@ﬁ@w<m

for all t > 0 [MS].

For the reader’s convenience we reproduce the simple proofs; more information about
(cylindrical) Gaussian measures can be found in the books [Kul, [VTC], and [DZ3].
(i): If (e,) is an orthonormal basis in E, then by Fubini’s theorem

S [Qiens el = / S [S(5)QS" (5)en, el ds
0 n=1

n=1

<Qmwawﬁ¢WM<w

skt

where ||Q]|; is the trace class norm of @); we used the fact that for any bounded T,
the operator TQT™* is trace class whenever @ is, with |TQT™*|1 < [|T|||Q1 ||T*|| =

1712 1Q11-
(ii): By Lemma 1.10, for each ¢ > 0 there is a constant K; > 0 such that

(Qrx™,z") < Ki(Qx™, z™), Va* € E*.

Countable additivity of u; then follows from [VTC, Corollary VI.3.4.2]. "
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On By(E), the space of bounded, Borel measurable functions on E, the formula

(P( /f t)r +y)du(y), =€E,

defines a semigroup P = {P(t)}+>0 of contractions. This semigroup will be referred
to as the (non-symmetric) Ornstein-Uhlenbeck semigroup associated with S and Q.
In this section we state, without proof, a number of results about P, the analogues
of which are well-known in the Hilbert space setting. Their proofs carry over to the
Banach space setting without difficulty and are therefore omitted.

Theorem 2.3. Let x € FE and ty > 0 be fixed. The following assertions are
equivalent:

(ii) For all f € By(FE), the function € — P(ty)f(ex) is continuous at € = 0;
(iii) For all f € By(E) and y € E, P(ty)f is smooth at y in the direction of x.

In this situation, the first directional derivative can be computed explicitly. For this
purpose we introduce the following notation. If p is a centered Gaussian measure on
E, then ¢* : H — L*(E, 1) denotes the isometric embedding uniquely defined by

Q7)) = (z%, ),

where () is the covariance operator of u. For h € H, the RHKS associated with @),
we will write ¢/ to denote the function ¢#(h) € L?*(E,p). To see that this map is
well-defined, recall that the support of u is contained in the closure Ey of H in FE,
whereas Qz* = Qy* implies that x*|g, = 2*|g,.

With this notation, the partial derivative 0P (to)f/0x is given by

(?P 1233
DL ) = [ Aty + 20055, ) e ).

For the Wiener semigroup these results are due to Gross [Grl; for E Hilbert they were
extended to arbitrary semigroups S in [CG3].

The semigroup P is said to be strongly Feller at time to > 0 if P(tg)f() is a
continuous function for all f € By(E). We refer to [DZ3] for more information in the
Hilbert space setting.

Corollary 2.4. For ty > 0 fixed, the following conditions are equivalent:

(i) P is strongly Feller at to;
(ﬁ) S(to)E C Hto-
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3. Equivalence of the measures /i,

Two measures pu, v are said to be equivalent, notation p ~ v, if they are absolutely
continuous with respect to each other, i.e. if p < v and v < p. We will study the
question under what conditions we have equivalence ps, ~ p, for certain ¢y and ¢;.
Our result is based on the following version of the Feldman-Hajek theorem, due to
Tarieladze; see also the review paper [VT].

Theorem 3.1 [Ta]. Let p, v be two centered Gaussian measures on a Banach space
E, and denote by Q,, Q, € L(E*,E), and H,, H, their covariance operators and
RHKS’s, respectively. Then p ~ v if and only if the following two conditions are
satisfied:
(i) Hy = Hy;
(ii) I — j oV is Hilbert-Schmidt on H,, where V : H, — H, and j : H, — H, are
defined by
VQz* = Q,x", e BT,
jh = h, heH,.

Otherwise, p L v.

Throughout this section we consider a Cy—semigroup S on E and a positive symmetric
operator () € L(E*, FE) verifying Assumption 2.1.

Let 0 < tp < t1 < co. In terms of the operators Si, —t,—t, (to) := S(to)|m,, _,, €
L(Hy, 1, Hy, ) (whose existence follows from Theorem 1.4) we can characterize equiv-
alence of the measures ji;, and j;, as follows:

Theorem 3.2. Let 0 <ty < t; < co. Then py, ~ pt, if and only if the following
two conditions are satisfied:

(1) ||St1—to—>t1 (tO)HL"(HtlftoyHtl) <1
(ii) The operator Sy, —t,—+, (to)S; (to) is Hilbert-Schmidt on Hy, .

t1—to—t1

Proof: By Theorem 1.7, strict contractivity of S, —¢, ¢, (to) is equivalent to Hy, = Hy, .
Next we consider the Hilbert-Schmidt condition. We have

Qtl - Qto = S(tO)Qtl_tOS*(tO) = Stl—t0—>t1 (tO)S;—tO—»tl (tO)Qtl‘

Letting j : Hy, — Hy, be the identity map, it follows that I — j o QtOQt_ll CQpat —
Qi " — Qo™ is Hilbert-Schmidt on Hy, if and only if S;, 4, (t0)SF, _4, ¢, (to) is

Hilbert-Schmidt on Hy, . "

Corollary 3.3. Suppose 0 <ty < t; < 0o are such that i, ~ ji, .

(i) For all § > 0 we have i, +5 ~ it +5;
(ii) If ty € [t1,00) is such that pu; ~ pg, for all t € [to,00), then pp ~ py, for all
t e [to, OO)
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Proof: (i): Fix § > 0 arbitrary. By Corollary 1.8, Hy,+s = Hy, +s5. Hence from the
identity
Sty +6)—(to+6)—tr+5 (Lo T 0) S, +-6)— (tg+8)—t1+5 (t0)
= St1_>t1+5(6) (Stl_t0_>t1 (tO)St*l—t()—ﬂfl (to)) t*1—>t1+5<6)

and Theorem 3.2 we conclude that ps, s ~ fi,45-
(ii): Pick k € N such that ¢; + k(t; — tg) > t2. By (i) we have

Hto ™~ Kty ™~ Pty (ty—to) ™ «o Y Mty +k(ti—to) ™ Hio-

Hence, puy ~ p, for all t € [ta,00). But then, by another application of (i) we have,
for all ¢ € [to, t2],

Mt = Mg (t—to) ™~ Mto4(t—to) ™ Hto-

It follows that u; ~ py, for all ¢ € [tg, 00). u

If @ ‘commutes’ with S(s) for some s > 0, in the sense that S(s)Q = QS*(s), we
can prove more. We start with a lemma (which was shown to the author by Ben de
Pagter).

