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ABSTRACT. In this paper we study space-time regularity of solutions of the
following linear stochastic evolution equation in .7 '(]Rd), the space of tempered
distributions on R%:

du(t) = Au(t)dt +dW (t), >0,

u(0) = 0. ()

Here A is a pseudodifferential operator on .’ (R%) whose symbol ¢ : R — C
is symmetric and bounded above, and {W (¢)}:>0 is a spatially homogeneous
Wiener process with spectral measure pu. We prove that for any p € [1,00)
and any nonnegative weight function g € Llloc(]Rd), the following assertions are
equivalent:

(1) The problem () admits a unique L (p)-valued solution;

(2) The weight o is integrable and

1
rd C —Req(§)
for sufficiently large C.

Under stronger integrability assumptions we prove that the LP (p)-valued solu-
tion has a continuous, resp. Holder continuous version.

dp(§) < oo
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1. INTRODUCTION

In this paper we study space-time regularity of weak solutions of linear sto-
chastic partial differential equations. Apart from their interest in their own right,
linear models (such as the Laplace equation or the Stokes equations) serve as a first
step towards understanding more complicated nonlinear models (such as nonlinear
elliptic equations or the Navier—Stokes equations).

In the theory of stochastic PDE’s there are two basic linear model equations:
the Langevin equation and the Zakai equation. In the present paper we will be
concerned with the former one, which can be written as

du(t) = Au(t)dt +dW(t), t =0,
u(0) = 0.

Here A is some linear operator acting in a vector space E and W = {W(¢)}+>0
is some type of Wiener process. There is an extensive literature on equation (1.1),
see e.g. the monographs by It6 [13] and Da Prato and Zabczyk [5], [6].

In a recent paper [2] the authors have obtained necessary and sufficient con-
ditions for existence and uniqueness of weak solutions to equation (1.1) in the
situation where F is an arbitrary separable real Banach space, A is the generator of
a Cp-semigroup of bounded linear operators on £, and W is a cylindrical Wiener
process with a given Cameron-Martin space H which is assumed to be continu-
ously embedded in E.

A different approach to equation (1.1) was introduced by Dawson and Salehi [9]
for modeling the growth of populations in a random environment; see also [19]. In
this approach W is interpreted as a homogeneous Wiener process on R¢, and the
equation admits a natural formulation in the space .’ of tempered distributions on
RY. In the context of .#’-valued solutions it is natural to ask for conditions under
which an .#’-valued solution actually takes values in some space of functions. For
the stochastic wave equation in dimension d = 2, this problem was investigated by
Dalang and Frangos [8], who obtained conditions for the existence of a function-
valued solution in terms of the spectral measure associated with W. These results
have been extended to higher dimensions and to a wider class of equations by many
authors [17], [6], [22], [23], [3], [7], [15], [16], [21].

Consider, as a concrete example, the stochastic heat equation

du(t) = Au(t)dt +dW(t), t=>0,
u(0) = 0.

As is well-known, this equations has a unique weak solution in ./, which is given
by the stochastic convolution integral

t
(1.3) u(t) = / =9 gy (s).
0

(1.1

(1.2)
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Let 0 < ¢ € L _(RY) be given and let L?(p) denote the associated weighted
L?-space. Let ;1 denote the spectral measure of the homogeneous Wiener process
W and denote by H, the Hilbert space of all tempered distributions of the form
F~(¢p) for some symmetric ¢ € L% () (see Section 3 for more details). It is

shown in [15] that the following assertions are equivalent:

t
(i) Forallt > 0 we have / HS(S)H?%(HH £2(g)) 48 < 003
0 bl

1
(ii) The weight g is integrable and / —— du(§) < oo.
e 1+ [¢]

In (@), || - [| #(#,,12(0)) denotes the Hilbert-Schmidt norm.

An extension of this result to a class of pseudodifferential operators A including,
e.g., the fractional Laplacians —(—A)2, o € (0,2), was obtained subsequently in
[16]. Prior to [15], the integrability condition (ii) was discovered in [23] to imply
the existence of L?(p)-valued solutions for certain nonlinear stochastic problems
under more restrictive assumptions on the weight p.

The finiteness of the integral in (i) implies that for each ¢ > 0 the stochastic
integral on the right hand side of (1.3) converges in L? (o). For this reason it makes
sense to view the resulting L?(p)-valued process an L?(p)-valued solution of (1.2).
This notion of solution is a formal one, because L2 (o) does not always embed into

S

Example 1.1. Let o(x) = exp(—||z||). Then the function exp(}||z||) belongs to
L?(p), but this function does not define a tempered distribution.

In order to get around this problem, we think of both .#”’ and L?(p) as being
embedded in 2, the space of distributions on R?. This motivates the following
definition. If F is a real Banach space, continuously embedded in 2, then a pre-
dictable E-valued process {U(t)}+>o will be called an E-valued solution of the
problem (7.3) if for all ¢ > 0 we have U(t) = u(t) in 2’ a.s. For the stochastic
heat equation, our main result now reads as follows (cf. Theorem 9.1):

Theorem 1.2. Let 0 < o € LL _and 1 < p < oo be arbitrary and fixed. The

loc
following assertions are equivalent:

(1) The problem (1.2) admits a unique LP(p)-valued solution;

(2) The weight g is integrable and /

1
TR du(€) < oo.

In fact, we prove a more general version of this result for a class of pseudo-
differential operators A generating a Cp-semigroup in .. We also show that the
LP(p)-valued solution has a continuous modification if condition (2) is slightly
strengthened.

The implication (1) =- (2) is an extension of the above implication (i) = (ii). The
main difficulty is to show that (1) actually implies the integrability condition (i). In
the setting of an arbitrary separable Banach space F, this is achieved by proving
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that the existence of an F-valued solution implies a certain E-valued integral op-
erator to be y-radonifying (Theorem 7.3), hence Hilbert-Schmidt if E' is a Hilbert
space.

The implication (2) = (1) extends the implication (ii) = (i) above to arbitrary
values of p € [1,00). This extension is nontrivial and has three main ingredients:
a characterization of ~y-radonifying operators taking values in weighted LP-spaces
(Theorem 2.3), a factorization theorem (Theorem 4.9) and the theory of stochastic
integration in separable Banach spaces as developed in [2].

A particular feature of our approach that we would like to stress is that we do
not require the semigroup generated by A to act in LP(p), even when discussing
the existence of a continuous modification of the solution.

After the completion of this paper, Professor Dalang kindly pointed out to us that
a result closely related to our Theorem 9.1 is proved in [7, Theorem 11]. In this
theorem, linear stochastic PDE’s with constant coefficients are considered under a
mild assumption on the Fourier transform of the Green’s function, and a necessary
and sufficient condition is obtained for existence of a locally square integrable
random field solution. This condition is essentially equivalent to the integrability
condition on the spectral measure y in Theorem 9.1.

Finally, we modify our framework in order to be able to study the stochastic
Schrodinger equation. In this case, we have (Theorem 11.1):

Theorem 1.3. Let 1 < p < c0oand 0 < o € LllOC be arbitrary and fixed. The
following assertions are equivalent:

(1) Problem (11.1) admits an L?(p)-valued solution;
(2) p is a finite measure and g is integrable;

2. v-RADONIFYING OPERATORS

In this preliminary section we recall some facts about reproducing kernel Hilbert
spaces and y-radonifying operators that will be needed later. For proofs and unex-
plained terminology we refer to [2], [5], [18], [24], [25].

Reproducing kernel Hilbert spaces. Let E be a real Banach space. We call a
bounded linear operator Q € .Z(E*, E) positive if

(Qx*,x*) >0, x* e E",
and symmetric if
Q. y") = (Qy*,z%), =",y € E".
If @ is positive and symmetric, then
(Qz",Qy") — (Qa%,y"), %, y" € £,
defines a real inner product on the range of (). The completion H of range () with

respect to this inner product is a real Hilbert space, the reproducing kernel Hilbert
space (RKHS) associated with (). If E'is separable, then so is H. The inclusion
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mapping from range () into £’ extends to a continuous injection i¢ from Hg into
F, and we have the operator identity

Q=1igo 222
Conversely, if ¢ : H — F is a continuous embedding of a Hilbert space H into F,

then Q := i 04" is positive and symmetric. As subsets of £/ we have H = H ¢ and
the map i*z* — 752 defines an isometrical isomorphism of H onto Hy.

On various occasions we shall encounter the situation where we have an inclu-
sion operator 7 : H — E and an embedding k : £ — F', where F' is another real
Banach space. Defining Q) := i 0" and R := (k 0i) o (k 0 4)*, we obtain two
positive symmetric operators, in .Z(E*, E) and in .Z(F*, F') respectively. One
may now ask in which way their RKHS’s H and Hp, are related. The answer is
given in the following proposition:

Proposition 2.1. Under the above assumptions, the identity map
Hg > " (k*x™) — (kot)"z" € Hp (x* € F),
extends uniquely to an unitary operator from H¢ onto Hg. In particular, as subsets

of ' we have equality
(koi)(Hq) = k(Hg).

Proof. This follows from
1% (k*2*) I, = (Qk"z", k*z*) = (Ra™,a*) = ||(K" 0 i")a" ||,

and the fact that range ¢* and range (k o ¢)* are dense in H¢ and H g, respectively.

~v-Radonifying operators. The standard cylindrical Gaussian measure of a sep-
arable real Hilbert space H will be denoted by yy. This is the unique finitely
additive measure on the field of cylindrical subsets of H whose image with respect
to every orthogonal finite rank projection P is a standard Gaussian measure on the
finite dimensional range of P. The following well-known result links the concepts
of Gaussian measure, reproducing kernel Hilbert space, and standard cylindrical
measure.

