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0. Introduction

In this paper we address the problem to find sufficient conditions on the local spectra of
individual orbits of a Cy—semigroup T = {T'(¢) };>0 to ensure their strong convergence
to zero. In recent work [1,2,9,15] it has become increasingly clear that most of the
‘elobal’ stability theory can be localized to individual orbits T'(-)z by replacing the
assumptions on the spectrum of the generator A to assumptions of the local spectrum
of A at z.

For example, it has been proved by Weis and Wrobel [22] that T is exponentially
stable, i.e. there exist M > 0 and w > 0 such that ||T(¢)z|| < Me™“"||z| p(a) for all
x € D(A), if the resolvent R(\, A) = (A — A)~! exists and is uniformly bounded in
the right half-plane {Re A > 0}. A little later and independently, in [15] the following
local version of this result was proved: if o € X is such that the map A\ — R(\, A)xg
admits a bounded holomorphic extension to {Re A > 0}, then for each Ao € p(A) there
exists a constant M > 0 such that

IT(t)R(No, A)xol| < M(1+1t), t>0.

By a standard resolvent expansion argument, the Weis-Wrobel result is an immediate
consequence of this. In [9], for Hilbert spaces it was proved that actually

lim || T(t)R(Ao, A)wol| = 0.

In this paper, we extend the result of [9] into various directions.

Let p € [1,2]. A Banach space X has Fourier type p if the Fourier transform
extends to a bounded linear operator from LP(R,X) into LI(R,X), % + % = 1.
Trivially, every Banach space has Fourier type p = 1, but certain spaces have non-
trivial Fourier type; see Section 1.

A Banach space X has the analytic Radon-Nikodym property if for every f €
HP(D, X), the Hardy space of all X-valued holomorphic functions on the unit disc D,
the radial limits lim,1; f(re?’) exist for almost all 6 € [0,27]. This property will be
discussed in more detail in Section 2.

Our main results read as follows.

Theorem 0.1. Let X be a Banach space with Fourier type p € (1,2] and let A be the
generator of a Co—semigroup T on X. If zy € X is such that the map A — R(\, A)xg
admits a bounded holomorphic extension in the open right half-plane, then for all
8> % and g > wo(T) we have

Tim [ T(5)(h0 = A) o | = 0.
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Theorem 0.2. Let X be a Banach space with the analytic Radon-Nikodym property
and let A be the generator of a Cy—semigroup T on X. If xy € X is such that the map
A — R(\, A)xg admits a bounded holomorphic extension in the open right half-plane,
then for all f > 1 and \g > wo(T) we have

Tim [ T(5)(h0 = A)~Pao | = 0.

Theorem 0.3. Let A be the generator of a Cy—semigroup T on an arbitrary Banach
space X. If xg € X is such that the map A — R(\, A)xo admits a bounded holomorphic
extension in the open right half-plane, then for all 3 > 1 and \g > wo(T) we have
weak- tlgglo T(t) (Ao — A) Pay = 0.

In these results, wo(T) denotes the growth bound of T, i.e. the infimum of all w € R
such that ||T(t)|] < Me*! for some M > 0 and all ¢ > 0. The restriction to real \g is
not essential; by a standard rescaling argument the same results hold for Ay € C with
Re Xy > wo(T).

We also present a simple example which shows that lim; o ||7(¢)(Ao—A) Pl =
0 may fail for all g > 0 if no restrictions on the Banach space X are imposed.

The paper is organized as follows. In Section 1 we prove Theorems 0.1 and 0.3 and
give a simple application to Tauberian theory for the Laplace transform of functions
with values in a Banach space with non-trivial Fourier type. In Section 2 we present
the proof of Theorem 0.2 and a second proof of Theorem 0.3.

1. Stability and B-convexity

Let A be a closed, densely defined operator in a Banach space X such that
(0,00) C p(A), the resolvent set of A, and assume that there is a constant M > 0 such
that

M
RMNA)| < ——, A>0. 1.1
1B Al < 77 (1.1)
As is well-known, fractional powers of —A can be defined, and for 0 < 8 < 1 we have

the representation

(—A)By = S0 /O OR(E Az dt, € X, (1.2)

™

For the theory of fractional powers the reader is referred to [21].
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If A is the generator of a Cy—semigroup T, then for all A\g > wy(T) the operator
A — )\ satisfies an estimate of the type (1.1), and the fractional powers of A\ — A
are well-defined. We assume that the reader is familiar with the elementary theory of
Cp—semigroups; we refer to [14,17].

Let p € [1,2]. A Banach space Y has Fourier type p if the Y-valued Hausdorft-
Young theorem holds, i.e. if the Fourier transform extends to a bounded linear op-
erator from LP(R,Y) into L4(R,Y), % + % = 1. Here, as usual, for f € LP(R,Y) N
LY(R,Y), the Fourier transform Ff is defined by

Ff(s):= /oo e "tf(t)dt, seR.

