ON CLOSABILITY OF DIRECTIONAL GRADIENTS

B. GOLDYS, F. GOZZI, AND J.M.A.M. VAN NEERVEN

ABSTRACT. Let p be a centred Gaussian measure on a separable real Banach space E,
and let H be a Hilbert subspace of E. We provide necessary and sufficient conditions for
closability in LP(E, ) of the gradient D in the direction of H. These conditions are
further elaborated in case when the gradient Dy corresponds to a bilinear form associ-
ated with a certain nonsymmetric Ornstein-Uhlenbeck operator. Some natural examples of
closability and nonclosability are presented.

1. INTRODUCTION

Let E be a separable real Banach space with norm || - || g and let (i, H) be a Hilbert
subspace of E, that is, H is a separable real Hilbert space and i : H — E is a continuous
inclusion. Let p be a Gaussian measure on £ with the covariance operator C. In this
paper we study the closability in LP(E, ) of the gradient operator Dy corresponding to
differentiation in the direction of H.

If Dy is closable in LP(E, u), we can define the Sobolev space W ;" (E, 1) as the
domain of the closure Dy endowed with the graph norm
1/p

61, = (Il + D]

and the space W}{’p (E, 1) may be identified with a subspace of LP(E, p).

The question whether Dy is closable in LP(E, u) is of some importance in the theory
of diffusion processes and associated second order parabolic PDE’s in finite and infinite di-
mensions. In particular, if D is closable in L?(E, 11) then, under some additional assump-
tions, a symmetric Dirichlet form can be associated to it and the corresponding symmetric
diffusion process can be constructed, see [17] for a thorough exposition of this theory. By
perturbations, this question is also important for the study of nonsymmetric diffusions, see
for example [21] and [11]. Another application arises in the theory of optimal control of
stochastic partial differential equations and it was in fact the main motivation of this paper,
see [15] for details. Consider a controlled stochastic differential equation

{ dX%(t,z) = (AX“(t,x) + a (X" (t,2)) — u(t)) dt + dWg(t),
X*(0,z) =z € E,

in a separable Hilbert space E, where u is a bounded control taking values in H and W
is a standard cylindrical Wiener process with H being its reproducing kernel. A control u
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should be chosen so as to minimize the cost functional
T
J(T,2,0) = E (/ (F (£, XU () + h(u(t)) dt + & (X*(T, 95))) .
0

A well known approach to this problem is to show the existence and uniqueness of solu-
tions to the Hamilton-Jacobi equation

8—;‘(t,x) = Lu(t,z) — F (Dgu(t,z)) + f(t, ),
(b |t o

where L is a generator of the linearized process Z obtained for a = v = 0 and F' is the
Hamiltonian of the system and then to use the Dynamic Programming Principle to identify
the optimal control and the optimal cost. If we assume that there exists a nondegenerate
invariant measure g for Z then equation (1.1) can be studied in the space L? (E, ;1) and
if Dy is closable then the existence and uniqueness of solutions to (1.1) follows from the
Fixed Point Theorem, even for irregular data f and ¢. This argument can be extended to
other, non Gaussian cases, and again the closability of D g is an important ingredient.

Despite the importance of the closability question it seems that there are not too many
definitive results in the infinite-dimensional case. A very general necessary and sufficient
condition may be found in [1], see also the discussion of this problem in Section II.3 of
[17]. However, this condition is rather difficult to check in particular cases.

After some preliminaries in Section 2 we provide in Section 3 necessary and sufficient
conditions for the closability of Dy in LP(E, ) for p € [1,00) and a formula for the
divergence operator D7;. Let us note that the sufficient condition for closability and the
formula for D7; is known to specialists, but not easily available in the literature in the
formulation given here. The necessity of the condition seems to be new.

In Section 4 this condition is used to prove closability of D in case we have Ho C H
with dense inclusion, where H¢ is a certain Hilbert space canonically associated with
C; see Section 2. In this situation we also obtain necessary and sufficient conditions for
compactness of the embedding W}{’Q(E, w) — L2(E, p).

In Section 5 we will be concerned with the case when the measure y arises as an invari-
ant measure of the Ornstein-Uhlenbeck process {Z(t)}+>0 solving a linear equation

{ dZ(t) = AZ(t)dt + dWg(t),

(1.2) Z(0) =z € E,

on E; here A is assumed to be the generator of a Cp—semigroup {S(¢)};>0 on E and
{W(t)}e>0 is a standard cylindrical Wiener process with Cameron-Martin space H.

Under appropriate assumptions, formulated in Section 5, equation (1.2) has a unique
solution given by

(1.3) Z(t,x):S(t)x—l-/O S(t—s)dWg(s).