Proposition 2.2. Let E be a separable real Banach space and let () € £ (E*, E)
be positive and symmetric. The following assertions are equivalent:
(1) Q is the covariance of a centred Gaussian measure vg on E;
(2) The image cylindrical measure iq(yH,) extends to a centred Gaussian
measure v on E.

In this situation, vg = v.

Let E be a separable real Banach space. A bounded operator T € Z(H, FE)
is called ~-radonifying if T(vy) extends to a Gaussian measure on F. With
this terminology we can rephrase Proposition 2.2 as follows: a positive symmet-
ric operator () is a covariance operator if and only if the associated embedding
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1q : Hg — FE is y-radonifying. There is an extensive literature on y-radonifying
operators; we refer to [24], [25] and [1] and the references given there.
We will need the following well-known facts:

o If T": H — E is y-radonifying and S : £ — F'is bounded, then also
SoT:H — Fis y-radonifying.

o If T': H — FE is y-radonifying and S : Hy — H; is bounded, then
T oS :Hy— FEis~-radonifying [1].

e If T} : HH — FE is bounded and U : Hy — Hj is unitary, then T is
~-radonifying if and only if T} o U : Hy — F' is y-radonifying.

o If H=Hy® H;and T} : H; — FEis bounded, then T} is y-radonifying if
and only if 71 o P, : H — E'is y-radonifying, where P is the orthogonal
projection of H onto H;.

e If F is a Hilbert space, then 7' : H — F is ~y-radonifying if and only if T’
is Hilbert-Schmidt.

In Section 9 it will be important to know when certain operators taking values
in weighted LP-spaces are y-radonifying. In this direction we have the following
general result.

Theorem 2.3. Suppose H is a separable real Hilbert space and let 1 < p < oo be
fixed. Let (O, % ,v) be a o-finite measure space. For a bounded linear operator
K : H — LP(0) the following assertions are equivalent:

(1) K is v-radonifying;

(2) There exists a v-measurable function k : © — H with

[ 1@l dvla) < o0
such that for v-almost all x € O we have
(K(h))(z) = [k(x),h]ln,  heH.

Proof. Let (e;)j>1 be an orthonormal basis for H and let (3;);>1 be a sequence
of independent identically distributed real-valued standard Gaussian random vari-
ables. It is well known (cf. [25, Section V.5.4], [5, Theorem 2.12]) that K is
~-radonifying if and only if the series Z;‘;l BjKe; converges in LP(€) almost
surely.

(1)=- (2): By the almost sure convergence of Z‘;‘;l BjKe; and Fernique’s the-

orem,
P

E|> BiKe; < oo.
j=1 Lr(6)
The map

(w,2) = Y Bj(w)(Kej)(x)
j=1
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is measurable from 2 x & to R, each term (3;(w)(Ke;)(x) being measurable.
Hence by Fubini’s theorem,

p

p
B gikei| = [ B[} 5Ke)@)| dvia)
J=1 Lr(0) 7 j=1

~a | > le@P | dvto

with ¢, > 0 a constant depending on p only; cf. [25, Lemma V.5.2]. In particular,

> (e ()
j=1

for v-almost all z € O. It follows that there exists a measurable O C O with
v(O\O') = 0 such that for all x € & the map k, : H — R,

kgzh := (Kh)(z)

is Hilbert-Schmidt, hence bounded. By the Riesz representation theorem, we ob-
tain a function x : ¢ — H such that

kzh = [k(x), h)m, heH, ze€0.
Noting that
(), el = Kej()|

we see that © — [k(x),e;]g is measurable for each j, and therefore  — k(x)
is measurable by Pettis’s measurability theorem and the separability of H. By the
Parseval formula,

YIKe) @) =D |k@),elul* = @) |F, =€
j=1 j=1

We extend « to a function on & by extending it identically zero on &'\ €. Combin-
ing everything, we find

p

cp/ |5 (2) ||y dv(z Z@Ke] < 0.

Lp(0)

(2)=-(1): This is a special case of a result due to Kwapien; the following short
direct proof is a modification of [3, Proposition 2.1].
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Using the Kahane-Khinchine inequality, for some constant C), and all 1 < M <
N we have

o
2 2 p

N N
Z i Kej Z i Ke;
j=M =M

Lr(0) Lr(0)

=y [
)

Here c,, is the constant from the first part of the proof. By assumption the right
hand side tends to 0 as M, N — oo. Thus the series Zj’;l BjKe; converges in
L?(); LP(0)) and, by the It6-Nisio theorem, almost surely. This means that K is
~-radonifying. [ |

p

).ejlu| dv(x)

[5(2), el | dv(x).

%

The following example will be relevant in later sections:

Example 2.4. Let ;1 be a nonnegative symmetric tempered measure on R¢. Let
0 < ¢ € L] _(R?) be a nonnegative locally integrable function. For p € [1,00) we
denote by LP(p) the associated weighted LP-space. Let H := L*((0,T); L?S)( )

(see the beginning of section 3 for the definition of L2 ( ). Let g : R — C be

symmetric, i.e. ¢(—&) = q(€) for all ¢ € R, and assume that supgera Req(§) <
oo. Define x : RY — H by

() (t) = e M@ detal=),

T
=
H

0 R4

T

:/ / thRe‘J(”)dp(n)dt
0 R4

is independent of = € R?. Therefore,

[ Is@lotaras = [ [ @m0 s [ oryis

is finite if and only if both fOT Jra €289 dpy(n) dt and [, o(x) dz are finite. In
particular, the operator K : H — LP(p) with an integral kernel & is y-radonifying
if and only if both of these conditions hold. Below (Proposition 4.3) we will give a
necessary and sufficient condition for the first integral to be finite.

—~

Then

] 2
e~ U a1 qyy(¢) dt

(2.1)
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3. THE HILBERT SPACE I{‘u ASSOCIATED WITH A SYMMETRIC MEASURE 1

Throughout the rest of this paper, d > 1 is a fixed integer. We denote by . =
Z(R%) and .7c = .7 (R% C) the Schwartz spaces of real-valued and complex-
valued, rapidly decreasing functions on R¢, respectively. Their topological duals
<" and . are the spaces of real and complex tempered distributions on R4 A
tempered measure is a Radon measure . on R¢ that is also a tempered distribution.
A nonnegative Radon measure 4 is tempered whenever there exists N > 0 such

that
1
—d .
/Rlerlle w(€) < oo

If u is a nonnegative tempered measure and f € L2(u) = L?(R%, u; C), then the
map

o [ ofdn e

defines a tempered distribution fy € . Note that we do not take complex
conjugates in this identification; this convention should be kept in mind in the
definition of the Fourier transform of a tempered distribution below.

The Fourier transform of a function ¢ € .Y is defined by

(Fo)(E) = / e eOp(z)de, £ €RY,

R4

where dx represents the normalized Lebesgue measure on R?. Thanks to this nor-
malization the inverse Fourier transform is given by

(F1g)(6) = / 6@ 5oy dn, € € RE

Rd

The Fourier transform on the space of tempered distributions is defined by duality,
i.e. for ® € ./ we take

(6, 78) :=(F¢,®), ¢€S.
The inverse Fourier transform on .. is then given by
(6, F @) =(F19,9), ¢S
For a function f : R — C we define f : R? — C by
f2) =f(-2), zeR’
If f = f we say that f is symmetric. We define
L)) = {f € L2(w): = f}.

This is a closed linear subspace of LZ(u).
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Now let 1 be a nonnegative symmetric tempered measure on R?. Then for any
two f,g € L% )( 1) we have

/ TEal€) i) = [ | 1= du(©)
= [ g dut) = sz

and therefore the inner product on L?s) (w) is real-valued. Thus, L%s) (1) is a sepa-

rable real Hilbert space in a natural way.
It is easily checked that # ¢ € L? 5) () for all ¢ € .. This observation moti-
vates the following definition:

Definition 3.1. Let 1 be a nonnegative symmetric tempered measure on R, We
define 7;, to be the separable real Hilbert space obtained as the completion of ./
with respect to the inner product

[qbvw]% = [ﬁqsqub]ll%s)(p)? ¢777ZJ €.
The space .7Z;, will be used below to describe the covariance structure of a spa-
tially homogeneous Wiener process in .’ with spectral measure .

For all f € L%S) (1), the tempered distribution .% ~1(fp) is real. Indeed, a

simple computation shows that (¢,.% ~1(fu)) is real-valued for all ¢ € .#. This
motivates the following definition:

Definition 3.2. Let 1 be a nonnegative symmetric tempered measure on R, We
define H,, to be the linear subspace of all tempered distributions of the form
FY(fu) with f € L%S) (). With respect to the inner product

(3.1) (7w, 7 o, = [F9lez
this is a separable real Hilbert space.

The space H,, will turn out to be invariant under the action of semigroups in
' generated by certain pseudodifferential operators in .#’ introduced in the next
section. This is the key fact in our analysis of E-valued solutions in Section 7
below.

The relation between the spaces .77}, and H, is described in the following propo-
sition.

Proposition 3.3. The mapping
Uup:= F~ ((Fo)u), b€,
extends to a unitary operator from ¢, onto H,,.
Proof. For all ¢, € . we have
U 0w, 0, = U, U, = [F 7 (FO)p), F (FO))]
= [76. 7012 ) = [6, Vs,
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Hence U,U, = I.
Next, for all f € L%S) () NS¢ and ¢ € . we have
U(F7H ), 0], = [F7H (1), Z7H(F o))y,
= [fv <g.gé][,%s)(u) = [y_lfa d’]%
Hence
Ui(F ' (fw) =Z7'f,  feLiy(wn .