— 00

Every Banach space has Fourier type 1 but only Banach spaces which are isomorphic
to Hilbert spaces have Fourier type 2 [12]. The classical spaces LP(u) have Fourier
type min{p, ¢}, % + % =1 [18].

A Banach space Y is called B—convez if Y does not contain the spaces [} uni-
formly, or equivalently, if it has non-trivial type, i.e. if it has type p for some p € (1, 2].
The spaces LP(u) are B—convex and more generally, every Lebesgue-Bochner space
LP(p,Y) with Y B—convex is B—convex (cf. [13, p. 247]) and every uniformly convex
Banach space is B—convex. For more details the reader should consult [19]. Every
B—convex Banach space has non-trivial Fourier type , i.e. Fourier type p for some
p € (1,2] [4], and conversely it is easy to show that a space with non-trivial Fourier
type is B—convex (cf. [3, p. 354]).

In most of the results of this section, we investigate the behaviour of the map
t — PT(t)(Ao — A)~Pxg, assuming certain growth conditions on A\ — PR(\, A)xo;
here, P is an arbitrary bounded linear operator from X into some B-convex Banach
space Y. Although we are primarily interested in the case Y = X and P = I, this
slightly more general setting allows the following applications:

e Taking Y = C and P = z* € X* we obtain weak analogues of our results;

e We may consider the translation semigroup on X = BUC(R 4,Y’) and the map
P:X —Y, Pf:= f(0). In this way the asymptotic behaviour of Y-valued
BUC-functions can be studied via semigroup techniques;

e It may be possible to apply our results to matrix semigroups, taking for P a coor-
dinate projection. Matrix semigroups arise, e.g., in the study of delay equations
and higher order abstract Cauchy problems.

The first lemma imposes no restrictions on the Fourier type of Y.

Lemma 1.1. Let X and Y be Banach spaces and let P : X — Y be a bounded
linear operator. Let A be the generator of a Cy-semigroup T on X and let xq € X be
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such that the map A — PR(\, A)zy admits a holomorphic extension F'(\) in the open
right half-plane. Suppose there exist wg > max{0,wo(T)}, M > 0, and o € [—1,00)
such that

IEN)|| < M@A+ A% 0<Rel < wp.

Fix Ao > max{0,wo(T)}. For all 5 > 0 with § > « the function A\ — PR(\, A)(X\o —
A)Bzg (Re X > wy(T)) admits a holomorphic extension g(\) in the open right half-
plane, and for all wy € (0, min{wg, A\g}) there exists a constant C > 0 such that

lgN)|| < C(1 4+ [A)meda=f=1} ) < Re < wy. (1.3)

Proof: Fix A\g > max{0,w(T)} and 0 < wy < min{wp, A\g}. Upon replacing wy by
some smaller number and wy by a larger, we may assume that max{0,wo(T)} < wy <
wp < Ag.
Let 5=n+0 withn €N and 0 < ¢ < 1 and put yo := R(Ag, A)"z¢. In view of
the identity
R A, A) :L'o — R(\g, Atz
Z ;

RO\, A)yo = -

the map A — PR(\, A)yo admits a holomorphic extension Fij(\) to {Re > 0} which
satisfies
I (A < M'(1 4 |A)made=n=1l 0 < Re X < wy, (1.4)

for some constant M’ > 0.

If 6 =0 (so 8 =mn), then g = F} and the proof is complete. Therefore, in the rest
of the proof we will assume that § € (0,1).

We have

g(\) = PR\, A)(\g — A)Pzg = PR(N, A) (Mo — A) %y, Red > wo(T).
Hence by (1.2) and the resolvent identity, for Re A > wo(T) we have

g() = Snmo / PR, AVR(No + 1, A)yo dt
™ 0

_ sin7d / _s PR\, A)yo — PR(\o +t, A)yo
N 0 t4+ Xo — A

dt.

Y

Passing to the holomorphic extension, we see that

g(A) = dt; (1.5)

sin o /OO t_5F1()\> —Fl()\0+t)
0

v t—l—)\o—)\
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by (1.4) and the fact that o < 3 = n+¢ this integral converges absolutely and defines
a holomorphic extension of ¢ in the strip {0 < Re A < Ao }.
For w > 0 consider the functions g, : R — Y defined by

gu(s) :==g(w—1is), seR.

Then g,,(s) = PR(w — is, A)(A\g — A) Pzy for w > wo(T). Noting that |R(\, A)|| <
const - (Re A —wg) ™! for all Re A > Ao, we see that ¢ :=sup >y, 7||F1(7)|| < oo. Hence
by (1.4) and (1.5), for all 0 < w < w; and s € R we have

dt

: 0o M'(1 2 2\ 1 ymax{a—n,—1} -1
()] < sm7r5/ - (1+ (w*+s%)2) +c(Ao+1)
0

((t+ Ao — w)2 + 52)2

< const - (1 + 32)%““{0&—”—5,—1},

where the constant is independent of s € R and w € (0,w1).  ////
We can now state and prove the first main result.