Lemma 3.4. Suppose p and v are centered Gaussian measures on E such that
H,=H, LetV:H,— H, and j: H, — H, be defined by
VQz* = Q,x", x* e E*,
jh:=h, heH,.

Then V o j is positive and self-adjoint on H,, and (V o j)z o j=! is an inner product
preserving isomorphism of H,, onto H,.

Proof: Clearly, the inner product [-,-]g, defines a bounded symmetric bilinear form
on H,. Consequently there exists a unique self-adjoint operator V; € £L(H, ) such that

g, ihu, = Vg, hlu,, Vg, he H,.

Moreover V; is positive and invertible. Let (e,) be an orthonormal basis in H,,. Then,
3.—1 3.-1 1 -1
Vi2i en, Vi i~ emlu, = [ViJ~ en,J  emlu, = [en,em]|H, = 6nm.

1 1
Hence, (V25 te,) is an orthonormal basis for H,; note that V;*> € L(H,) is surjective.
1

1 1 1
Since (V2 g, Vi hlu, = [jg, jhlu, for all g, h € H,, it follows that Vi> oj~' : H, — H,,
is an inner product preserving isometric isomorphism onto.
Returning to the map V, for all z*, y* € E* we have

[Q;Aw*7Quy*]H“ = <Quy*7x*> = [qu*yj_lQuy*]HV = [V(qu*)aj_lQuy*]H,,-

Hence via density, [jg, jhlm, = [Vjg, hlu, forall g,h € H,. This shows that Voj = V.
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Theorem 3.5. Suppose we have S(s)Q = QS*(s) for some s > 0. Let to > 0 be
fixed. If there exists t; € (tg, 00) such that p, ~ p,, then g ~ py, for all t € [tg,00).

Proof: Step 1 - First assume s = t;.

Fix t3 > 2ty and assume for the moment that p, ~ py,. We will prove that
py ~ g, for all t € [ta, 00).

Clearly, Hy, = Hy,. Fix t > to. In view of to — tg > to, by Corollary 1.8 we also
have H;_;, = Hy,—4, = H;, and H; = H;,. Define V : H;,_;, — Hy_4, by

Vi Quetor™ — Qry ™, z* e B*.
From S(tp)Q = QS*(to) we have S(tp)Q, = Q-5*(to) for all 7 > 0 and hence
S(to)VQty—tor" = S(t0)Qr—1,7" = Qt—1,S™ (to)z”
=VQiy—t,5" (to)x™ = VS(t0)Qty—t, ", z* € E*.
Letting j : H;_y, — Hy,—, be the identity operator, it follows that on H;_;, we have

St—t0—>t—t0 (to) © (V o j) = (V o j) © St—to—>t—to (t0)~

By Lemma 3.4, V o j is positive on H;_4,, and U := (Voj)2z 0 !is an inner product

preserving isomorphism of H;,_;, onto H;_;,. Moreover, by functional calculus we
have

St—to—t—to(to) © (V0 )3 = (V0 5)3 0 Sy syt—1o(to).

Multiplying on the right with j~! gives
St—ty—t—ty(to) = (V o j)% 0 St—tomt—ty(to) 0 J T o U* =U 0 Sty_ty—ty—ty (to) o U™,
Therefore,

St—to—t(t0) = Ji—to—t © U 0 Jiy—sty—ty © Sty—to—t, (to) o U™,

where ji_¢,—+ and ji,—¢,—t, are the identity maps from H;_;, to H; and from Hy, to
Hy,_+,, respectively. Using the equivalence ps, ~ p, and Theorem 3.2, we conclude
that

St—to—t(to)Si_1y—1(to)
= (Jt—to—t O U 0 Jrysty—ty © Sta—to—ts (to) © U™)
© (U © :2—t0—>t2 (to) o j;;—>t2—t0 oU"o jzﬂ—to—w)
= Ji—to—t © U © Jiyty—tg © (Sta—to—ts (t0)S7y 1o, (t0)) © Gty byt © U™ 045 4ot
is Hilbert-Schmidt on H;. By another application of Theorem 3.2 it follows that

Ht ~ [ty -
Step 2 - Using Step 1, we now prove the theorem for the case s = t.
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Let k € N be any integer such that t; + k(t; —to) > 2ty. By Corollary 3.3 (i) we

have
Mg ™~ [ty 2 iy 4 (8 —to) ™ o+ ™ Mty +k(t1—to)-

We may apply Step 1 to to :=t1 + k(t1 — to). It follows that py ~ py, for all ¢ > t,
But then Corollary 3.3 (ii) shows that p; ~ p, for all ¢t € [tg, 00).
Step 3 - We now prove the general case. Choose an integer m such that ms > t¢;.
Then S(ms)Q = QS*(ms); further uy, ~ pir, implies fims ~ ey +ms—t, by Corollary
3.3 (i). Hence we may apply Step 2 to 79 := ms and 71 := t; + ms — to. It follows
that py ~ s for all t € [ms, 00). But then we apply Corrollary 3.3 (ii) to to, t1, and
to 1= ms to see that u; ~ py, for all t € [tg, 00). n

In view of this result and by the analogy to Corollary 1.8 we conjecture that s, ~
always implies pip ~ py, for all ¢t € [tg, 00).