The process {Z(t, z)}+>0 is Markovian, and if it has an invariant measure y, then the
transition semigroup

R(t)f(x) = E f(£(t,2))

defines a Cp-semigroup of contractions on L?(E, 11) for all p € [1,00). The symmetric
bilinear form associated with the generator L of the semigroup { R(t)}¢>o in L2(E, i) is



given by the formula

£(1.9) = 5 [ 1@)La@) + 9@LF (@) duta) = =3 [ 1Dinf(@), Dug@)ly duta).
Therefore the question whether the form & is closable in L?(E, ), (see pp. 28-31 of
[17] for details) is equivalent to the problem of closability of Dy in L?(E, 11), hence in
LP(E, i) by the result in Section 3.

In Section 6 we reformulate the general results in the important case when £ is a Hilbert
space.

Finally, in Section 7 we apply the general theory developed in previous sections to
present some natural examples of closability and nonclosability of Ornstein-Uhlenbeck
operators. In particular, we show that Dy is not closable if H is one-dimensional and A
generates the semigroup of left shifts in L2(0, co), or if (1.2) is the abstract formulation of
a finite dimensional stochastic equation with delays.

2. PRELIMINARIES

Let E be a separable real Banach space and let C € Z(E*, E) be positive and sym-
metric, that is (Cz*, 2*) > 0 and (Cz*,y*) = (Cy*,z*) for all z*,y* € E*. On the
range of C, the formula

[Ca™,Cy™] = (Ca™,y"),  a",y" € E",

defines an inner product. The completion of range C' with respect to this inner product
is denoted by H¢. This is a separable real Hilbert space, the reproducing kernel Hilbert
space (RKHS) associated with C. The inclusion mapping from range C' into E extends to
a continuous inclusion, denoted by i, of He into E. Thus, (i¢, H¢) is a Hilbert subspace
of E, and we have the operator identity

C= ic o sz
The inner product of H¢ will be denoted by [, | . -

If p is a centred Gaussian measure on F, then its covariance operator C' € .Z(E*, E)
is positive and symmetric, as may be seen from the identity

/ (z, ") (x,y") du(z) = (Cz*,y*), a*,y* € E".
E
The mapping
¥ Z*Cx* = <7x*> € LQ(E,,U,)
is well defined and extends to an isometric isomorphism from H¢ onto a closed linear
subspace .7 of L?(E, ). Instead of p(h) we shall write (p,.

For p € [1,00) we denote by LP(E, ) the Banach space of p-integrable functions
f: E — R endowed with the norm

i1, = ([, IIf(x)II”du(x))l/p-

For f,g € L?(E, i) we write

fogl = /E f(@)g(x) d(z).
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If H is a real Hilbert space, then in a similar way we define the space LP(FE, u; H) of
H-valued p-integrable functions on E. We use the notation

. gh = /E (@), 9(2)) 1 du(z)

for the duality between LP(E, u; H) and L4(E, u; H), 1—17 + % =1.For f € LP(E, u; H)
and h € H we write [f, h]y to denote the function whose value at the point z € F is
[f(x), h]g. The inner product of L2(E, u; H) is also denoted by [-, -] 7.

3. THE ABSTRACT RESULTS

As before we let E be a separable real Banach space and p a centred Gaussian measure
on E with covariance operator C.. Let (i, H) be a Hilbert subspace of F.

Lemma 3.1. For each x* € E*, the function (-, x*) is Fréchet differentiable in the direc-
tion of H. Its derivative Dy (-, x*) : E — H is the constant function

Dy(-,z%) =1®i*z".
Proof. Forall z € E and h € H we have, upon identifying / and ih,
(x + h,x*) — (z,2") = (h,x™) = [h,i" 2",
which shows that (Dg (-, z*))(z) = i*z*. |

Let p € [1,00) be fixed. By ZC}(FE) we denote the linear subspace of L?(E, p)
consisting of all functions ¢ : ¥ — R of the form

3.D O(z) = o((x, 21), ..., (z,7%))

for certain k > 1, z3,...2} € E* and ¢ € C}(RF), the space of continuously differen-
tiable bounded functions on R¥ with bounded derivative. The space .#C} (E) is a dense
subspace of LP(FE, 11); as a subspace of L>°(F, u) it is weak*-dense.

If ® € ZC}(E) is given by (3.1), then @ is Fréchet differentiable in the direction of H
with derivative

(3.2) (Du®)(x) = Z —((a:, zy), ..., (z,2)) ® A

Thus we can define a densely defined linear operator (Dp, Z(Dyr)) from LP(E, 1) into
LP(FE, u; H) with domain
9(Du) == FCy(E)
by putting
(D (®))(x) == (Du®)(z), re€E, ®ePDn).
Let Q € Z(E*, E) be defined by @ := ¢ o i*. Throughout this section we make the
following

Assumption 3.2. ker C' C ker ).