Theorem 1.2. Let P be a bounded linear operator from a Banach space X into a
Banach space Y with Fourier type p € (1,2]. Let A be the generator of a Cy-semigroup
T on X and let xg € X be such that the map \ — PR(\, A)xg admits a holomorphic
extension F'(\) in the open right half-plane. If there exist wg > max{0,wo(T)}, M > 0,
and o € [—1,00) such that

[E)I <M1+ [ADY,  0<ReA <wo,
then for all 3 > 0 with 8 > o + ]lj and all Ao > w(T) we have

PT() (Mo — A) P € LI(R 4, Y), 219 + é —1
Proof: Without loss of generality we may assume that wo(T) > 0. Fix A\g > wo(T).
By taking a smaller value of wg, we may furthermore assume that wo(T) < wg < Ag.
Fix wy € (wo(T), wo).

Let the functions g, be defined as in the proof of Lemma 1.1. In view of f—a > %
and p > 1 the estimate obtained there shows that g, € LP(R,Y’), uniformly for
w € (0,wr). Let C 1= supg, o, |90]lp-

Since Y has Fourier type p, the Fourier transform G, := %]—" g. of g, defines an
element of LY(R,Y).

Let w € (0,w;) be fixed. We claim that

Go(t) = e “'PT(t)(A\g — A)Pxy for a.a. t > 0.
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To see this we define, for each r > 0, gu» = gu * X[—r,;]- Then lim, . gur = gu
in the norm of LP(R,Y’), so for the Fourier transforms G, , = %]—"gw,,« we have
lim, o Gy r =G, in LI(R,Y). Let I' be the rectangle spanned by the points w — ir,
w 11, wo + ir, and wy — ir. By Cauchy’s theorem, for all ¢ > 0 we have

1 wir 1 wo+ir
— e*tg(z)dz = — e*'g(z) dz + R.(t)
2mi w—1ir 2mi wo—1r
1 wo—i—ir (16)
=5 e*'PR(z, A)(\g — A)"Pxodz + R,(t),
™ wo—1r

where R,.(t) represents the integrals over the two horizontal parts of I'. From (1.3) we
see that lim, . ||R-(t)|]] = 0 for all £ > 0. Also, by the complex inversion theorem
for the Laplace transform, the Cesaro means of the integral on the right hand side in
(1.6) converge to PT(t)(Ag — A) Pz as r — oo; here we use that wy > wo(T). It
follows that for all ¢t > 0,

1 m 1 w—tr
lim — — / e*'g(z) dzdr = PT(t)(\g — A) Pa. (1.7)
On the other hand, for t > 0 we have

1 r ] 1 w—tr
Gor(t) = %/ e lg(w —is)ds = %e_wt/ e*tg(2) dz (1.8)

It follows from (1.7) and (1.8) that

lim <(l/ Gw,rdr) (t)) = lim —/ Gy r(t)dr
m— 00 m 0 m—oo M

= _WtPT )\O_A) B.CL‘Q

for all ¢ > 0. In the first identity we used the fact that the map r — G, , is continuous
as a map into Cy (R, Y) by the Riemann-Lebesgue lemma. Therefore the integrals with
respect to r can be regarded as Bochner integrals in Co(R,Y’) and we may use the
continuity of point evaluations.

We also have

lim <i/ Gy.r dr) = lim G, , =G,
m—oo \ M Jq r—00

in the norm of L4(R,Y"). Since norm convergent sequences have pointwise a.e. conver-
gent subsequences, we see that G, (t) = e “'PT(t)(A\g — A) Pz for almost all ¢ > 0
and the claim is proved.
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It follows that t — e~“*PT(t)(\g — A) Pz defines an element of LY(R ;,Y) and

ol _ c c,C
le==OTPT() (o — 4)Paolly < [1Gully < 52 llgully < 2

By the monotone convergence theorem, upon letting w | 0 we obtain
_ c
IPT() 0 = A) ol < 2=
s

/I

For a = 0, this gives Theorem 0.1.

Let zp € X and z§ € X* be such that the map A — (x§, R(\, A)xo) admits a
bounded holomorphic extension to {Re A > 0}. Taking Y = C and P = z{, Theorem
1.2 shows that

/O 5, T() (o — A)P0) | < oo

for all p € (1,2], B > %; % + % = 1. This is an individual version of [16, Theorem

5.1], and this observation can be used to show that for & = 0 and p = 2, the bound
8>a+ % (= %) in Theorem 1.2 is optimal in the sense that a counterexample exists
for all 5 € [0, %) Indeed, assume that the theorem holds for a = 0, p = 2 and some
B > 0. Suppose that T is a Cy-semigroup on a Banach space X whose resolvent
R(A, A) is uniformly bounded in {Re A > 0}. Let A\g > max{0,wo(T)}. Then by the

observation just made,
/Ooo (2, T()(ho — A) P22 < 00, ¥z € X, 2" € X",
For each z € X and «* € X* put
fo,ae(t) = (2", T(t) (Mo — A)_ﬂx>, t>0.