It follows that for all f, g € L%S) (1) NS we have

UV (F 7 w) (F o) ]y, = (71T gl
=[f: 91z, = [F 7 (Fw), 7 (gm)] -

We claim that L?S) (1) N is dense in L?S) (11). Once we know this, it follows that

{F(fw) s feLliy(wnsc}

is dense in H), and therefore U, U, = I.
Given a function f € L%S) (1) we choose a sequence (g,,) € ¢ such that

gn — fin L%(,u) (we could even take complex-valued compactly supported
smooth functions). Define f, € L%S) (1) by

Jn = %(gn +gn)

Then lim,, o0 fr, = %( f+ f) = f as desired. [ |

Let us denote by iy », : . — ] and iy, o : H, — ' the natural
inclusion mappings. We then have the following sequence of mappings:

i U Tt
S = P
The following proposition relates these three mappings:

PI‘OpOSitiOIl 3.4. We have iy’% = (iHu,Y’ o UM)* and Z-HM,Y’ = (UM o Zy’%)*

Proof. In the proof we will make no identifications and write out all inclusion
mappings.

Let ¢,9 € . be arbitrary and fixed. Then i”jqu o Maps ¢ onto an element
Z'?IM ¢ € H,,. By definition of H, there exists a function f € L%S)(,u) such that
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i,,900 = F ' (f1). Then,
(i, Uuiz ) = [F
=[F!

= (¢, im, T (fu))

= (Yyin, 75, #9)
= (b,in,. 2051, ).
This shows that

iH,,7 ©Uuoiy s, =iH, 7 °iy, o
Since ip, o is injective, it follows that

(32) UM OZy”%ZL = i*HH7y/.
Multiplying both sides in (3.2) from the left with U}, gives the first identity; dual-
izing (3.2) gives the second identity. [ |

4. A Cy-SEMIGROUP ON HM ASSOCIATED WITH A SYMMETRIC SYMBOL ¢q

Throughout the rest of this paper, it will be a standing assumption that ¢ : R? —
C is a measurable function satisfying

4.1) q=4q,
4.2) q* := sup Req(¢) < oc.
£€Rd

We fix a nonnegative symmetric tempered measure 1 on R? and let H . denote
the separable real Hilbert space from Definition 3.2. We define a semigroup of
bounded linear operators S = {S(t)}+>0 on H, by

SW(F " (fu) = F (1 ()p).

Since ¢ is symmetric and Re ¢ is bounded from above, the function e*() f(-) be-
longs to L% 5) (1), which shows that the operators S(t) are well-defined.

Example 4.1. We give some examples of functions ¢ satisfying the conditions (4.1)
and (4.2).
(1) The function ¢(§) = i§ (£ € R). The semigroup S is the restriction to H ,
of the left translation semigroup on .%”’ in dimension d = 1.
(2) The symbol q of an elliptic operator with constant coefficients. For ¢(§) =
—|€|?, S is the restriction of H,, of the heat semigroup.



SPACE-TIME REGULARITY FOR LINEAR STOCHASTIC EVOLUTION EQUATIONS 13

(3) The function ¢(&) = |£|? — |£|*. Tt arises in connection with the beam
equation.
(4) The function q(¢) = —|¢£|?Y with v > 0. This example was considered

in [11]. For v = %, S is the restriction of H, of the Poisson semigroup.

Notice that the function ¢(§) = %|¢|?, which corresponds to the Schrédinger
semigroup, satisfies (4.2), but not (4.1). In the final section of this paper we will
return to this example.

Proposition 4.2. The semigroup {S(t)}:>o is strongly continuous on H,, and sat-
isfies

(4.3) 1SEm, <€, t>0.

Proof. The inequality |e!9(€)| < e!9" shows that S(t) satisfies the estimate (4.3). It
remains to prove strong continuity of {S(t)};>0 in H,,. By the dominated conver-
gence theorem, for ® = .F ~1(fu) and ¥ = .F ~!(gu) we have

§$MM&M=%WJWWM©W@

= [ FOuE dne) = 9.1,

This proves that {.S(¢)}+>¢ is weakly continuous as a semigroup in H,, and there-
fore strongly continuous by a standard result from semigroup theory [20]. [ |

Under an appropriate integrability condition, the semigroup {S(t)} ;>0 maps H,,
into BUC (here we identify both H,, and BUC with linear subspaces of .’). This
will be derived as a consequence of the following proposition.

Proposition 4.3. FixT > 0 and C' > q*. Then

1
4.4 /l‘gd Weq(&) du({) < o0
if and only if
T
(4.5) / / e2Red(®) g, (&) dt < oo.
0 JRrd

Proof. Clearly,
T
I::/ / e?Rea(®) g, (&) dt < oo
0 Jrd

is finite if and only if Iy and I, are both finite, where

T
Iy := / / 2t Real®) qy,(¢) dt
0 JIReqI<|C]

T
Ioo = / / 2t Rea(©) g, () dt.
0 JReg<—|C|

and
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Since the function (t, &) — e2!R¢4(&) is bounded away from 0 on [0, 7] x {|Re ¢| <

|C|}, it is clear that Iy < oo if and only if
p{Req| < |C[} < oo.

In view of
0<C—q¢" <C—Regq(§) <2|C|,

the right most inequality being valid whenever |Re ¢(£)| < |C], this happens if and
only if

1
I | ‘
/Req|<|c| C — Req(§) p(§) < oo

Concerning I, we note that

1
Ioo — N (b 2T Req(&) d )
/Req<—|C| _2RGQ(£) ( ‘ ) M(g)

Hence we can estimate

(1 - 6—2T\CI) /Req<—|C| —2 RtQ(f) 4ul8)

S o < —m e An(E).
/Req<—|C| _2RGQ(§) M(g)

Hence I, < oo if and only if

1
4.6 ——d .
0 /Req<—|C| _ReQ(f) H(f) =

If C > 0, then for all £ € R we have
—Req(§) < C —Req(§) < —2Req(§).
<

If C' < 0 we choose ¢ > 0 such that (1 — ¢)g* < C. Then for all ¢ € R? we have

(1 —¢e)Req(§) < (1 —¢e)g* < C and therefore

—eReq(€) < € = Reg(§) < —Req(S).
In both cases it follows that (4.6) holds if and only if

1
—d .
/Req<—|C| C— ReQ(g) ,“(5) =

Remark 4.4. 1f (4.4) holds, then in particular we have

(4.7) / eRed(®) qu(€) < 0o,  t>0.
]Rd

This can be deduced from (4.5) or by simply observing that for every ¢ > 0 there
exists a constant M; > 0 such that e?** < M;/(C — s) for all s < ¢*.
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The following Hypothesis, expressing that the equivalent statements of Proposi-
tion 4.3 hold, will play an important rdle:

Hypothesis (H). There exists a constant C' > ¢* such that
1
———du(§) < oo.
/Rd C—Reqle)

Let 4, and BUC denote the Banach spaces of continuous real-valued functions
on R¢ vanishing at infinity, respectively which are bounded and uniformly contin-
uous. Both spaces are endowed with the supremum norm. In our next result we
identify 4, and BUC' with a linear subspace .#" in the natural way.

Proposition 4.5. Assume (H). For allt > 0, the operator S(t) maps H,, into BUC
and we have

“8) 1Sl 50 < ( /

Rd

1
2
o2tRe q(&) dH(g)) )

If v is absolutely continuous with respect to the Lebesgue measure, then S(t) maps
H,, into 6.

Proof. Let f € L? )( ) be fixed. By (4.7) we have e'? € L% )( W), so el f €
L} s )( ) by the Cauchy Schwarz inequality. From the identity S(t)(-# ~1(fu)) =

F~ et fp) it follows that S(¢)(.-# ~1(fu)) can be represented by the bounded
function

(4.9) v F e ) (x) = / e8! () dpu(€).
Rd

This function is real-valued because €'? f is symmetric. Moreover,

sup [S()F (fi) (@) < 1€ F 1y gy < ez, ol Fllz2,
xERd (5) ) )

= ([ mene du(£)>2 177 (10,

The proof that the function representing S(¢)(.# ~1(fu)) is uniformly continuous
is standard, and is included just for the convenience of the reader. Given € > 0, for
large enough R we have f|§|>R 1) £(€)] du(€) < e and therefore

/ (06 _ ile’ ©014(0) () du(&)‘
Rd

< max i) — i) / 496 £ ()] due) + 22
EI<R

< _ i{z—x ,f tq(€ .
‘ISI‘I%H e / e )| du(§) + 2¢
From this estimate we deduce that the function in (4.9) is uniformly continuous.
The previous estimate shows that S(t), as an operator from H,, into BUC, is
bounded with norm given by (4.8).
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The final assertion is a consequence of the Riemann-Lebesgue lemma. [ |

As an operator in £ (H,, BUC), we denote S(t) by Spyc(t). We will study
the operators Spyc(t) in more detail next. In the results that follow, the role of
BUC may be replaced by % if p is absolutely continuous with respect to the
Lebesgue measure.

Lemma 4.6. Assume (H). For all T > 0 and g € L*((0,T); H,,) the BUC-valued
function t — Spyc(t)g(t) is Bochner integrable on (0,T) and we have

1
T T 1
/SBUC(t)g(t)dt <</ / 62tReq<£)dﬂ(f)dt> l9llz2(0,7):1,)-
0 BUC 0 JRd

Proof. For each fixed h € H,, the BUC-valued function ¢ — Spyc(t)h is right
continuous on (0,00). To see this, fix h € H, and t; > 0. Then, by the strong
continuity of {S(¢)}+>0 in H,,

(4.10) liflol Spuc(to +¢e)h = liflol Spuc(to)(S(e)h) = 0.

It follows that t — Spyc(t)g(t) is strongly measurable on (0, o) for all step func-
tions g € L2((0,T); H,,). Since the step functions are dense in L2((0,7); H,,),
it follows that ¢ — Spyc(t)g(t) is strongly measurable on (0,00) for all g €
L*((0,7); Hy).