This assumption is for instance satisfied if i is nondegenerate, in which case we have
ker C' = {0}.
We define a densely defined operator (V, Z(V)) : Hc — H by

(V) = {ita* : 2* € B,
V(iga) =iz, it e 9(V).
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Thanks to Assumption 3.2 and the identities ic o i, = C and i 0 ¢* = @), the operator V'
is well defined.

Lemma 3.3. Forall® € 2(Dy) and h € 2(V*) we have
/ [DHq),h]H d,u = / (I)(PV*}L d/L
E E

Proof. Letz* € E* be given. Upon identifying V*h and ic(V*h) we have
Ov-n(-,2")(z) = 1}?01@ +tV*h,x*) — (x,z¥)
= (V*h,x™) = [V*h,iga" |, = [i"2", hla.
Let ® be given by (3.1). Then,

k
Orn2(@) = 3 2 (wa1), s o)) Ovend 2 @)
j=1 "
k
- %(@,m, o gD B = [Dr(z), b,

Hence by [2, Theorem 5.1.8],

(3.3) /[DHCP,h]Hd,u:/ 6V*hCI>d/L:/ & vy du.
E E E
[ |

We will be interested in conditions under which (Dg, Z(Dyr)) is closable as operator
from LP(E, ) into LP(E, u; H). The following general criterion for closability can be
found in many textbooks.

Proposition 3.4. Let X and Y be Banach spaces. A linear operator (S, 2(5)) from X
into'Y is closable if there exists a weak*-densely defined linear operator (T, 2(T)) from
Y* into X* which is adjoint to S in the sense that
(Sz,y") = (2, Ty"),  x€2(5), y" € 2(D).
Conversely, if (S, 2(S)) is closable and densely defined, then its adjoint (S*, 2(5*)) is
weak*-densely defined.
After these preparations we can prove the main result of this section.

Theorem 3.5. Let 1 < p < co. The following assertions are equivalent:
(1) The operator (Dy, 2(Dg)) is closable from LP(E, p) into LP(E, u; H);
(2) The operator (V, 2(V')) is closable from H¢ into H.
If these conditions hold, then (D) @ 2(V*) C 2(D3%;) and
DE(‘P@h):\I/(pv*h—[DH\I’,h]H, \I’E.@(DH), hED(V*)

Proof. 1=2: Suppose h,, — 0in H¢, with h,, € Z(V) for all n, and Vh,, — gin H. We
have to show that g = 0.
Write h,, = ix;, with ), € E*. Then
i*x;, =Vh, —gin H
and

*

<' ,33n> = 4101*0:6;; = @h,, — 0 in Lg(E,‘LL)
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After passing to a subsequence if necessary, we may assume that lim,,_, o (z, z}) = 0 for
p-almostall z € E. Let ¢ € C} (R) satisfy ¢(0) = 0 and ¢’ (0) = 1. Then for the function
G, :=o((-,2})) € Z(Dp) we have

lim &,(z) = hm d((z,x)) = $(0) =0 for y-almostall x € E,

and therefore
lim @, =0 in LP(E, p)

n—oo

by dominated convergence. On the other hand,
Dy®, = ¢'((-,2},)) @iz},

Hence,
Jim [[Dp®n = 1@ 9070 p 0 = nhggo/ 10 ((z, 25)) @ i*ay, — g%, du(z) = 0

by dominated convergence, where we used that lim,, .o ¢'((-,z%)) = ¢'(0) = 1 p-a.e.
and lim,_, ¢*z = g. But Dy being closable, this forces that g = 0.

2=1: From (3.3) we deduce that forall h € Z(V*) and ®,¥ € (D),

(@, pyep) Z/ OW v -p, dp
B

- / Dy (BT), 1] dp
E

34
:/[(DH(I))\I/7h]Hd/L+/[q)DH(\IJ),h]Hd,u
E E
= [DH(I), U ® h]H + <(I), [DH\I’, h]H>
Hence,
<DH(I>7\IJ & h> = <(I)7\Ij(pV*h> - <<I)v [Dquvh]H> = <<I)5T(\Ij® h’)>7
where

T(\IJ(X)h) = \I/(pv*h—[DH\I/,h]H, \IJG.@(DH), hED(V*)

It follows that the operator (T, 2(T")), with domain 2(T) = 2(Dy) @ 2(V*), from
LY(E, u; H) into LI(E, p) (5 + ¢ = 1) is adjoint to (D, 2(Dir)).

Since V is closable, 2(V*) is densely defined. Therefore the domain 2(T") is weak*-
dense in LY(E, u; H). It follows from Proposition 3.4 that (Dy, 2(Dp)) is closable. W

Example 3.6. It is well known that the directional derivative D j;., the so-called Malliavin
derivative associated with p, is closable. This follows immediately from the theorem by
taking H = H¢, in which case we have V' = .