The following corollary gives necessary and sufficient conditions for the situation de-
scribed by Theorem 3.5:

Corollary 3.6. Suppose we have S(s)Q = QS*(s) for some s > 0. Then the
following assertions are equivalent:

(1) pt ~ py, for all t € [to, 00);
(ﬁ) S(tO)HtO C Hto and S(to)‘HtO (S(t0)|Ht0)* is Hilbert-Schmidt on Hto-

Proof: Assume (i). Then in particular poy, ~ py,, and Theorem 3.2 shows that
Sto—2to (t0) (Sty—2t, (to))* is Hilbert-Schmidt on Hay,. But then

Sto—to (t0)(Stg—to(t0))" = (Jate—to © Sto—2t, (t0)) © (Sfy—s, (t0) © Jatg—t,)
is Hilbert-Schmidt on Hy,. This gives (ii).

Conversely, if (ii) holds, then
St0—>2t0 (tO)(St0—>2t0 (to»* = (jt0—>2t0 © St0—>t0 (to)) o (St0—>t0 (to) j:0—>2t0)
= jt0—>2t0 © St0—>t0 (2t0) © jt0—>2t0

Hilbert-Schmidt on Hy,. Theorem 3.2 shows that por, ~ fit,, and therefore (i) holds
by Theorem 3.5. n

Under the assumptions that E is Hilbert and that for all s > 0 the operator S(s) is
self-adjoint on E and commutes with @, this result is essentially equivalent to [NZ,
Theorem 3.1].

Remark 3.7. If S(ty)Q = QS*(to), then (ii) may be replaced by

(ii)" S(to)Hy, C Hy, and the restriction S(2to)|n,, is Hilbert-Schmidt on Hy,.

This follows from (ii) once we show that the restriction S(to)|m,, is self-adjoint on
Hy,:

0

[(S(t0)|r.,)" Quo 2™, Quoy "], = [Quo™, S(to) |11, Quoy™ 1,
Q 7Qt0 ( ) ]Hto
Q ( (t0)|Ht0) Qtoy*]HtO

S(to)lm,, Quot™; Qroy™m,,
for all z*,y* € E*. .

[
=
=
=
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As the following two examples show, it may happen that H; = Hy, for all ¢t € [tg, 00)
although py L ps for all t # s € [tg, 00). A third example is given in Section 6 below.

Example 3.8. Let E be an infinite-dimensional Hilbert space and let p be a
non-degenerate centered Gaussian measure on E with covariance operator (). Let S
be a periodic Cy—semigroup on F, with period 1. Then Assumption 2.1 holds, we
have @ = kQ for all k = 1,2, ..., and consequently Hp = H; for all such k. Hence,
H; = H, for all t € [1,00). On the other hand, let us suppose that p; ~ ps for certain
t,s € [1,00) with ¢ < s, then for any integer k > ¢ we also have py ~ psir—t by
Corollary 3.3. But S(k) = I commutes with @), and therefore Theorem 3.5 implies
pr ~ pg for all 7 € [k, 00); in particular, pg ~ p; for all integers [ > k. But these
measures have covariances k@) and [(Q), respectively, and therefore they are singular by
the Feldman-Hajek theorem; a contradiction. ]

Example 3.9. We continue Example 1.12. By Remark 2.2 (i), each of the operators
Q: is the covariance of a centered Gaussian measure p; on E = L?[0,1]. We will show
that u; L ps if t € (0,1) and s # t, whereas it is trivial that u; = ps whenever ¢ > 1
and s > 1.

Fix t € (0,1) and s > 0, s # t. Since pus = p; if s > 1 we may assume
that s € (0,1]. By interchanging the roles of ¢ and s if necessary, we may also
assume that t < s, say s = t + h for some h € (0,1 —t]. Let F' denote the closed
subspace of H;yj consisting of all functions with support in [t,1]. For all f € F,
Shotan(t)Ss_in ) f = f, so SH(t)(SH(t))*|r = Ir, the identity operator on F.
Since dim F' = oo it follows that Sy s yn(t)S;_,,,(t) is not compact on Hyyp and
therefore not Hilbert-Schmidt. This shows that p; L peqrn = ps. n

4. Computation of the Radon-Nikodym derivative

It is possible to give an explicit expression for the Radon-Nikodym density du., /dps,
whenever we have pu;, ~ pt¢,. This will occupy us in the present section.

We start by recalling some notation and results concerning second quantization.
For more details we refer to [Ne| and the book [Si]. Fix a centered Gaussian measure
on E with covariance operator Q € L(E*, E), and let H denote the associated RKHS.
Let ¢* : H — L?(E, 1) be the isometric embedding from H into L2(E, i) defined by
P*(Qx*) = (x*,-) as in Section 2. Whenever the measure u is understood, we omit it
from the notation and write ¢;, to denote the function ¢(h) = ¢*(h) € L?(E, p).

Let (H,)nen be the sequence of Hermite polynomials and denote by H,, the
closure in L2(E, u1) of the linear span of the set {H, (é5) : ||h|]|z = 1}. Note that H,
is the one-dimensional subspace spanned by the constant one function and that H; is
precisely the image of H under the isometry ¢. One has the orthogonal Wiener-Ito
decomposition,

L*(E, jt) = ®nen Hn.
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The orthogonal projection onto H,, will be denoted by I,,.
For all h € H, the functions

(o) = exp (on) = 41 ).

belong to L?(E, 11), their linear span is dense in L?(E, i), and we have the identity

o0

]' n
Kn=>)_ —In(dr),  heH

n=0

Now assume we have two pairs (Ey, o) and (E1,pu1), and let T € L(Hgy, H1) be a
contraction. The second quantization of T is the contraction I'(T) € L(L?(Ey, uo),
L?(Ey, 1)) defined by

k; k;
F(T) (In(¢211 et (bhj)) = In( I’Fhl et ¢Thj)7
where it is assumed that k; + ...+ k; = n.