By (4.8),

1

[Spuc(t)g(t)lBuc < </Rd e2tRea(s) du(é)) ’ () &, -

Hence by Holder’s inequality,

1
T T 1
[ ismetatavede< ([ ] O auear) alomm,

which is finite by Proposition 4.3. It follows that ¢ — Spyc(t)g(t) is Bochner
integrable in BUC' and that the desired estimate holds. [ |

Proposition 4.7. Assume (H). For all ¢ € BUC™ the H,-valued function t
Sty (t)e is strongly measurable on (0, 00) and for all T > 0 we have

T T
[ isscat a< ([ @ auea) lelfoe-

Proof. The H ,-valued function ¢t — S}~ (t)p is weakly measurable and separa-
bly valued, and therefore strongly measurable by the Pettis measurability theorem
[10]. For T > 0 let us define the bounded operator Jr : L*((0,T); H,) — BUC
by

T
Jrg = /0 Spuc(t)g(t) dt.
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Forall g € L?((0,T); H,,) and p € BUC* we have
T
tioh = ([ Smcntitg) = [ loo) Ssuc el a

= [g(')aSEUC(')QD]LQ((OI);HH)'
It follows that J7.p = Sp(-)¢ and consequently,
T
| 1Sbuc Oy, dt = 1736l orymy < 1 Plelbuc-

Finally, by Lemma 4.6,
T 3
el < ( [ [ e aue) dt)
0 R4

Before proceeding with the main line of development, we insert a related propo-
sition which will be needed in Section 8 when we study time regularity of weak
solutions.

Proposition 4.8. Assume (H). For all p € BUC™* and all 0 < s < t we have

/0 IShuc(t — 5 + )¢ — Shue(r)el?, dr

< ( [ [ et o age dr) lolBe-.
0 R4

Proof. For g € L*((0,T), H,,) we define

Js,tg = /OS SBUC(t — S+ r)g(r) - SBUc(T)g(T) dr.

We now write g(r) = .Z ~1(f(r)u) with f(r) € L%S)
ing as above with Holder’s inequality, we obtain

s 2
el ([ Jeteorsmm - 00 ey ar

As in Proposition 4.7, our inequality now follows by considering the adjoint of
st |

(). Using (4.9) and estimat-

1
2

By Proposition 4.7, for every T' > 0 we may define a bounded linear operator
Qr € Z(BUC*, BUC) by

T
“4.11) QT(p = / SBUC(t)SEUC(t)SD dt, (S BUC*,
0

where the integral converges in BUC' as a Bochner integral. For this operator we
have the following factorization result, which we obtain as an application of RKHS
techniques.
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Theorem 4.9. Assume (H). Define r : R — L2((0,T); L%S) (1)) by

(5(2))(£)(€) = e eta=0),
Then
(1) Forall f € L*((0,T); L%S) (1)) the function
= LR o,myiz, ()
is bounded and uniformly continuous.
(2) The linear operator Kt : L? ((0, T); L%S)
Erf = [f, k0)]lL2o,ryL2, ()
is bounded and satisfies the operator identity
QT = KT o K}
Proof. Let f € L? (O,T);L%S) (1)) be arbitrary and fixed. For all z € R? we
have, recalling that ¢(—¢) = ¢(&),

(1)) — BUC defined by

ILf 5(@)] 20,522, 00|
T -
A uwmvﬂéw«a@@ﬁ‘

T
</ |(F(£)(€)e )| dp(e) dt
0 R4

1
T 2
2tRe q(&
< llz2oryez, ) ( /0 /R L eedS) dp(e) dt>

The double integral being finite, this shows that = — [f, k()] L2((0,1),; L2, (1) is
bounded. The uniform continuity of this map is proved as in Proposition 4.5.

Hence K is well-defined as a linear operator from L2((0,7); L%S) () into BUC,
and the above estimate shows that K is bounded.

For the proof of the identity Q7 = Kr o Kp we will set up a commutative
diagram as follows:

LA(0.T)s L2, () —— L*(0.1): H,) —— BUC

VT JT
[#n I [
Zur - Zur — Hr
Vi, I,7

The meaning of the spaces and operators involved will be explained next. To start
with, Hp denotes the RKHS associated with Q7 and i : Hp — BUC denotes
the inclusion mapping; cf. Section 2. Recall that Q)7 = i1 o i7..
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As before, Jr denotes the bounded operator from L?((0,7); H,) into BUC
defined by

T
Irg= [ Swolgltyd g€ L(O.T)H,)
0
Its adjoint is given by
Jre = Spuc(-)e ¢ € BUC™.

Let Z,, 7 denote the closure in L?((0,T); H,,) of the linear subspace of all func-
tions of the form g = Sy (-)p with ¢ € BUC*. Then Z, v = range J . and
therefore ker Jp = (range J3)+ = (Z,,7)*. It follows that

(4.12) L*((0,T); H,) = Z, 1 © ker Jr.
For all ¢ € BUC* we have
(4.13) Jr(Spuc()e) = Qre.

Identifying Hp and its image i7(H7) in BUC, we have Qry € Hp and

T
1Qreld, = (Qreo.) = /0 (Spuc()Shue(t)e. o) di

T
:/0 1SBuc el dt = 1S5ue (el or)m,)-

It follows from these equalities and (4.13) that J maps L2((0,T); H,,) onto Hrp
and that its restriction to Z,, 7 is unitary. As an operator from L?((0,7); H,,) onto
Hr we denote Jr by Ir. The restriction of I1 to Z, v will be denoted by I, ;
this is a unitary operator from Z,, 7 onto Hr.

Summarizing our discussion so far, we see that a function f € BUC belongs to
Hr if and only if there exists a function g € Z,,  such that

r= [ Swc(t it =g
moreover by (4.12),
£ 177 = inf {[lgllz2 0.7y, = 9 € L*((0,T); Hy), Jrg = [}
Define J, 7 :=irol,r. Then Qr = J, 10 J;T. Next we define
Zur = {p € L*((0,T); Ly (1) + FH(p(n) € Zur}-

The operators V7 : LQ((O,T);L%S) (1)) — L*((0,T); H,) and V.1 : 2,
Z,,T defined by

T —

)

Vrg = 7 Hp()p)
and V), 7 := VT\%,T are unitary. Therefore,

QT = (JMT o V,u,T) o (J,u,T oV, ,T)*-
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Finally let 227 : L*((0,T); H,) — Z,,7 and Pr : LQ((O,T);L%S) (1) — Zur

denote the orthogonal projections. Then &1 o &7, = I 4, ., the identity operator
on Z,, . Therefore,

Qr = (Jur o Vyro Pr)o(JuroVuro Pr).
But for all g € L?((0,7); L?S)( )) we have

T
(JuroVuro Pr)g= (JroVr)g= /0 Spuc(t)(F(g(t)p) dt.

We will prove next that the right hand side equals Kr7g. Once we know this it
follows that Q7 = K1 o K7.
Identifying BUC with a linear subspace of ./, for all ¢ € .¥ we have

<¢,/ Spuc(t)(F " (g(t)w) dt> =/0T<ff‘l¢,etqg(t)u> dt

/0 R (/R ¢ ) 19 (g(0))(€) dpu(&) dt
= [# (/OT/ (© T du(e)dt ) d
/Rd ¢z ( /OT DOz ) dt) da

o(z) g, k(x)] , (0122, () o
= (¢, Krg).

Now let E be a real Banach space in which BUC' is embedded by means of a
continuous embedding ipyc,r : BUC — E. Assuming (H), for ¢ > 0 we denote
by Sg(t) : H, — E the composition of Spyc(t) with the inclusion mapping
LBUC,E:

Se(t) =ipuc,e o Spuc(t).
For every T' > 0 we then define a bounded operator Q € Z(E*, E) by

(4.14) QEx* = / Sp(t)Sp(t)z*dt,  z* € E*.
0

Note that Q% = iBUC,E © QT © i*BUC,E’ where Q7 : BUC* — BUC is the
operator defined by (4.11).
Similarly we define
Kf(t) =ipuc,p o Kr.
For the sake of simplicity, we will omit the embedding i gy, from our nota-
tions whenever it is convenient.
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Proposition 4.10. Assume (H). Under the above assumptions, for every fixed T' >
0 the following assertions are equivalent:
(1) The operator K% is ~-radonifying from L? ((0, T); L%S) (u)) into E;

(2) The operator Q% is the covariance of a centred Gaussian measure on E.

Proof. By Proposition 2.1 the RKHS’s of Q)7 and Q% are canonically isometrically
isomorphic, and identical as subsets of E. For this reason we will not distinguish
these spaces from each other, and denote both by Hr.

From Section 2 we recall that Q% is a covariance if and only if the associated
embedding i : Hy — FE is «y-radonifying. Clearly,

. gE -1
ir =J, o IM,T’

where J ffT ‘= ipuc,k © Ju,1; here I, 7 and J, r are the operators introduced in
the proof of Theorem 4.9. From this we see that ¢ : Hr — FE is «y-radonifying
if and only if J fT : Z,,v — FE is vy-radonifying, and this is the case if and only
if J ET oVyr : 2,1 — E is y-radonifying. Finally, since & is an orthogonal

projection, for the standard Gaussian cylindrical measures 72 (o 1), L2, (W) and

YV, r of L*((0,7); L?S) (1)) and Z;, 1 respectively we have
Pr (’YLQ((O,T);L?S)(M))) = V2
and therefore J /ET oV,r : Z,r — E is vy-radonifying if and only if K:‘;J =

JET oV,roPr: Lz((O, T); L?S) (u)) — F is y-radonifying. |

5. CYLINDRICAL WIENER PROCESSES

Let E be a separable real Banach space in which BUC is continuously embed-
ded by means on an embedding ¢ pyc, g:

iBUC,E :BUC — FE.