Then f, .~ € L?(R ) and by general considerations involving the closed graph theo-
rem there exists a constant C' > 0 such that || f; .«[|2 < Cllz] - ||x*| for all x € X and
r* € X*. By the Plancherel theorem, s — (z*, R(is, A)(A\g — A)~Px) € L?(R). Hence
for all v > % and w > 0, by Holder’s inequality the function

Guw.z.a(5) = (w+1is)” 7 (z*, R(—is, A) (Ao — A)_ﬁx)

belongs to L!(R). In particular, the Fourier transforms Fg,, ; .+ are bounded.

Claim: 5=F g 5.2+ (1) = (&%, T(t)(w — A) ™ (Ao — A)"Pz) for all t > 0.
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Indeed, for ¢t > 0 we have, with A, := A — w,

ifgw,w,m*(w = L / et w + is) "V (x*, R(—is, A)(\o — A)_ﬁx) ds

27 27 J_

= i,ewt/ (=N (z*, RN, Ay) (Mo — A) Py dX
2mi Re A=—w

If x € D(A) = D(A.), then by [16, Lemma 3.3] the right most hand equals
ez, Ty (8)(—Au) 77 (Ao — A)Pz) = (2", T(t)(w — A) 7 (Ao — 4) Pa),

where T,,(t) := e “!T'(t). For general z € X, we choose a sequence x,, — = with
x, € D(A) for all n. Then f, .« — fi . in L*(R ;) for all 2* € X*, hence g,, 4, o —
Jwzz 0 LY(R), and s0 Fgy 4, 2+ — FGuwz e in Co(R). Therefore, for all ¢ > 0,

1 1
_fgw,w,m* (t> = lim _Fgw,wn,x* (t>

2m n—oo 27

= lim (@, T(t)(w — A) 77 (Ao — A)z,)
— (&, T(t)(w— A) (Ao — A) ).

This proves the claim.

It follows that t — (z*,T(t)(w — A)~7 (Ao — A)~Px) is bounded, and since this
is true for all x € X, z* € X*, and v > %,
standard arguments involving fractional powers show that

the uniform boundedness theorem and

sup [|T(t)(Ao — A) 7777 < o0
>0

for all v > % On the other hand, in [22] for each 6 € [0,1) an example of a Cjy-
semigroup T is given which has uniformly bounded resolvent in the right half-plane
and satisfies

limsup || T(t)(Ao — A) 7% = .

t—o0

Thus, if Theorem 1.2 holds for « =0, p = 2, and § > 0, we must have § > %
ForY = X and P =1 and p € (1,2], Theorem 1.2 has the following consequence:

Corollary 1.3. Let X be a Banach space with Fourier type p € (1,2], let A be the
generator of a Cy—semigroup T on X. Let xy € X be such that the local resolvent
A — R(\, A)xy admits a holomorphic extension F'(\) in the open right half-plane. If
there exist wy > max{0,wo(T)}, M >0 and o € [—1,00) such that

IOV < MO+ [A)%, 0<ReA < w,
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then for all 3 > 0 with 8 > a + % and all \g > wo(T) we have
ltlim IT(t) (Ao — A)Paq|| = 0.

Proof: By Theorem 1.2 applied to the case Y = X and P = I we find that the
function f(t) := T(t)(Ao — A) Pzg defines an element of L(R ,, X), %—l—% = 1. Hence
a standard argument (cf. the proof of [17, Theorem 4.4.1]) shows that lim; .~ || f(t)]| =

0. /1//

Recalling that a B—convex Banach space X has non-trivial Fourier type, we see
from Corollary 1.3 that

lim [ T() RO\, A)zo|| =0

whenever T is a Cy—semigroup on a B—convex space X and xg € X is such that the
local resolvent R(\, A)xy admits a bounded holomorphic extension to the open right
half-plane. This improves the result of [9] mentioned in the introduction.

We next discuss the analogue of Corollary 1.3 for general operators P. Although
the proof of Corollary 1.3 breaks down, for slightly larger values of § we can prove:

Theorem 1.4. Let P be a bounded operator from a Banach space X into a
B—convex Banach space Y. Let A be the generator of a Cy—semigroup T on X
and let o € X be such that the map A — PR(\, A)xg extends to a holomorphic
function F(\) in the open right half-plane. If there exist wy > max{0,wo(T)}, M >0
and o € [—1,00) such that

IFO < M(1+ AD% 0 < ReA < wp,
then for all 3 > a+ 1 and Ao > max{0,wy(T)} we have

Jlim [[PT(t)(Ao — A) Pl = 0.