Now let a positive symmetric operator Q € L(E*, E) and a Cy—semigroup S on E be
given such that Assumption 2.1 holds. Let P be the Ornstein-Uhlenbeck semigroup
on By(FE) associated with S and ). We are going to apply second quantization to
Ey=FE1 =E, o := ftg+h, 11 := pp, and the adjoint S,i‘;_)tﬁh(to) € L(Hyy4n, Hp) of
the Hilbert space contraction Sy—.ty1n(to) € L(Hp, Hgt+n)-

Theorem 4.1. For allty > 0 and h > 0, the operator P(ty) extends to a contraction
from L?(E, ji4,+1) into L2(E, uy,). This extension is realized as the second quantization

P(to) = I'(Sh—te+n(to))-

Proof: We denote the image measure of y; with respect to an element z* € E* by
(x*, ue). For all * € E* we then have

P(tO)KQtO+h33* (ZL') :/

* 1 *
exp ({002 4 9) = 5 1Qusn” ., ) i)
E

= Kauyune (5(t0)2) [ exp (@) diuy 0)

= Kauyune (S(t0)2) [ exp(s) dla” pg)(5)

1 *
= Kqu e (S0)) exp (510" s, )

* 1 * *
= exp (0" Sltalo) ~ 5 (1Qusna" .~ 1w, ) )

— exp ((fk, S(to)z) — %HQhS*(tO)JJ*H%h)

= Kq, 5+ (to)e* (7)

- KSZHtoJrh(tO)QtoJrhm* (:L')
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Hence the identity
- L,
Z - g € Hiyin,
o n!

implies
P(tO>KQt +hTT T KS

h_>t0+h(h)Qto+hx*

— n
= Z mIn(qSSZHtOJrh(tO)QtO—th*)
n=0

= F(S;;Hto—l—h(to))KQtoq-hx* .

By a density argument, it follows that
P(to) Ky = F(S;:—nto+h(t0>)Kg7 Vg € Higvn-

Since the linear span of the functions K,, g € Hyy1p, is dense in L2(E, p+1), this
proves the theorem. n

The next aim is to apply the so-called Mehler formula for second quantized operators
to the above situation.

To this end, we consider the situation of two pairs (Ey, o) and (E1, p11), with pg
a centered Gaussian measure on Ej with RHKS Hy; k = 0,1. The following result,
due to Feyel and La Pradelle, shows that every bounded operator in L£L(Hg, H1) has
an extension to a linear pp—measurable extension from Ejy into F;. Recall that a
mapping f : By — E; is po—measurable if f~1(B) belongs to the jg—completion of
the Borel o—algebra of Ey, for all Borel sets B C F1.

Proposition 4.2 [F-LP, Théoréme 5]. Let T € L(Ho, H1). Then there exists a
po—measurable linear operator T from Ey into E, which extends T. This extension is
o —essentially unique in the sense that any two such po—measurable linear extensions
agree jip—a.e. Moreover, for all h € Hy we have ¢\' (T(x)) = ¢4, (x) for pp—almost
all x € Ey.

The uniqueness part implies that for a bounded operator T € L(Ey, E1) which maps
Hy into Hy we have T' = T'|g, puo—a.e.

In terms of these extensions, one has the following Mehler formula for the second
quantization of a Hilbert space contraction:

Proposition 4.3 [F-LP, Théoréme 10]. Let T be a contraction in L(Hg, Hy).
Then for all f € L?(Ey, jo) and p;—almost all x € E; we have

M) = [ 1 (T + VI=TT) diota).

This result motivates the consideration of the image measure of yy under the pg—meas-

urable transformation /I — T*T. Let us denote this measure by pul. One has the
following extension of a result of Shale [Sh]:
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Proposition 4.4 [F-LP, Proposition 12]. Let T € L(Hy, Hy) be a strict contrac-
tion such that T*T is Hilbert-Schmidt on Hy. Then ul < o, with Radon-Nikodym
derivative pup—a.e. given by

2)

If py, ~ pieg+n for some ty > 0 and h > 0, then Sh—>to+h(t0)5h—>to+h(t0) is Hilbert-
Schmidt on Hy +p. If we assume that Sp_¢,4n(to) itself is Hilbert-Schmidt as an
operator from Hj, into Hy, 4, we can prove more:

CZL(; (z) = det(fl— T <_% H <m>_l (TT)3 ()

Theorem 4.5. Suppose we have p, ~ i, +n for some tg > 0 and h > 0. If
Sh—to+h(to) is Hilbert-Schmidt from H}, into Hy, 1, then the Radon-Nikodym deriva-

tive dpuy, /dpt,+n () i pe,+n—a.e. given by
2)

d
Pl)f@) = [ (Stto)a+ ) duy) = [ 1(S(to)e+9) 32 (0) dutyn ).

1

T o (—% H(\/ﬁ)_lT%(@

where T':= Sht+n(t0) S, 45 (f0)-
Proof: We note that for all 0 < f € By(F) we have

Combining this with Theorem 4.1 and Proposition 4.3, we see that
P(to)f(x) = T(S}, s, +n(t0)) f(x)
= [ £ (i@ + VI=T()) diuy(v)
= [ £ (8(t0)e +VT=T0)) disy (1)

By Proposition 4.4, the image measure of fi,4p under the ji;, 4, —measurable transfor-

mation v/I — T is absolutely continuous with respect to piy,+n, with Radon-Nikodym
derivative given, for u;,4+p—a.a. y € E, by
2)

/f t0x+y)exp<——" (VI—T) i)

—det(lf — exp (—% H <\/I — T)_l Tz (y)

Hence,

P(to) f(x) =

2
d ;
\/m > /“Lt0+h(y)

and the desired result follows by comparing the two identities for P(to)f(x). u
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5. Continuous dependence of the Radon-Nikodym derivative

Thoughout this section E is a separable real Banach space, Q € L(E*, F) is positive
and symmetric, and S is a Cy—semigroup on E such that Assumption 2.1 is veri-
fied. We will show that for ¢; fixed the Radon-Nikodym derivative du, /dpu., depends
continuously upon .

Our first aim is to establish a result concerning continuity of determinants.