In this section we will use the estimates from the previous section to give a meaning
to the stochastic integral

t
/ Sp(t— s)dWp,(s), >0,
0

where {Wpg, (t)}+>0 is a cylindrical Wiener process with Cameron-Martin space
H,, and

Sg(t) =ipvceoSpuc(t), t>0.
Let us first state the definition of a cylindrical Wiener process:

Definition 5.1. Let (2, .7 ,{.%; }1>0,P) be a complete filtered probability space,
and let H be a separable real Hilbert space. A cylindrical Wiener process
on (Q, F,{%}1>0,P) with Cameron-Martin space H is a one-parameter family
Wy = {Wg(t)}io0 of bounded linear operators from H into L*(P) with the
following properties:
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(1) Foreach h € H, {Wy(t)h}s>0 is an adapted real-valued Brownian mo-
tion;
(2) Forall g,h € H andt,s > 0 we have
E(Wh(t)g - Wh(s)h) = (t A s)lg, hln.

In [2] a theory for stochastic convolution of certain operator-valued functions
with respect to a cylindrical Wiener process has been developed. We will briefly
recall its mean features. Let H be a separable real Hilbert space, F a separable real
Banach space, and let F' : (0,7) — Z(H, FE) be a function with the following
property: for each x* € E*, the function ¢ — F*(¢)z* is strongly measurable and

T
(5.1) / | E*(t)x* |3 dt < oo, z* € B
0

Under this assumption, for all z* € E* the function ¢ — F'(t)F*(t)x* is Pettis

integrable [2, Proposition 2.2]. Thus we may define a bounded operator Q7 €
Z(E*,E) by

Qra* = /0 L R F () dt.

The following result is a reformulation of [2, Theorem 3.3], where it is stated in
terms of convolutions. For Hilbert spaces E, the result is well-known. A detailed
treatment of the stochastic 1t6 integral in Hilbert spaces may be found in the book

[5].

Proposition 5.2. Let E be a separable real Banach space and let W 7 be a cylin-
drical Wiener process with Cameron-Martin space H. Then the following asser-
tions are equivalent:

(1) Qr is the covariance of a centred Gaussian measure vy on E;
(2) There exists an Fr-measurable E-valued random variable X such that

T
(XT,a:*>:/0 (F() dWi(t),a%), o € B,

In this situation, Xt is centred Gaussian and vt is its distribution; in particular,

T
(5.2) IE((XT,a:*>2):/ |E*(t)x*|3 dt,  z* € E*.
0

The scalar stochastic integral in (2) is defined in the natural way: for a simple
function F : (0,7) — Z(H, E) of the form
F(t) = F(tx), t € [te,ter1); k=0,...,m—1,
with 0 <ty < ... < t, =T, we define

m—1

T
/0 (F(t) Wy (), 27) == > (Wir(tesr) — W (i) F*(t)a".
k=0

If the assumptions of the theorem are satisfied for ¢ = T, then by tightness
they are satisfied for all t € [0,7]. Thus we obtain an adapted E-valued process
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{Xt}tepo,r)- In what follows, we will use the notation fot F(s)dWg(s) to denote
the random variables X;.

Let us now assume that (H) holds and that we have a continuous embedding
ipuc,r : BUC — E. We define, for ¢t > 0, the bounded linear operators Sg(?) :
H, — E by Sg(t) := ipuc,e © Spuc(t). Thanks to Proposition 4.8, for all
z* € E* we have

T
/ 1S5 (t)z*|? dt < co.
0

By Proposition 4.10, the operator Q% : E* — F defined by

T
QFa* = /0 Sp(t)Sh(t)z* ds

is the covariance of a centred Gaussian measure on £ if and only if the opera-
tor K¥ introduced in Theorem 4.9 is y-radonifying from L?((0, T); L%S) (1)) into
E. If this is the case, we obtain an F-valued process {u(t)}c[o,7] by stochastic
convolution with a cylindrical Wiener process Wy, :

53) u(t) = /0 Su(t— ) dWa, (s).

6. SPATIALLY HOMOGENEOUS WIENER PROCESSES

Our next aim is to show that it makes sense to regard the process {u(t)}c[0,7]
defined by (5.3) as an F-valued ‘solution’ of the problem
du(t) = Au(t)dt + dW,(t), t=>0,
u(0) = 0.
where {W,,(t)};>0 is a spatially homogeneous Wiener process whose spectral
measure is 4, and A is defined formally by

AP =7 1(MF7®), e
This aim will be achieved in the next section. In order to be able to state the precise

results, in this section we will study spatially homogeneous Wiener process and
their relationship with cylindrical Wiener processes.

Definition 6.1. Ler (0, .7,{.%;}+>0,P) be a complete filtered probability space.
A spatially homogeneous Wiener process on (2, #,{.%}+>0,P) is a continuous,
adapted .#'-valued process W = {W (t) }+>( with the following properties:
(1) For each ¢ € ., {(¢p,W(t))}+>0 is an adapted real-valued Brownian
motion,
(2) For each t > 0 the distribution of W (t) is invariant with respect to all
translations t; : /" — &', where 1y, : ¥ — & is given by

Tho(x) = ¢(x + h), r,heRY ¢e.7.

We refer to [3, 15, 22, 23] for more infomation. By [12, Theorem 6, p. 169,
Theorem 1/, p. 264], for a process W satisfying condition (1), condition (2) is
equivalent to:
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(2') There exists a nonnegative symmetric tempered measure ;. on R? such that
for all ¢, € ¥ and t,s > 0 we have

E((o, W (1)) - (b, W(s))) = (t A s)[d, ¥z,
The measure p occurring in condition (2') is uniquely determined by W and is
called the spectral measure of the process W. We will sometimes use the notation
W, for a spatially homogeneous Wiener process with spectral measure .

It is possible to integrate certain operator-valued processes with respect to a
spatially homogeneous Wiener process W,,. Let .Z(.#") denote the space of all
continuous linear operators from .’ into itself. A mapping F' : (0,7) x Q —
ZL(S") is called simple if there exist 0 < top < t; < ... < ty, = T and F, -
measurable random variables F'(t) : Q — Z(’) taking finitely many values
only, such that

F(t,w):F(tk,w), t e [tk,tk+1); k=0,...,m—1.
For a simple F' : (0,7) x Q — Z(") of this form we define the stochastic
integral with respect to W by
T m—1
| PO = 3 P Wotin) - Wilt).
k=0
An easy computation shows that

T T
(6.1) E‘<¢,/O F(t)qu(t)> :E/O IF' ()¢5, dt, ¢ €.

Here F'(t) : ./ — . is the adjoint of F'(t) : ./ — .’ and .7, is the Hilbert
space introduced in Definition 3.1. By a standard approximation argument, the sto-
chastic integral defined in this way extends to the space of all predictable functions
F:(0,T) x Q — Z(&") for which

2

T
E/ IF Ol dt < 00,  de 7.
0

Here, measurability of . (.#”)-valued functions is understood in the sense of [13,
14], where more details are given.

We will investigate next the relationship between the stochastic integral intro-
duced above and the one from the previous section. To this end we consider the
situation where a spatially homogeneous Wiener process W, with spectral measure
L is given.

There is a canonical way to associate a cylindrical Wiener process with a given
spatially homogeneous Wiener process, cf. [14, Proposition 2.5], [22]:

Proposition 6.2. Let W, be a spatially homogeneous Wiener process. For each
t > 0, the mapping
WHM(t) : Uu¢ — (9, Wu(t» pes,

extends uniquely to a bounded linear operator Wy, (t) : H, — L*(P), and Wy,
is a cylindrical Wiener process with Cameron-Martin space H ,.
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Proof. Just note that

E(Wh,(6)Und - Wa, (s)Uptp) = E((¢, W, (t)

) (6. W(s)
= (t A 5) [, 0]p, =

(t N S) [UH¢7 U,qu]HM'
|

We denote by Wy, the associated cylindrical Wiener process with Cameron-
Martin space H,, from Proposition 6.2.

Proposition 6.3. Let E be a separable real Banach space, continuously embedded
in?'. Let F: (0,T) — Z(Y") be a function for which the stochastic integral

T
/0 F(t) dW, (1)

is well-defined in the sense described above.
Let Fg : (0,T) — £(Hy, E) be a function for which the stochastic integral

T
/0 Fi(t) AW, (1)

is well-defined in the sense described above.
Ifforallh € H,andt € (0,T) we have

F(t)h = Fg(t)h,

the equality being understood in the space 9, then in 9’ we have

T T
(6.2) / F(t)dW,(t) = / Fg(t)dWy,(t) almost surely.
0 0

Proof. We shall denote the inclusion mappings £ — 2’ and .’/ — &' by i o
and iy g7, respectively. The compatibility assumption on F'(t) and Fg(t) then
reads

Z'y/7_@/F(t)iHWy/h = Z'E7_@/FE(t)h, h e HH‘

In order to prove the proposition it suffices to consider two step functions of the
form 1(,4) ® F and 1(,3) ® Fgp where F' € £(") and Fp € ZL(H,, E) are
related by

tyrgroFoig, 9 =ipgolE.

Noting that 7, ) = ig s, this can be rewritten as

FEOi*E7@’:i*HH7y/OF,Oi@7y’
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To prove (6.2), note that for all ) € Z we have

T T
<1/171'E,@' / Liap) ® FpdWhy, (t)> = / (Liap) ® FpdWpg, (t),i5 o)
0 0

= (Wa, (6) = Wi, (@) Fiig, o

= (W, (b) = Wi, (a)) U Ui Fif gt
= (W, (b) = W, (a))UUysigy, o Flig ot
= (Wi, (b) = W, (a)) UuFlig, )

= (Flig, o1, Wyu(b) — Wy(a))
(ig, 70, F(Wy(b) — Wy(a)))

T
= <¢,i;ﬁ/,@'/ (Ligp) ® Fqu(t)> .
0

where we used Proposition 3.4 and suppressed the inclusion mapping i.» s, from
our notations in the same way as we did in Proposition 6.2. [ |

7. E-VALUED WEAK SOLUTIONS

Up to this point, it has been a standing assumption that the function ¢ satisfies
the conditions (4.1) and (4.2). In the remaining sections we will always assume the
additional condition:

(7.1) g is smooth and all of its derivatives have at most polynomial growth.