Proof: Without loss of generality we may assume that wo(T) > 0. Fix A\g > wo(T).
Let p € (1,2] be the Fourier type of Y. Then Y has also Fourier type p’ for all
p’ € (1,p]. Hence, since 8 > 0 by assumption, upon replacing p by a smaller value
we may assume that 0 > %, % + % = 1. This enables us to choose § > 0 such that
0>+ % in such a way that % < v:= -9 < 1. Consider the functions

f(t) = PT(t)(ho — A)"°wo, g(t) := PT(t)(Ao — A) Pzo; t>0.
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By Theorem 1.2, f € LY(R4,Y). For ¢t > 0 we have
g(t) = PT(t)(Ao — A)~° o
= PT(t)(\g — A)7? (Smﬂ /oos TR(X\o + 8, A)xg ds)

1.9
_sin 7TPYP / / e~ QoI (t 4 Vg dr ds (1.9)

_ sin 7y / s / (/\0+5)’"f t +r)xodrds.

Now,

Ooe—(AoJrS)rp P " = M9 dr é
g(/ d) (/ 1+ )Hd)

_ m ([ IIf(r)qur)%

Combining this estimate with (1.9) yields

/ e~ Qo £(1 4 )z dr
0

lot) < 250 [T 00 4 s ([ hrelrar )

Since % < v < 1, the first integral in the above expression is absolutely convergent,
and the second tends to 0 as ¢ — oo. This proves that lim;—. ||g(¢)|| =0. ////

Theorem 0.3 is a special case of Theorem 1.4 by taking o = 0, ¥ = C, and
P = z*. Of course, Theorem 0.3 can be proved without reference to B—convexity:
Take Y = X and P = z* in the proofs of Theorems 1.2 and 1.5 and use the Hausdorff-
Young theorem instead of the Fourier type. A similar remark applies to Corollary 2.3
below.

For a = 0, Theorem 1.4 fails for every 0 < 8 < 1 (the case # = 1 remains open).
Indeed, consider the case that the resolvent R(\, A) itself is uniformly bounded in
{Re A > 0}. Then the assumptions of Theorem 1.4 are satisfied for « = 0, all 2y € X,
and all functionals P = z* € X*. Hence if the theorem holds for some 3 > 0, then
from the uniform boundedness principle we conclude

sup [|T(t) (Ao — A) 7| < 0.

t>0
For 0 < 8 < 1, this contradicts the example in [22] cited in the discussion after
Theorem 1.2.

We next turn to a version of Theorem 1.4 which holds for § > a + % rather than
B > a + 1. The price for this is the a priori assumption that PT'(-)zq is bounded.
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Theorem 1.5. Let P be a bounded linear operator from a Banach space X into a
Banach space Y with Fourier typep € (1,2]. Let A be the generator of a Cy—semigroup
T on X and let xg € X be such that the orbit t — PT(t)xq is bounded and \ —
PR(\, A)zo admits a holomorphic extension F(\) to the open right half-plane. If
there exist wy > max{0,wo(T)}, M >0 and a € [—1, 00) such that

PO < M(1+ D%, 0< ReX < w,
then for all \g > wo(T) and 8 > 1 with > a + % we have
tlim |PT(t) (Ao — A) P = 0.

Proof: Without loss of generality we may assume that wo(T) > 0. Fix Ao > wo(T)
and 0 > 1 with 0 > a + %. For each 9 > 0 consider the function

f5(t) == PT(t) (Ao — A)°z0, t>0.

We have to show that lim; . || f3(¢)|| = 0. Theorem 1.2 shows that fz € LI(R,Y),
St =1
Let § =n+~ withn € N and v € [0,1). If v € (0,1), then

IPT () (Ao — A) Vag|| = ) ‘ / r~TPT(r)R(Xo + 1, A)zo dr
Y 0
= Sy ‘ / r‘”/ e~ QotMS PP 4 8o ds dr
Y 0 0
< smﬁ;w / Cr=7(N\o + 1) *dr,
0

where C' := sup,s || PT(t)xo]|. If v = 0, then ||[PT(7)xo|| < C. In either case, we see
that C., 1= sup,q [|[PT(7)(Ao — A) Vz0|| < oo. Using this, we obtain

1501 =
< GyA"

/ / e o1t Tt PT(E 4 s 4+ 5,) (Mo — A) Vo dsy, ... dsy
0 0

for all ¢ > 0, so f5 is bounded. In particular, such an estimate holds for fz. Also, f3
is differentiable and

fa(t) = PT(t)A(No — A) Pwo = —fa_1(t) + Mo f5(t).