Lemma 5.1. Fix 7 > 0. For all g € H, we have
l]%f%l ||ST—h—>T<h)ST—h—>T(h)g - gHH‘F = 0.
Proof: Fix * € E* and h € [0, 7). Writing T}, := S;_p—,(h), for all y* € E* we have

T, Q2™ Ty Qry"a, = [Qr—nS™ ()2, Qr S (R)y"|H._,,
= (S(h)Qr—nS*(h)xz",y")
= (Qr2" — Qnx™,y")

= [Qr2" — Qnz™, Q7Y |1,

Hence,
[ThTfTQTx* - QT{E*7 QTy*]HT = _[th*ﬂ QTy*]H'r'

Taking the supremum with respect to all Q. y* of norm < 1, it follows that

|Th Ty Qra™ — Qra™||m, = |Qrz™ || a, <||Qnrz™||H,,

the inequality being a consequence of Corollary 1.5. As h | 0 the right hand side tends
to 0. Since ||Th]| < 1 for all h by Theorem 1.4, the lemma now follows by a density
argument. ]

Lemma 5.2. Let Hy and H; be separable Hilbert spaces, let S € L(Hy, Hy) be
Hilbert-Schmidt and let (T,,) C L(Hy) be a sequence of operators converging to [
strongly. Then

nh_)ngo ST,S* =85*

in the space L£1(H1) of trace class operators on Hj.

Proof: The lemma is obvious if .S is a rank one operator. By taking linear combina-
tions, it also holds for finite rank operators S. The general case then follows from a
3e—argument, approximating S in the Hilbert-Schmidt norm by finite rank operators.
|

The preceding two lemmas combined with the fact [GGK, p. 119] that the mapping
T +— det(I —T) is continuous with respect to the trace class norm lead to the following
result:
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Lemma 5.3. Let 0 < ty < t; be fixed and assume that the operator Sy, _t,—, (o) €
L(Hy, ., Hy,) is Hilbert-Schmidt. Then the function

1S continuous.

In the following lemma, C3(2) denotes the space of bounded real-valued continuous
functions on a topological space ().

Lemma 5.4. Suppose f € Cy(R™) and x%,...,x} € E* are given, and define f €
Cy(E) by 5
f(x):= f((27,2), ..., (x}, ), x € E.

Then for all to > 0 and x € E we have we have
lim P(to + h) f(2) — P(to) f(2) = 0.

Proof: We have

Pty +h)f / (5,8t + W) + ), oo (5 S (0 + W) + 1)) dpizg 1 (9)
= [ Rt o ) S )
/ (71, o0y Tn) AV t(fﬁ;f%)w)(ﬂ,
where ui%ﬁfhn) is the translation of p,1p along S(tg + h)z, and ufsf_%ﬁhm is the
image measure on R™ of Esj_tfrh)w) under the map 7' : E — R™ given by Tz :=

((x5,2), ..., (x}, 2z)). Thus, the Gaussian measure VfSJ(rt}iﬁh)m) has mean ((x7,S(to +
h)z), ..., (z},S(to + h)x)) and covariance T'Qq,+pT*. By Lévy’s theorem,

(S(to+h)z) (S(to)x)

1}1{% v = weakly.
But then
. Y (S(to+h)x)
%%P(to—kh)f(x) _1}518 o f(Tl,..., )dyt0+,f (1)

= [ F(rs ) oy (7)
]Rn

= P(to)f ().

It is well-known that the space of all cylindrical Cj(E)—functions as considered in
Lemma 5.4 are dense in L?(E, u), for any Gaussian measure u defined on the Borel
o—algebra of E. This will be used in the following theorem, which is the main result
of this section.
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Theorem 5.5. Assume that py ~ p, for all t € [tp,00) and that for all h > 0
the operator Sp_,i,+n(to) is Hilbert-Schmidt from Hy, to Hy,yp. Fix t1 > to, and for
T € [to,t1] let g := dpr /dpe, denote the Radon-Nikodym derivative. Then

l}i?ol ||gto+h - gtoHLQ(E’“tl) = 0.

Proof: The proof is divided into two steps.
Step 1 - We first prove that

I}Z%Hgtoﬁ-hHLz(E:#tl) = llgto lL2(E.ue,)-

For T € [tg, t1], we define T)- € L(Hy,) by
TT = St1_7_>t1 (T)Szkl—T—)tl (7-)'
Then,

||gt0+h||%2(E,ut1) =

- 2
= det(1 —1 Tyotn) /Eexp <_ H <\/I N Tt”h) V) ) i 2)
2
S det(I —1Tt0+h) /EeXp <_% H< - Tt0+h)_1 Tran) ) i)
1
= \/det(l “Thon) ||gto+hHL1(E7ut1)
1

N \/det(l - Tto-i-h) .
Therefore Step 1 is a consequence of Lemma 5.3.

Step 2 - The cylindrical functions as described in Lemma 5.4 are dense in L2(E, y, ),
and for each such f we have

i [ F(0)(0t40(2) = g1y (2) die () = lim Pt + 1) £(0) = P(t0) £(0) =0,
E

Since by Step 1 the norms ||gt+nllr2(E,u,,) remain bounded as h | 0, it follows
that limp |0 gto+n = g1, weakly in L2(E, u,). Together with Step 1 this implies that
limp, |0 geg+n = gt, strongly in L?(E, uy,). "

We will apply this result to show that under certain conditions the Ornstein-Uhlenbeck
semigroup P associated with S and (@ is pointwise continuous for ¢ > tg, uniformly on
bounded sets in E, in the space BUC(E) of bounded real-valued uniformly continuous
functions on E. Before doing so we make the following simple observation.
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Proposition 5.6. Let f € Cp(F) and tg > 0 be fixed. If S(ty) is compact on E and

lim <sup P (&) — f(w)!) 0 (5.1)

hl0 \zeK

for all compact sets K C F, then for all bounded sets B C E we have

lim (sup IP(to + h) f(z) - P(to)f(x)|) —0,

hl0 \zeB
Proof: Given € > 0 and a bounded set B C E, let Kg := S(tp)B and let K1 C E
be a compact set such that py, (K1) > 1 —e. Writing g := P(h)f — f, we have
limyp,| o gn, = 0 uniformly on the compact set {yo +y1 : Yo € Ko, y1 € K1}, and hence

i @g [P(to + ) f(2) — P(t) f(x)
h

= lim (sup /Eg (S(to)z +y) dﬁbto(y)‘)

R0

rEB

< 2¢ || ]| + lim <sup / an(S(to)z + 1) dum(y))
2 |f].