Then for all ¢+ > 0 the function () is a multiplier in .. More precisely, by
(4.2) and (7.1) for each ¢ > 0 we may define a continuous linear operator Sc(t) €
Z(S¢) by

(7.2) Sc(t)® := 77 (D7), DA, t=0

Condition (4.1) ensures that Sc(t) maps .’ into itself. Denoting the restriction of
the operator Sc(t) to . by S(t), the family {S(¢)}:>0 is a Cp-semigroup on .7’
in the sense of [26]. Its infinitesimal generator is the pseudodifferential operator A
with symbol ¢:

A® = 77 (q()FP), @€ (A,

where the domain Z(A) consists of all & € .’ such that ¢(-).7® € .. If p is
a positive symmetric tempered measure, then the operator S(¢) map H , into itself
and the restricted semigroup is precisely the semigroup studied in section 4. It
follows that we may apply Proposition 6.3 and conclude that

/SEt—deH /St—de()

whenever both integrals are defined.
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In .’ we now consider the following linear stochastic Cauchy problem:

du(t) = Au(t)dt + dW,(t), t=>0,

u(0) = 0.

Here {W,,(t)}s>0 is a given spatially homogeneous Wiener process with spectral

measure . A weak solution of (7.3) is a predictable .%’-valued process {u(t)}+>0
such that for all ¢ € Z(A) we have s — (Ag,u(s)) € L [0,00) a.s. and

loc

(7.3)

(6, u(t)) = /0 (Ad,u(s)) ds + (6, Wa(t) as., 30,

With the use of the stochastic integral in .’ discussed in Section 6, it is possible
to show that

(7.4) u(t) == /O CS(t— ) dW(s)

is a weak solution of (7.3) and that up to modification this solution is unique.

Let us think for the moment of u(-) as taking values in &' rather than in ..
We will be interested in finding conditions ensuring that u(t) actually takes values
in some smaller Banach space F that is continuously embedded in 2’. In order to
make this idea precise, we introduce the following terminology.

Definition 7.1. Let E be a real Banach space, continuously embedded in 9'. A
predictable E-valued process {U (t)}+>0 will be called an E-valued weak solution
of the problem (7.3) if for all t > 0 we have U (t) = u(t) in 9’ almost surely.

Clearly, an E-valued weak solution, if it exists, is unique up to modification.

Proposition 7.2. Let E be a real Banach space that is continuously embedded in
2', and let {U (t) }1>0 be an E-valued weak solution of (1.3). Then as an E-valued
process, {U(t)}+>0 is Gaussian.
The covariance operator R% of the distribution of the random variable U (T)
satisfies
ig,g 0 RE 0y g = im0 Ry o T,
where R, € £ (H,,) is defined by

T
RAh = / S()S*(Ohdt,  he H,
0

Proof. Each random variable U (t), being strongly measurable, takes its values
in a separable closed subspace F; of E almost surely. The joint distribution of
(U(t1),...,U(ty)) is a Radon probability measure sz, . ;. supported in E}, &
-+ @ By, . We claim that this measure is Gaussian. Once we know this, it follows
that 144, . ¢, 1s Gaussian as a measure on £ and the proposition is proved.

Letiy, 4, By, ® - ®Ey, — 2'®--- & 2 denote the inclusion mapping.
Then is, .+, (ftty,...tm) = Vt,.... .- the distribution of the 92'-valued random vari-
able (u(t1),...,u(ty,)) defined by (7.4). Hence for all ¢1, ..., ¢, € Z we have

</’Lt1,...7tm7i;7,,,7tm (¢17 L 7¢m)> == <Vt1,...,tm7 (¢17 L 7¢m)>7
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where we use brackets to denote image measures along linear functionals. The
process {u(t) }+>o being Gaussian in &', it follows that the image measures

Bty oot Byt (D15 )

are Gaussian on R™. Since iy, _, has weak*-dense range in (E; © - @® Fy,, )",
[2, Corollary 1.3] implies that the measure ji4, .. ¢, 1s Gaussianon By @ --- @ Ey,,.

Let % denote the distribution of U(T'). Using Proposition 3.4, for all ¢ € 2
we have:

(RF i3, 011,00 ®) = B{U(T), i 50 #)* = E(i%1 5, u(t))?
T
_ / |

0

T
_ /0 \Uzsy oS O 611, dt

T
- / i3y, S 0% i,
0
r 2
- /0 1S*(1)i%y, i ol dt
T 2
- / 1S* (1)i5, 6% dt
0

T
_ /0 [S()S" V)it 0%, 008, dt

e [R,:L—[Lvi?{u7-@/¢, i?{u7@/¢]]{# .
|

The following result gives a necessary condition for the existence of an E-valued
weak solution. It will play an important rle in our discussion of weighted LP-
solutions below.

Theorem 7.3. Let E be a separable real Banach space and let E — 2’ be a
continuous embedding. If the problem (71.3) admits a weak E-valued solution, then

the operators KX : L?((0,T); L%s) (1)) — E are well-defined and ~y-radonifying.

Proof. Let {U(t)}+>0 be an E-valued weak solution of the problem (7.3). Let
T > 0 be fixed. The RKHS’s of the operators R% and RY. will be denoted by
(i%, HE) and (i%., H.), respectively. In view of the previous result, for all ¢ € 2’
we have

1GT) i, e = (RE i 00, 035, 0)
= (R, o0 bt o0 ®) = 165) 0%y, 00| -

Since (i4.)* o i}, o has dense range in H, this shows that the operator

U (i) (iy,,00) = (1) (ip00), €D,
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uniquely extends to an isometry from H' into H:,E . Since (z% )* 0}, 4 has dense

range in £, this isometry is actually a unitary operator. Noting that by definition
we have

Uo (i) oify, o = (if)* © i,
by dualizing we obtain
if,, o 0lpoU" =ig g o if.
Multiply both sides from the right with U. Since U is unitary, this gives
(7.5) i, 0t =ip.g oif oU.

Define J4 : L%((0,T); H,) — H,, by

T
Wt [ swra

By general results on RKHS’s, J/: takes values in H’.. The resulting operator from
L%((0,T); H,) into H/. will be denoted by j/. Thus, J%: = i%. o j/. and from (7.5)
we obtain

i, 0 Jf = in, g 0t 0 ji = ipg oir oUo jj.
Let Vi : L2((0,7T); L%S)(,u)) — L*((0,7); H,) be defined by Vrg = F 1 (gu).

If g is a step function taking values in L2 (1) N C¢(R%; C), then

(o)
(ig,g o (if o U o jkoVr))g =im, o ((Jf o Vr)g)

=im,o | SOF (g(t)p)dt
0
T
iy / FV (e b)) dt

i [ [ O a0) 0 dut)
= (ig,9 oipuc,e)Kryg
=gy Kfyg.
Hence for such g we obtain
(if o U o jy o Vr)g = K7'g.

The subspace of all such g being dense, we have shown that K 7@ extends to a
bounded linear operator from L?((0,T); (S)( w)) into E.

Since R% = z% (z%) is a covariance operator, zg is y-radonifying. It follows
that the operator K. % = z% o(Uo j; o Vr) is y-radonifying as an operator from

L2((0,7T); L?S) (n)) into E. n
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We do not know whether the existence of an F-valued solution implies Hypoth-
esis (H). Below, we will give an affirmative answer to this question when E is a
weighted LP-space.

If we assume that Hypothesis (H) holds and that BUC' embeds into F, then we
can represent F-valued solutions as stochastic convolutions in E:

Theorem 7.4. Assume that (H) holds. Let E be a separable real Banach space
for which we have continuous embeddings BUC — E — 2'. If (1.3) admits an
E-valued weak solution {U (t) }+>0, then for all t > 0 we have

(7.6) Ult) = /0 St — 5) AW, (5)

in 9" almost surely, where {Wg, (t) }i>0 is the cylindrical Wiener process associ-
ated with .

Proof. The assumptions imply that the operators Sg(t) are well-defined. Fix T' >
0 and define as before the operator Q% : E* — E by

T
QEa* = / Su(t)SL(t)a* dt, o € B,
0

For all z* € E* and ¢ € & we have, using Proposition 3.4 and the definition of an
FE'-valued weak solution,

T
(QFi i o) = [ 1S5O(if 00y, d
OT
=A|meM@@wﬁ%ﬁ
T
=A|mm%¢wm>@w%ﬁ

T
=AH$%S@@ww@ﬂt
— E(u(T), % o))

— E(U(T), i}y 00
— (REi%y 0,0 o)

By a density argument, it follows that Q% = R% . In particular, Q% is a covari-
ance operator, and therefore the stochastic convolution in (7.6) is well-defined. By
Proposition 6.3, in 2’ we have

T T
U(T) =u(T) = /0 S(T —1t)dW,(t) = /0 Sp(T —t)dWy, (t)
almost surely. [ |

We conclude with a result that gives sufficient conditions for the existence of an
FE-valued solution:
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Theorem 7.5. Let Hypothesis (H) hold. Let E be a separable real Banach space
for which we have continuous embeddings BUC — E — 9'. If for all T > 0 the
operator KX is v-radonifying from L?((0,T); L%S) (1)) into E, then the problem

(7.3) admits a unique E-valued weak solution {U (t) }+>0, and this solution is given
by

U(t) = /0 ' Salt — ) AW (s).