Therefore, also f5(-) is bounded (here we use that 8 > 1) and hence the bounded
function fg(-) is uniformly continuous. Then also || f5(-)||? = ||PT(-)(Ao — A) P4 is

bounded and uniformly continuous, and it is an immediate consequence of Theorem
1.2 that || f3(t)|| = 0ast — oco. ////
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Assuming boundedness and uniform continuity of PT(-)xo, we obtain a stronger
result. Let us say that a function F' is polynomially bounded in the strip {0 < Re \ <
wp} if there exist M > 0 and n € N such that

IFOA)|| < M1+ |A)™, 0 < Re < wp. (1.10)

Corollary 1.6. Let P be a bounded linear operator from X into a B—convex space
Y. Let A be the generator of a Co—semigroup T on X and let xq € X be such that the
orbit t — PT(t)xo is bounded and uniformly continuous. If the map A — PR(\, A)xg
extends to a holomorphic function in the open right half-plane which is polynomially
bounded in {0 < Re A < wy} for some wy > max{0,wo(T)}, then tli)rglo |PT(t)xo| = 0.

Proof: Fix A > wg(T). Let S denote the left translation semigroup on the space Z :=
BUC(R 4,Y) defined by (S(t)f)(s) = f(t+s); s,t > 0. The function f(t) := PT(t)zo
defines an element of Z. From the identity

PT(t)R(/\,A)n+1.I‘0 = / / 6_/\(Sl+"'+sn+1)PT(81+...—|—Sn+1 ‘f‘t)x() d8n+1 ...d81

it is easy to see that also fy(t) := PT(t)R(\, A)" "1z defines an element of Z; here
n € N is chosen such that (1.10) holds.
By Theorem 1.5,

tlim 1S(t) fallz = tlim <sup |PT(t+ s)R(A, A)”+1x0||) =0
—0 0 \s>0

Therefore, f\ € Zp :={f € Z : lim;_ ||S(t)f||z = 0}. For Re A > wo(T) and s > 0
we have, denoting by B the generator of S,

(R(A, B)" "1 f)(s / / e Mt A ) (St 4 4ty 1) F)(8) Aty .. dty

= / / 6_/\(t1+"'+t"+1)PT<t1 + ...+ tn_|_1 + S)I‘() dtn_|_1 dtl
= PT(s)R(\, A)"lzg = fi(s).

Hence f = limy_,oo A" TTR(A\, B)" L f = limy oo A" f) € Z by the closedness of Z.
Hence lim; . ||S(t)f]] = 0, and thus lim; . ||PT(t)zo| = lims_o ||(S(2)f)(0)| =

0. ///

The technique of this proof goes back to Kantorovitz [10]; see [2] for another
application.

The following example shows that our results break down if no restrictions on the
Banach space X are imposed.
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Example 1.7.  Let X = Cy(R) and consider the left translation group S on X.
Let B be its generator. Let f € X be any non-zero function with support in [0, 1].
Then for all ReA > 0 and s € R we have

[(R(A, B)f)(s)] =

/0 e f(s + 1) dt] < [1f]e.

Consequently,
sup [|[R(A, B)flloo < || flloo;
Re A>0

but since S is isometric and (Ao — B)™? is injective we see that
lim 1S — B) " flloe = (o = B) " fllow £ 0 Y50, Ao > 0.

As an application of Corollary 1.6 we shall derive a Tauberian theorem for the
Laplace transform of functions in L*°(R 4,Y"), where Y is a B—convex Banach space.
This serves merely as an illustration of what can be done with the above theory;
by considering bounded, uniformly continuous orbits much of the sharpness of the
preceding results is lost and it may well be that more direct methods will lead to a
sharper Tauberian theorem (cf. the remarks at the end of the paper).

Lemma 1.8. Let Y be a B—convex Banach space and assume that the Laplace
transform § of a function g € BUC(R +,Y") is polynomially bounded in some strip
{0 <Re X < wp}. Then tlim lg(®)|| = 0.

Proof: Consider the left translation semigroup S in BUC(R ,Y) with generator B.
Let P be the bounded operator from BUC(R 4,Y) into Y defined by Ph = h(0).
Then PS(t)g = ¢g(t) ® 1 and PR(\, B)g = g(\) ® 1 for all t > 0 and Re A > 0. Since
Y is B—convex, we can apply Corollary 1.6 to S and deduce that lim;—, ||g(t)|| =

lim; o0 [[PS(t)gl = 0. ////

Theorem 1.9. Let Y be a B—convex Banach space and let f € L>°(R ,Y). If the
Laplace transform f is polynomially bounded in some strip {0 < Re A < wp} and can
be holomorphically extended to a neighbourhood of 0, then

[ rtsyas- fo =0

3 \
Proof: The proof is inspired by [2, Theorem 4.3].