For Hilbert spaces F it is known that (5.1) holds for all f € BUC(FE); semigroups
on BUC(FE) satisfying (5.1) have been studied from an abstract point of view in [Ce]
and [CG]. In our more general setting we do not know whether (5.1) holds without
additional assumptions. For this reason we will impose stronger assumptions on S and
Q.

Let tg > 0 be fixed. The pair (S, @) is said to be null controllable atty if S(tg)E C
H,,. This condition arises in control theory in a natural way; for its interpretation
and further discussion we refer to [DZ3]. If the domain D(A) of the generator A of
a differentiable semigroup S is contained in the RKHS H associated with @, then
(S, Q) is null controllable at all ¢ > 0; this follows from [Nv, Lemma 2.2]. Under a
null controllability condition, the results of Section 4 and Theorem 5.5 are applicable.
This is the content of the following proposition.

Proposition 5.7. If (S, Q) is null controllable at tq, then:

(i) For allt >ty we have puy ~ py,;
(ii) For all h > 0 the operator Sp_.,+n(to) is Hilbert-Schmidt from Hj, into Hy,yp;
(iii) For all t > to the operator S(t) is compact in E.

Proof: First notice that the null controllability condition implies S(to)Hy, C Hy,,
so that H; = Hy, for all t € [tyg,00), and for each h > 0, Sp_,+n(to) is a strict
contraction.
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If we regard S(tg) as an element of L(E, Hy,), then Sp_t,4n(to) admits the fac-
torization Sp_ty4+n(to) = Jto—te+h © S(to) © ip, where i, : Hp C E and jiy—to4n :
H,, C Hy,4p are the inclusion maps. By a result of Kwapien and Szymanski [KS],
there exists an orthonormal basis (g,,) of Hy, such that > °7 , [lings||% < co. But then
also

o o
Z ||Sh—>t0+h(t0)gn||%{t0+h < |jto—to+n © Sl c(r,myy 1) Z lingnll% < oo,
n=1 n=1
proving that Sp_.;,+r(to) is Hilbert-Schmidt.
The last assertion follows from the fact that by assumption S(t¢¢) factors through
H,, and the general fact from the theory of abstract Wiener spaces (cf. [Ku, Section
1.4]) that the inclusion map 4, : H;, C E is compact. n

Corollary 5.8. Let tg > 0 be fixed and suppose the pair (S, Q) is null controllable
at to. Then for all bounded sets B C E and all f € BUC(E) we have

lim (sup Pto + 1) f(z) - P(to>f<x>|) 0,

hl0 \zeB

Proof: The null controllability assumption S(to)E C H, implies that p; ~ pg, for
t € [to,00), and that for all h > 0 the operator Sj,_.¢,+n(to) is Hilbert-Schmidt.
Fix f € BUC(E), z € E, and t; > ty arbitrary. Then for h € [0,¢; — %],

Plto + h)f(z) — P(to) f(z) = /E F(S(to + 1)z + 1) (e () — 910 (%)) diies ()

n /E F(S(to+ h)z +y) — f(S(to)z + y) dp, ().

As h | 0, by Theorem 5.5 the first integral tends to 0, uniformly in z. In order to
estimate the second integral, we note that S(¢¢) is compact by Proposition 5.7 (iii).
If B C F is a given bounded set, it then follows from the uniform continuity of f and
the strong continuity of S that

[ 1St + 1)z +) = 1S o)+ 9) di ) D —0.

This shows that limy o P(to + h)f(x) — P(to) f(x) = 0, uniformly for x € B. "

lim ( su
hl0 (xeg

The following example shows that the convergence is generally not uniformly on FE,
even if F is one-dimensional.

Example 5.9. Let E=R, Q =1, and S(t) =e~*. Then

/ exp(—i(e”"s + 7)) dpy(7) = exp(—i(e™"s))fin(1) = (1 — e7*') exp(—ie™'s)).
R
Hence, for f(s) := coss we have
P(t)f(s) = (L — e *)cos(e™'s),
from which we deduce that ||P(to + h)f — P(to)f|| = 2 for all t; > 0 and h > 0. n
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Remark 5.10. Strong continuity in BUC(F) with E a Hilbert space was in-
vestigated in [DL], where it was shown that for a given f € BUC(E) we have
limp o ||P(h)f — f|| = 0 if and only if

i (sup 7 (S (1)) £(0)]) =o.

hl0 \zeE

6. The reproducing kernel Hilbert space H,

In this section we will discuss some versions of the previous results assuming that an
invariant measure jio, exists.

We return to the cylindrical setting in an arbitrary real Banach space E, i.e.
Assumption 2.1 is not adopted and E need not be separable. Instead, will make the
following

Assumption 6.1. The strong limit (in E)
Qoo™ := tlim Qix*
exists for all x* € E* and defines a bounded linear operator Q, € L(E*, E).

It is clear that the operator ()., defined in this way is positive symmetric; its RKHS
is denoted by H.,, and the inclusion map H,, C FE is denoted by i,,. The proof of
Proposition 1.3 extends to show that H; C H. for all ¢ > 0.

Theorem 6.2. For all s > 0 we have S(s)Hsx, C H., and S restricts to a
Cy—contraction semigroup S, on H,.

Proof: The invariance of H, is proved by repeating the proof of Theorem 1.4 with ¢
replaced by oo; this also gives contractivity. It remains to prove strong continuity of
Se on He,.
For all h € H,, and x* € E* we have
ltifg[SOO(t)h’ Qoo™ |, = ltifl(f)l(S(t)h,a:*> = (h,x2*) = [h, Q"] .