Proof. By Proposition 4.7 and Proposition 4.10, we may apply Proposition 5.2 to
define, for every ¢ > 0, an E-valued random variable U (t) by

Ult) = /0 " Sa(t— ) dWi, (s).

By Proposition 6.3, for all £ > 0 we have

U(t) = u(t) = /0 St — s)dW,(s)

in &' almost surely. This shows that {U(¢)}+>0 is an E-valued weak solution of
(7.3). Uniqueness has already been shown. [ |

8. EXISTENCE OF A CONTINUOUS VERSION

In this section we will show that an E-valued solution, if it exists, has a contin-
uous E-valued modification if the following integrability condition is satisfied:

Hypothesis (H,). There exists a constant C' > ¢* such that
1+ |g(=)[*
—d < 00.
/Rd C — Reg(x) plw) < oo
Note that this hypothesis stronger than (H). Hence in particular, Hypothesis
(H,,) implies that the operators Sg(t) are well-defined.
Lemma 8.1. Assume that (H,) holds for some o« > 0 and let T' > 0 be fixed.
Then:

(1) There exists a constant ¢ > 0 such that for all z* € E* and t € [0,T] we
have

t
/ IS (s)2* ||, ds < et ™%
0

(2) There exists a constant ¢ > 0 such that for all x* € E* and s,t € [0,T]
with s < t we have

/ 1S5t = s + uw)a™ = Sp(u)a™||F, du < clt —)*|la"||*.
0

Proof. Without loss of generality we assume that « € (0, 1]. For the constant C' in
Hypothesis (H,,) we assume without loss of generality that C' > max{0, ¢*}.
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We start with the proof of (1). Fix 0 < ¢t < T. By Proposition 4.7, for all
x* € E* we have

t t
8.1 /\|Sg(s)x*\|%{uds<// e?Rea© () ds - ||2*||%.
0 0 JRd

We will estimate the double integral on the right hand side by splitting the inner
integral into two parts corresponding to the sets where |[Regq| < C and where
Req < —C. We have

t
/ / erReq(E) dﬂ(f) ds < te2Tcu{‘Re Q| < C}
(8.2) 0 J|Regq|<C

<t T e p{|Req| < C}.

Note that u{|Regq| < C} < oo. Indeed, for all ¢ € RY with [Req(¢)] < C we
have C' — Re q(§) < 2C, and therefore
1

w{|Req| < C} <2C -
{| ’ } |Re ¢|<C C_ReQ<£)

dp(§) < oo.

Next, by Fubini’s theorem,

t 1 — e2tReq(§)
2 Red(©) g (¢) ds = / ———du(§).
/0 /Req<—C ( ) Reg<—-C _2RGQ(£) ( )

Using the inequality 0 < 1 — e~2# < min{1,2t3} (8 > 0) and recalling that
0 < a < 1, we now estimate:

1— e2tReq(§) (1 _ e2tReq(§))o¢
—d < d
/Req<—C _2RGQ(£) M(g) S /Req<—C _2RGQ(§) M(g)
(—Regq(§))"
8.3 < @ ———d
(8.3) < (2t) /Req<_c “Req() 1(£)

a lg(O)*
< (2t) /Rd mdﬂ(f)-

The right hand side integral is finite by assumption. Combining the estimates (8.2)
and (8.3) with (8.1) we see that (1) is proved.

For the proof of (2) we fix 0 < s < ¢t < T. By Proposition 4.8, for all z* € E*
we have
(8.4)

/ 1S5(t — 5+ u)a™ — Sp(u)a*|[3, du
0

g/ / eltms &) — )2 dyu(€) du - [l7||.
0 JRd

We are going to estimate the double integral on the right hand side. First,

< (t = 5)la(©)] €7°.
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Recalling that 0 < o < 1, we choose M > 0 such that 72 < M7r® for all r €
[0,2eTC]. Then,

/8 |€(t—s+u)q(£) — eual®) !2 dp (&) du
0 JRd

M/ |et stu)a(§) _ eu ()|ad,u(§)du
Rd
M/ / auReq |e(t s) 1‘04 du(f) du
Rd
(8.5) < M(t— S)aeaTC/ / eau(Re‘I(f)|q(£)’adu(£) du

<M _ a 2aTC/ /Rd —au(C Req(¢ )|q( )|adu( )

—as(C—Req(§))

— 0 I M(t — 5)e2TC /R = 9(©)|dpu(€)

C —Req(§)

1 o
/Rd mmf)l dp(8).

The integral in the right hand side is finite by assumption and the proof is com-
pleted. [ |

< a_lM(t _ 8)a62aTC’

Theorem 8.2. Suppose there exist C' > q* and o > 0 such that

1+ |g(z)]
/Rd C—Req(a) du(x) < oo.

Let E be a separable real Banach space for which we have continuous embeddings
BUC — E — 2'. If (1.3) admits an E-valued weak solution, then this solution
has a continuous E-valued modification.

Proof. Thanks to the estimates in Lemma 8.1 we can apply [2, Proposition 4.3] to
the operator-valued function Sg(-) on each interval (0, 7] and obtain a continuous
modification (depending on 7T') of {u(t)}.cjo,7). By applying this to a sequence
T,, — oo we obtain a continuous version of {u(t)}>o. [ |

It seems reasonable to expect that if (H,) holds, the E-valued solution has a
Hélder continuous modification. Under the additional assumption that {S(t)}+>0
restricts to a Cp-semigroup on E, in the next section we prove that this is indeed
the case if F is a weighted LP-space.

9. WEIGHTED LP-SOLUTIONS

In this section we are going to apply our results to weighted LP-spaces and prove
our main result, which was stated in the Introduction for A = A. We will always
assume (4.1), (4.2), and (7.1).
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Let0 < p € L10C be a nonnegative locally integrable function. For 1 < p < oo
we denote by LP (o) the Banach space of all real functions on R¢ for which

||f||1£p(g) = /Rd |f(2)]P o(z) dx < 0.

As usual we identify functions that are equal o(x) dx-almost everywhere. Clearly
we have a continuous inclusion LP(p) «— 2’, and if g is integrable we also have a
continuous inclusion BUC — LP(p).

Theorem 9.1. Let 1 < p < coand 0 < o € L}
following assertions are equivalent:
(1) Problem (7.3) admits an LP(p)-valued solution;
(2) Hypothesis (H) holds and o is integrable.

be arbitrary and fixed. The

loc

Proof. If we have an LP(p)-valued solution, then the operator Kﬁp(g) is well-

defined from L2((0,7); L?S) (p)) into LP(p), and ~y-radonifying by Theorem 7.3.

We now apply Theorem 2.3 to the function (z) = e ~*#)¢f(=*) In combination
with (2.1) we find that

g 5
(/0 /Rd o2tReq(€) dp (&) dt> ./Rd o(z) dr < oo.

By Proposition 4.3, the finiteness of the first double integral is equivalent to Hy-
pothesis (H).

For the converse we first note that the conditions in (2) imply that BUC embeds
into LP(p) and that the operators Sy»(,)(t) are well-defined. Hence the operator
K :ﬁp(g) is well-defined. By Theorem 2.3, applied in the converse direction, K :ﬁp(g)
is y-radonifying. Hence by Proposition 4.10, Q;p(g) is the covariance of a Gauss-
ian measure on LP(p). It follows that we may apply Proposition 6.3 to obtain that

/SLP(Q (t —s5)dWm,(s) /St—s dW,(s)

as. in &' for all t > 0. This shows that {U(t)}+>0 is an LP(p)-valued weak
solution of the problem (7.3). [ |

From Theorem 8.2 we obtain:

Theorem 9.2. Let 1 < p < oo and 0 < o € L' be arbitrary and fixed. If there
exist C' > q* and a > O such that

1+ Jg(x)|

———d <
/Rd G~ Reg(z) M) <>

then problem (7.3) admits a continuous LP(p)-valued weak solution.

Remark 9.3. The implication (2) = (1) in Theorem 9.1 does not really depend upon
the fact that Spp(,)(t) : H, — LP(o) factors through BUC. In order to derive
Theorem 9.1 as quickly as possible, we could prove directly that S(t) maps H,
into LP(p) and give all subsequent estimates in the L”(p)-norm.
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10. HOLDER CONTINUITY OF THE LP()-VALUED SOLUTION

It turns out that under an invariance condition, the LP(p)-valued solution has a
Holder continuous version. Throughout this section we assume that (4.1), (4.2),
and (7.1) hold.

We begin with a simple observation.

Lemma 10.1. Ler o € (0,1) and C > q* be given. For all t > 0 there exists a
constant M > 0 such that

¢ 1
—oe2Real®) gy (&) ds < M dp().
/O/Rf ‘ HE A<M . C—Reqeye *©

Proof. By elementary calculations, for all ¢ > 0 and —oco < 1 < ¢ < co we have

t e8]
(10.1) / 7% ds < (¢ — n)o‘_lthC/ 5% 2% ds.
0 0

By taking 7 = Re ¢(§), ¢ = C and integrating, we obtain

"
/ /S_ae2sReq(5)dde(f)
R JO

< </ooo e ds) </R - Relq(s)ﬂ-a d“ (5)> |

This gives the desired estimate, with M = e2¢¢ fooo 5% 2% ds. [ |

(10.2)

Motivated by this observation we introduce the following hypothesis.

Hypothesis (H%). There exists a constant C' > ¢* such that

1
d < 0.
L e Tea@yms
Note that (H®) trivially implies (H,,).

We have the following analogue of Lemma 4.6.