Upon replacing f(t) by f(t)—e*f(0) we may assume that f(0) = 0. By a special
case of Ingham’s Tauberian theorem the function g(t) := fg f(s)ds is bounded (see
[11] for an elegant and elementary proof). Moreover, g is uniformly continuous and in
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view of f(0) = 0, 0 is a removable singularity of §(A) = A~'f(\). It follows that § is
polynomially bounded in {0 < Re A < wg}. Therefore by Lemma 1.8,

AU@MS

lim
t—o0

= Jim [lg(0)] =0.

/I

2. Stability and the analytic Radon-Nikodym property

In this section we will prove some analogues of the previous results for the case p = 1.
As it turns out, this is possible if one assumes Y has the analytic Radon-Nikodym

property.

We start by recalling some facts concerning vector-valued Hardy spaces over the
disc D={z€C : |z| < 1}.

For p € [1,00] we let HP(D,Y') denote the set of all holomorphic functions f :
D — 'Y for which

27 %
[fllp :== sup (/ | £ (ret®)||P d@) < o0.
0<r<1 0

In case p = oo we interpret the above integral in terms of the supremum norm in the
obvious way. It is not difficult to see that HP(D,Y") is a Banach space with respect to
the norm | - ||,. We let HY(D,Y) denote the closed subspace of HP(D,Y) consisting
of all functions f for which the radial limits f(e?) := lim,1; f(re?) exist for almost
all 4. By Fatou’s lemma,

27

27
/H%%WMQMM/|WMWMQ
0 r11 0

which shows that the boundary function f, if it exists a.e., belongs to LP(T"), where
I'={z€C : |z =1}. In this case, f can be recovered from f by the Poisson integral

e
21 Jo 1 —2rcos (0 —n)+r? "
Defining f,.(e”?) := f(re'?), as in the scalar case it follows from this representation

that
i 1 = el = 0.
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A Banach space Y is said to have the analytic Radon-Nikodym propertyif HY(D,Y) =
HP(D,Y). Equivalently, Y has the analytic Radon-Nikodym property if for all f €
HP(D,Y) the radial limits f(e*) := lim,1; f(re’) exist for almost all #, and in this
case we actually have f, — f in the LP-norm.

The role of the exponent p needs some clarification: it can be shown that if
H{(D,Y) = HP(D,Y) holds for some p € [1, 0], then it holds for all p € [1, o0].

The following facts are well-known:

(i) If Y has the Radon-Nikodym property, then Y has the analytic Radon-Nikodym
property;
(ii) If Y has the analytic Radon-Nikodym property, then Y contains no closed sub-
space isomorphic to cg;
(iii) A Banach lattice Y has the analytic Radon-Nikodym property if and only if YV
contains no closed subspace isomorphic to cg.

It follows from (i) that every reflexive Banach space and every separable dual Banach
space has the analytic Radon-Nikodym property. By (iii), the spaces L1 (1) have the
analytic Radon-Nikoym property. The proofs can be found in [5,6].

By mapping a rectangle conformally onto the unit disc it is not difficult to prove
the following result; cf. [7].

Proposition 2.1. Let A and A,, 0 < r < 1, be the rectangles in C spanned by the
points +a £ 1b and +ra £ irb, respectively. Let f be a holomorphic Y -valued function
in the interior of A. Assume that Y has the analytic Radon-Nikodym property and
that

sup /A 1£(2)]l|dz] < oc.

0<r<1

Then, the strong limits lim,1; f(rz) exist for almost all z € A and define a function
f € L'(A). Moreover,

lim /A 1F(z) - £(r2)] dz| = o.

rTl

/I

Theorem 2.2. Let P be a bounded operator from a Banach space X into a Banach
space Y with the analytic Radon-Nikodym property. Let A be the generator of a
Co-semigroup T on X. Assume that for some xy € X, the map A — PR(\, A)xg
admits a holomorphic extension F(\) to the open right half-plane. If there exist
wp > max{0,wo(T)}, M >0 and a € [—1,00) such that

IOV < M+ M), 0<ReA < w,
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then for all A\g > max{0,wo(T)} and 8 > a+ 1 we have
Jlim [[PT(t)(Ao — A) Pl = 0.

Proof: Without loss of generality we may assume that wo(T) > 0. Fix A\g > wo(T).
By taking a smaller value of wy we may assume that wo(T) < wg < Ap.

Fix vy € (a+1,0) and let § := 3 — 7.

Let g(A) denote the holomorphic extension in the open right half-plane of the
function A — PR(A, A)(Ag — A) 7zp. Fix wy; € (wo(T),wp). On the strip {0 <
Re\ < wy} we define h()\) := (wo — A)¢()\). By Lemma 1.1, for each ¢ € C with
0 < Re( < wi the function

s+ he(s) :=h(( —is) = (wo— C+ is)2g(C —is)
belongs to L'(R,Y’), and the map ¢ + h¢ is a bounded L' (R, Y)—valued holomorphic
function on {0 < Re( < w; }.