But S, being uniformly bounded on H.,, the linear subspace H? of all g € H,,
such that limy|o[Seo (£)h, glm., = [h, g]u., is closed. Therefore, HS = H,, and S is
weakly continuous. By a standard result from semigroup theory [Pa, Theorem 2.1.4],
this implies that S, is strongly continuous. ]

Under the assumption that E is a Hilbert space and () is trace class, this result is
due to Chojnowska-Michalik and Goldys [CG3, Proposition 1] (see also [CG2, Lemma
4]). Our proof is a modification of the proof of [CG2]. In fact, an analysis of this proof
led us to the discovery of Theorem 1.4.
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Theorem 6.3. Let ty > 0. Then Hy, = Hy, if and only if | Soo(to)||z.. < 1. In this
case, Hy, = Hy = Ho, for all t € (tg,0).

Proof: We only need to prove that Ho, C Hy, if and only if || S (to)||m., < 1.
We note that

Soo(t)Qoo = (fooSoo(t))” = (S(t)ice)” = QoS (t); (6.1)

here i, : Hoo — E' is the inclusion map. First assume ||So(to)||m., < 1. Using (6.1),
for all z* € E* we have

1Qua™[I7,, = (Qooz™, 2") — (S(t0) Qoo S (to)z™, 2")
= Qw1 — 1QocS™ (to)™ I,
= Qoo™ 1., — 1185 (t0) Qoo ™[I,

> (1= [|Soo (to)[|5) | Qoo™ |3

This gives the inclusion H, C Hy,.

The converse follows from an obvious modification of the proof of Theorem 1.7. ]

Under the assumption that E is Hilbert and () is trace class, this result was obtained
in the second part of [CG2, Lemma 4], with a similar proof. In fact, this motivated
our Theorem 1.7.

The following result gives a criterion for equality H;, = Ho, in terms of mapping
properties of S.

Theorem 6.4. If S(tg)H~ C Hi,, then Hy, = Hy = Ho, for all t € [tg, o0].

Proof: We always have H;, C H;y C H, so we only need prove the inclusion H,, C
H,,.

First note that for all x* € E*,
Qoo™ = Qryz™ + S(t0)(QooS™ (t0)x™) € Hy,.

Next fix h € H, arbitrary. Let () C E* be a sequence such that lim,, o, Qo) = h
in Ho,. Then

n—oo

in H. Note that g € Hy, by the assumption on S(ty). Moreover, in H,, we have

lim Qi z; = lim (Qoox), — S(t0)QocS™ (to)x)) = h — g.
n—oo n—oo

On the other hand, from [|Q, @}, ||, < [[Qooy,||H,, We see that the sequence (Qy,7,)

is bounded in Hy,. Let y be a weak limit point of (Q¢,z)) in H;,. By the continuity

of the inclusion Hy, C H, y is also a weak limit point of (Q¢,z}) in Hs. Therefore

we must have y = h — ¢g. In particular, h — g € H;,. But then h =y + g € Hy,. This

proves that Ho, C Hy,. n
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For E Hilbert and @ trace class, this is proved in [CG3, Proposition 3] by control
theoretic methods.

The following example, taken from [Go|, shows that it may happen that H; = H
for all ¢, s € (0, 00), although the inclusions H; C H, are strict. In [Go] these facts are
checked by explicit calculations; here, we derive them as consequences of our abstract
results and as such the example serves as an interesting illustration of them.

Example 6.5. Let £ = [? and denote by (e,) the standard unit basis of FE.

Define Q € L(E) by Qe, := e,/n3. Then @Q is a non-negative self-adjoint trace class

operator and hence the covariance of a Gaussian measure p on E. Define the operator

A by Ae, := —e,/n. Then A is bounded on F and S(t) := e!” defines a uniformly

continuous semigroup of self-adjoint operators on E satisfying ||S(¢)|| = 1 for all £ > 0.
Fix t > 0. It is easy to check that

2

Q=" (1-5(21),

A2

Since A% and S(t) commute, so do Q; and S(t) and we see that S(¢) maps Im @Q; into
itself. We check that S(t) extends to a bounded operator on H;. For all h € E of the
form h =Y, _, axey we have
IS®)QehlE, = 1Q:S(t)RIE,
= [Q:S(t)h, S(t)h]E
= [Qth, S(2t)h]E

n 1
2 —2t/k —2t/k
—I;lak-e / -2k2(1 e /)

n 1
§ 2 —2t/k
gk 1ak.7(|_e /)

= [h, Qehlp = [|Q:h|%,.
Since the set of all Q.h, with h of the above form, is dense in H;, this shows that the
restriction of S(t) to Im @, extends to a contraction on H;. Theorem 1.9 now shows
that H; = H, for all ¢, s € (0,00). On the other hand, S(¢) also commutes with Q
and for ¢ > 0 fixed we have
||S<>O(t)QooenH§{oo = ”Qoos(t)ennifoo
= [Qoos(t)en7 S(t)en]E
= e_zt/n[Qooena en]E

= ¢ 2| QuoenlFr, -

Hence, ||Soo(t)|| . = e /™ for all n, 50 ||Soo(t)||z.. = 1. Hence by Theorem 6.3, the
inclusion H; C H,, is strict.
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Finally a simple computation shows that for all ¢, > 0, the restriction of S(¢g) to
H,, fails to be Hilbert-Schmidt. Hence, u; L pg for all t # s € (0,00) by Corollary
3.6. [

For the rest of this section, E is assumed to be separable and we will assume the
following simultaneous strengthening of Assumptions 2.1 and 6.1:

Assumption 6.6. Assumption 6.1 holds and the cylindrical measure i, associated
with Qs is countably additive.

In other words, we assume that the operator (., is the covariance of a centered
Gaussian measure fi», on the Borel o—algebra of F.