Lemma 10.2. Assume (H*) holds for some o € (0,1). Then for all t > 0 and
g € L*((0,T); H,), the BUC-valued function v +— (t — 1)~ 2 Spyc(t —r)g(r) is
Bochner integrable on (0,t) and we have

/0 (t = )8 Spuelt - r)g(r) dr

BUC

1
t 2
<( [/ s—aezsRemdu(g)ds) Mol 2oy,
0 Rd

Proof. For step functions g, the strong measurability of 7 — (t — )~ 2 Spyc(t —
r)g(r) follows from Lemma 4.6; the general case follows by approximation.
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By (4.8) and the Cauchy-Schwarz inequality,

t
/ (t —r)"2|Spuc(t —r)g(r)llBuc dr
0
t 3
S (/0 /Rd(t — ) PUTIRAE) gy ¢) d7’> “Nallzz(0,0);11,)

1
t 2
— —a _2sRe
- </0 /Rds ’ q<€>du(5)d5> Nollzz oz

The repeated integral in the right hand side is finite by Lemma 10.1. [ |

Arguing as at the end of the proof of Theorem 4.9 we deduce the following
representation for the above integral:

Lemma 10.3. Assume (H*) holds for some oo € (0,1). Fort > 0 define /@tl EE
RY — L2((0,T); H,,) by

/@i_% (x)(r) = (t — r)_%ﬁ(ei<m">e(t_r)q(_')u)l(oyt) (r).
Then for all g € L*((0,T); H,) and t > 0 we have

o

t
(103) /0 (t—r) 380t — )g(r) dr = [t * (+), glr2qors,-

By a direct computation we obtain the following identity: for all = € R¢,

1
1-3 ! —a _2sRe 2
(10.4) ke 2 (@)l 220,70, = (/0 /Rds e Real®) g (¢) d3> :

In particular, the norm is independent of 2 € R¢.

From this point on, we assume that (H*) holds for some fixed o € (0, 1). We fix
1 < p < oo and a weight function 0 < ¢ € L. Since BUC embeds into L?(p),

for t > 0 we may define (AIT_%f)(t) € LP(p) by

A N0 = gy [ ¢ S - r
Then, 1
(A2 D) = gyl O Ao

From the above estimates we find

1AS 2 H)®) o)

1 - 1-¢
< 7“1 — %) ”QH& (;;1@ kg 2 ($)”L2((07T);HH)> HfHLQ((QT);HH)

1

1 1 t 2
<—ol? —ag2sReq(z) 4 d .
T(1—9) ”Q”Ll (/0 /Rd s € w(z) ds HfHLQ((QT),HH)
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In particular, for each f € L2(( T); H,), the function ¢ — (A IT_% f)(t) defines
an element of L>°((0,7); L (g)) and hence of LP((0,T); LP(p)). In this way we

obtain bounded operators A CF L ((0,T); H,) — LP((0,T); L?(p)). Arguing
as in Example 2.4 we obtaln
Proposmon 10.4. Assume (H®) holds for some o € (0,1) and let 1 < p < oo.
Then A 77 s ~-radonifying from L*((0,T); H,,) into LP((0,T); L (0)).

In what follows, given a separable real Banach space X and a real number 5 €

(0, 1), the little Holder space cg ([0,T7]; X) is the (separable) Banach space of all
real-valued continuous functions f : [0,7] — X such that f(0) = 0 and

1= sw 1f@)]+ sp LOZION o
te[0,7] ogs<t<r (t—5)
(10.5)
lm sup HO—FE_

510 g<t—s<s  (t— )P

Proposition 10.5. Assume (H®) holds for some o € (0,1). Let % < r < oo and
B € (0,%—1) be given and assume that the semigroup {S(t)},>q restricts to a Co-
semigroup on L" (o). Then the operator At : L*((0,T); H,) — L"((0,T); L"(0))
defined by

(Arf)(t / Syt — 7 f(r) dr

takes values in the space c; ([0, T); L™(0)). As an operator from L?((0,T); H,)
into cg ([0,T); L™ (o)), At is y-radonifying.

Proof. By a result of Da Prato, Kwapieri and Zabczyk [4], the invariance of L" (o)
implies that

L t —r) 32 —r)f(r)dr
w0 S s

2

defines a bounded operator from L"((0,7"); L" (o)) into cg [0,T]; L"(0)). By stan-
dard arguments we have the factorization

AZf =

Ar = AZAY?

The result now follows from Proposition 10.4 and the left ideal property of -
radonifying operators mentioned in section 2. [ |

After these preparations we can state and prove the main result of this section:

Theorem 10.6. Assume that there exist 0 < a < 1 and a constant C' > q* such
that

1
(10.6) /Rd (€ —TReq))—= du(x) < oo.
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Let 1 < p < ooand 0 < g € L' be fixed. If the semigroup {S(t)}1>0 restricts
to a Co-semigroup on L" (o) for all sufficiently large v, then for all 3 € (0, §) the
LP(p)-valued solution of Theorem 9.1 has a 3-Hélder continuous version.

Proof. Choose § > 0 such that 3+6 € (0, ). Choose r > max{ 2, p} sufficiently

large, and subject to the additional conditions that £ < §and 8+ < & — 1.

T
Consider the probability space (2,.#,P), where 2 = cgw([O7 T);L" (o)), F
is the Borel o-algebra of €2, and P := Ap(v, T) is the image measure whose
s

o-additivity is guaranteed by Proposition 10.5. We define an L" (g)-valued process
{&t}tc(0,77 on this probability space by
Et,0) =), tel0,T], @eq.
It is routine to check that the joint distributions of this process are given by
Z(8(s),£(1) = L(uls),u(t)),  0<st<T,

where, for the moment, we think of {u(t)},co,7] as an L"(p)-valued process
(which is justified by Theorem 9.1 applied to L"(p)). Hence for any fixed 0 <
s#t<T,

E <HU(t) - U(S)H’Lr(g)> _ g <H€(t) —&()7r )

[t — 5| (BT It — 5| (B ) S Elelgrs oo

By Fernique’s theorem,

E\|§Hcg+5([o,T];L’“(9)) =0

It follows that there exists a finite constant /X such that

Ellu(t) — u(s)||7r ) < Kt —s| P07 0<s#t<T.

By the Kolmogorov continuity theorem, the process {u(t)}cjo,7) has a n-Holder
continuous version for each

r r
Since by assumption we have 1 < ¢, the existence of a 3-Holder continuous ver-
sion of {u(t)}4c(0,77, as an L"(p)-valued process, is proved.
Since by assumption we have r > p, the integrability of o implies that L"(p) is
continuously embedded in L?(g). Hence as an LP(g)-valued process, {u(t)}sc[0,1]
has a 3-Holder continuous version as well.

Example 10.7. Suppose ¢ satisfies a uniformly ellipticity condition of order 2m.
Then the invariance condition is automatically satisfied for the weight functions

ol@) = e (b>0)
and
ox) =1 +z)™"  (b>0)
This is the content of [3, Lemma 3.1].
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We return to the functions ¢ from Example 4.1.

(1) g(z) = —iz, z € R (d = 1). Then (10.6) reduces to the condition that
is a finite measure.
(2) q(x) = —|z|%, = € R% Then (10.6) reduces to

1
/Rd A+ [z)e dp(z) < oo.

We see that in the case (1), if the condition (10.6) is satisfied for o = 0 then it
is also satisfied for any o € (0, 1). The following example will show that this in
the case (2) the situation is quite different. In fact, we will provide an example of
a measure y for which the condition (10.6) is true with o = 0 but not with any
a > 0.

Example 10.8. In dimension d = 1, consider the following tempered measure

dp(x) =

For this measure we have

|z]
(14 (Infz])?)

dz.

1
——— du(x) < oo,
/Rl+|x|2 ()

but for all ¢ > 0,

1
ey ) =

11. THE STOCHASTIC SCHRODINGER EQUATION

The stochastic Schrédinger equation requires some modifications to the assump-
tions that have been made up to this point. Let us list the changes:

(1) The function g : R? — C is of class € and satisfies (4.2) and (7.1), but not
necessarily (4.1).

(2) The measure p is assumed to be nonnegative and tempered but not necessarily
symmetric.

(3) All spaces are replaced by their complex counterparts. In particular, this applies
to the spaces .7, ./, 9, 9', LP(p) and L?(u1). For notational convenience, we
will not explicitly express this in our notations. For example, in this section L? ()
will always denote the space of complex-valued square u-integrable functions.

(4) The role of L%S) () is replaced by L?(1).

(5) All operators are complex. This applies in particular to the semigroup {S(¢)}+>0
whose symbol is q.

In Definition 6.1, condition (1) is replaced by

(1c) For each ¢ € ., the process {(¢, W (t))}+>0 is an adapted complex-valued
Brownian motion.

As in section 6, by [12, Theorem 6, p. 169, Theorem 1/, p. 264] for a process
W satisfying conditions (1c) and (2) is equivalent to:
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(2¢’) There exists a nonnegative tempered measure £ on R? such that for all ¢, v €
& and t,s > 0 we have

E((¢, W (1)) (&, W(s))) = (t A 5)[d, ¥] s,

Similarly, in Definition 5.1 the conditions (1) and (2) are replaced by:

(lc) For each h € H, {Wg(t)h}i>o is an adapted complex-valued Brownian
motion;
(2¢) Forall g,h € H and t, s > 0 we have

E(Wy(t)gWr (s)h) = (t A s)lg, hlu-

In this new setting all our results remain true if care is taken with regard to
their proper interpretation. For example, Theorem 4.9 holds true, but with « taking
values in L2 ((0,7); L*(p)).

Let us now consider the Schrédinger equation

du(t) = —% Au(t)dt + dW,(t), t>0,

(11.1) 4(0) = 0.

The symbol of A = —% A is given by
0§ =3P geRr

For this symbol the assumption (H) holds if and only if 4 is a finite measure.
This leads to the following result:

Theorem 11.1. Let 1 < p < coand 0 < p € LllOC be arbitrary and fixed. The
following assertions are equivalent:

(1) Problem (11.1) admits an LP(p)-valued solution;
(2) The measure L is finite and the weight g is integrable.
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