Arguing as in the proof of the Claim following Theorem 1.2 we see that for
w € (wo(T),w;) the Fourier transform of h,, is given by

1
2—fhw(t> = Q_WtPT(t)(WQ - A)_(S()\O — A)_T’EQ. (21)
T
Hence by uniqueness of analytic continuation,
1
2—]—"h<(t) = e S PT(t)(wo — A) %Mo — A)7zg, 0<Rel < wi,
T

and we conclude that (2.1) holds for all w € (0, wy).

Since Y has the analytic Radon-Nikodym property, we may apply Proposition 2.1
and conclude that the boundary function h of h exists a.e. on iR, defines an element
in L}, .(iR,Y), and that

T

11% |h(is) — h(w +is)|| ds = 0

for all » > 0. But then (1.3) and the definition of h easily implies that we actually
have h € L'(iR,Y) and

o0

lim |A(is) — h(w + is)|| ds = 0.

wl0 )
Hence by passing to the limit w | 0 in (2.1), we obtain
PT()(wo— A) (N — A) Vo = li% e I PT () (wo — A) (Mo — A) Py

1 1 -

- lim Fhlw — i()(0) = 5-Fh(=i(-)®
Therefore, PT(-)(wo — A)7%(X\g — A)" 29 € Co(R,,Y) by the Riemann-Lebesgue
lemma. Recalling that 6 + v = 3, by standard arguments involving fractional powers

this will give the desired result.  ////
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Theorem 0.2 is a special case of this.
Taking Y = C and P := z§ € X*, we obtain the following result, which contains
Theorem 0.3 as a special case.

Corollary 2.3. Let A be the generator of a Cy-semigroup T on a Banach space
X. Assume that for some zo € X and xf € X*, the map A\ — (z{, R(\, A)zg)
admits a holomorphic extension F(\) to the open right half-plane. If there exist
wp > max{0,wo(T)}, M >0 and a € [—1,00) such that

IF(\)| < M1+ XD 0<Re) < w,
then for all A\g > max{0,wy(T)} and § > 0 with > o + 1 we have

tli}r&(xg, T(t) (Mo — A)Pzy) = 0.

The case a = 0 of Theorem 2.2 can be used to show that Corollary 1.6, and
therefore also Theorem 1.9, remains valid if B—convexity is replaced by the analytic
Radon-Nikodym property. It is possible, however, to modify the proof of [11] to
prove in a more direct way the stronger result: if Y has the analytic Radon-Nikodym
property and f € L (R 4,Y) is such that for all » > 0 we have

T
lim Sup/
w|0 —r

/ f(s)ds — f(0)
0

may be possible to prove a similar result assuming B—convexity. It is important in

f(w+is) — f(0)

w + 18

ds < 00,

= 0. This was shown by Chill [7] and suggests that it

then lim
t—o0

this context to point out that B—convexity and the analytic Radon-Nikodym property
are unrelated concepts in the sense that none implies the other. In fact, L'[0,1] has
the analytic Radon-Nikodym property (by observation (iii) at the beginning of this
section) but no non-trivial type, so it is not B—convex. The following example shows
that there exist B—convex spaces without the analytic Radon-Nikodym property:

Example 2.4. By the function space analogue of a result in [20] (the details are
given in [24]), the operator of integration I : L[0,1] — C[0, 1],

1(f)(t) = / £(s) ds,

factors through a space with type 2. Denoting fo(t) := ¢t and defining T : C[0,1] —
C[0,1] by T(f) :== f — f(1)fo, also J := T o I factors through a space with type
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2. Identifying [0,1) with the unit circle I' in the complex plane and letting e, (6) :=
exp(2mind), € ', n € Z, we can represent J as an operator from L(T) into C(T)
by

J(en) = en/(2min), n € Z\{0}, J(eg) =0.

Recalling that type passes to quotients, it follows that the quotient operator J, :
LY(T")/H} — C(T)/Ap induced by J factors through a space with type 2; here H} and
Ap denote the closed linear span in L!(T") and C(T"), respectively, of {§ — exp(2min®) :
n = —1,—2,...}. On the other hand, by a result of Pisier [8, Proposition V.5], Jy
cannot be factored through a space with the analytic Radon-Nikodym property.

Acknowledgement - The authors thank Professor Gilles Pisier for pointing our to us
Example 2.4, Shangquan Bu for a helpful conversation, and Charles Batty and Ralph
Chill for pointing out a flaw in a previous version of this paper.

Note added in proof - Recently, V. Wrobel [23] has shown that the bound § > % in
Theorem 0.1 is the best possible, in the sense that a counterexample can be constructed
for every g € [0, %) Whether or not the theorem holds for 3 = % remains an open
problem. In the same paper, an extension Theorem 0.1 into a different direction is
obtained.
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