Remark 6.7. The following conditions are sufficient for Assumption 6.6 to hold:
(i) E is a Hilbert space and sup,, Trace Q; < oo [DZ3, Chapter 11];
(ii) F is a Hilbert space, @ is trace class, and S is uniformly exponentially stable;
(iii) The cylindrical measure associated with @ is countably additive, S is uniformly
exponentially stable, S(s)H C H for all s > 0, and

/0 1S(5)]12 ) ds < 0.

(iv) Assumption 2.1 holds, S is uniformly exponentially stable, and the pair (S, Q) is
null controllable at some tg > 0.

We will investigate the question under what conditions we have equivalence ji, ~ fioo
holds for a given ty € (0, 00).

Theorem 6.8. For a fixed ty > 0, the measures [, and [~ are equivalent if and
only if the following two conditions are satisfied:

(1) 1So(to)ll o < 1
(ii) The operator S (to)S% (to) is Hilbert-Schmidt on H .

For Hilbert spaces E, this was proved in [CG3, Theorem 2]. By the semigroup property,
this result implies:

Corollary 6.9. If s, ~ ls for some ty > 0, then u; ~ po for all t € [tg, oo].

It is possible to give an explicit expression for the Radon-Nikodym density dpt, /dpioo-
If gy, ~ poo for some tg > 0, then Soo(to)S% (to) is Hilbert-Schmidt on Hy,. If we
assume that S (tg) itself is Hilbert-Schmidt we can prove more:

Theorem 6.10. Suppose we have iy, ~ [ for some to > 0. If S (to) is Hilbert-
Schmidt on Hs,, then the Radon-Nikodym derivative gy, = dp,/dpioo IS ptoc—a.e.
given by

g (@) = (det v T= 5 (0)2 (1))

< oxp (31l (VI BBl (Swlto)Si (o))

Concerning continuous dependence, we have:
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Theorem 6.11. Under the above assumptions, the Radon-Nikodym derivative g, :=
dug /dus exists for all t > ty and belongs to L?(E, ji). The function t +— gy is
continuous from [ty, o0) into L*(E, iso)-

Analogously to the situation encountered in Section 5, the assumptions of the theorem
are automatically satisfied under the null controllability assumption S(to)E C Hy,.
The proofs of Theorems 6.10 and 6.11 proceed as in Sections 4 and 5, respectively.
The main ingredient of Theorem 6.10 is the following version of Theorem 4.1:

Theorem 6.12. The semigroup P extends to a Cy—semigroup on L*(E, ji~) and
for all t > 0 we have

P(t) = T(S% (1)).

For Hilbert spaces E, Theorems 6.10 and 6.12 are due to Chojnowska-Michalik and
Goldys [CG2], [CG3]. Their version of Theorem 6.10 is based on a very general
formula for Radon-Nikodym derivatives of Gaussian measures on Hilbert spaces due
to Fuhrman [Fu], who obtained the Hilbert space case of Theorem 6.10 under the null
controllability assumption S(t)E C H; for all ¢ > 0.

7. Extension to Gaussian Mehler semigroups

In [BRS], Bogachev, Réckner, and Schmuland introduced the concept of a generalized
Mehler semigroup. Under Assumption 2.1, the Ornstein-Uhlenbeck semigroups P
belong to this class. In this final section we will discuss briefly some extensions of our
results to this more general framwork.

Let E be a separable real Banach space, let S be a Cy—semigroup on E, and
let {1:}i>0 be a one-parameter family of probability measures defined on the Borel
o—algebra of E. The pair (S, {pt}t>0) is called a Mehler semigroup on E if

Mtts = (T(S)Mt) * s, t,s > 07 (71)

where T'(s)u: denotes the image measure of pu; under T'(s). This terminology is ex-
plained by the observation [BRS, Proposition 2.2] that (S, {j:}+>0) is a Mehler semi-
group if and only if

P(t)f(z) = /E F(S() — y)dply), 120,z €F,

defines a semigroup on the space By(E) of bounded Borel functions on E. More
generally, a pair (S, {fu}+>0), where S is a Cp—semigroup on E and {4 }+>0 is a one-
parameter family of cylindrical probability measures on the ring of cylindrical sets in
E, is called a cylindrical Mehler semigroup on E if (7.1) holds.
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If Q € L(E*, E) is a positive and symmetric operator and S is a Cy—semigroup
on E, then the pair (S, {p¢}+>0), where p; is the unique cylindrical measure whose
Fourier transform is given by

fie (™) = exp (—%(th*,x*)) ) x* e B” (7.2)

is easily seen to be a cylindrical Mehler semigroup; it is a Mehler semigroup if As-
sumption 2.1 holds.

Motivated by this example, we say that (S, {u:}+>0) is Gaussian if for each t > 0
there exists a positive symmetric operator Q; € L(E*, E), the covariance of p;, such
that the Fourier transform of p; is given by (7.2). In this situation we denote by
H; the RKHS associated with the covariance operator @Q; of u;. By considering the
Fourier transform of (7.1) we have the identity [BRS, Proposition 2.2]

Quts = Qs + 5(5)QuS™ (5), t,s 2 0. (7.3)

In particular, (Qi4s2*,2%) = (Qsx*,2*) + (QS*(s)x*, S*(s)z*) for all t,s > 0 and
x* € E*. By positivity, this shows that the functions ¢t — (Q:z*, x*) are increasing.
Hence,

H,, C Hy, whenever 0 <ty < t; < 0. (7.4)

Inspection of the proofs shows that (7.3) and (7.4) are all that is needed for most
of the results in this paper. These therefore extend to Gaussian (cylindrical) Mehler
semigroups without change.
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Note added in proof — After this paper had been accepted for publication, the author
realized that without any compactness assumption, (5.1) always holds if f € BUC(E).
In fact, it turns out that one always has lim;|o 1 = dp weakly; this is a consequence
of Anderson’s inequality and easily implies the assertion just made. As a consequence,
in Corollary 5.8 the null controllability assumption can be omitted, and the character-
ization of strong continuity in BUC(FE) mentioned in Remark 5.10 extends to Banach
spaces E. The details will be presented elsewhere.