Example 3.7. Letb € E, ||b]| = 1, be given and let H be the one-dimensional subspace of
E spanned by b. Denoting the inclusion mapping of H into F by i, we have i 0i* = b®b.
Assuming that ker C' C ker (), we claim that D g is closable if and only if b € H¢ (in order
to simplify notation we identify both H and H ¢ with linear subspaces of E). This will be
used in Section 7.

To see this, first note that every densely defined linear operator on H is everywhere
defined. Therefore by Proposition 3.4, Dy is closable if and only there exists a linear
operator V* : H — H¢ with

[Vh,b]H = [h,V*b]HC, h e He.



If such V* exists, then V o 4%, = ¢* implies (ic o V*)b = ib = b. Hence b = V*b € Hc.
Conversely, if b € H¢, then V*b := b defines an operator from H into H¢c which is
adjointto V.

We close this section by commenting on the role of .# C}}(E) as the initial domain on
which Dy is defined. Clearly, if D is closable on the domain .# C}} (E), then Dy is also
closable on any smaller domain, e.g. on .#CS¢°(E). Moreover, by a modification of the
arguments above, D is also closable on the domain .# P(E) consisting of all cylindrical
polynomials.

4. COMPACTNESS OF THE EMBEDDING W ;*(E, ) < L*(E, 1)

Throughout this section we assume that Assumption 3.2 holds. We recall that this is for
instance the case if 1 is nondegenerate. We also fix p € [1, 00).

In this section we will analyze the case where we have an inclusion Ho C H. In our
first result, which is rather general, we identify H with a linear subspace of E.

Theorem 4.1. Suppose there exists a linear subspace Y of E* such that C(Y') is dense in
H. Then the operator (Dy, 2(Dg)) is closable from LP(E, u) into LP(E, u; H).

Proof. To check that (V, 2(V)) is closable we show that its adjoint is densely defined.
Let j denote the linear operator from Y into H given by ja* := Cz* for 2* € Y. Note
that for all #* € Y we have ija* = Cz*. Hence forall z* € Y and y* € E*,
bz™ V0igy™)la = [ja*,i%y"|n = (ija”,y") = (Cx™,y") = licz™, icy e
This shows that j(Y) C 2(V*) and
V*(jz*) = iga”, z*ey.
By assumption, j(Y") is dense in H, so V* is densely defined. [ ]

It is well known (cf. [7, Appendix B]) that Ho C H (as subsets of F) if and only if
there exist a constant X > 0 such that

(Cz*,z") < K(Qa", z"), ¥ € B,
or equivalently,
liga*||%, < Klli*z*[|F,  o* € B
In this situation the map V=1 : i*2* — i%a* is well defined and extends to a bounded

linear operator, also denoted by VvV~ from H into Hc.

Corollary 4.2. Assume that Hc C H. The following assertions are equivalent:
(1) The operator (Dy, (D)) is closable from LP(E, p) into LP(E, u; H);
(2) Hc is dense in H.

Proof. Noting that the set {i-a* : 2z* € E*} is dense in Hc, the implication 2 =1
follows immediately from Theorem 4.1. It remains to prove that 1 implies 2. Let us denote
the inclusion mapping Hc — H by j. For all *, y* € E* we have

liGicz™), 1"y |u = ((i 0 j)(icz™),y")
= (ic(icz"),y")
lica™, icy™|me

[ic

ica®, V(Y be
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It follows that j = (V' ~1)*. Let us suppose now that Hc is not dense in H. Then there
exists 0 # g € H such that [jh, g]g = 0 for all h € Hc. Choose a sequence (z)) in E*
such that lim,,_, . +*z) = ¢gin H. For all h € Hc we have

lim [h,igal ], = lim [h, V7 (i*2!) g, = lim [jh,i*2z5] g = [jh, ]z = 0.

This shows that lim,, . i¢x;, = 0 weakly in H¢c. By the Hahn-Banach theorem we may
choose convex combinations y;: of the elements from the sequence () such that

lim igy; =0
n—oo

strongly in Hc¢; by choosing v in the convex hull of {z} : k > n} we further arrange
that lim,,_,~ 4*y;; = g. But then

lim V(icy,) = lim "y, =g #0,
and it follows that V' is not closable. [ |

Under the assumption that Ho C H densely, the following result gives necessary and
sufficient conditions for the embedding W > (E, u1) < L2(E, ) to be compact:

Theorem 4.3. Let Ho C H with dense inclusion. Then the following assertions are
equivalent:

(1) The inclusion W3 (E, u) — L*(E, i) is compact;

(2) The inclusion Ho — H is compact;

(3) The operator V=1 : H — H is compact.

Proof. 1=3: If V! is not compact we can find a bounded sequence (h,,) in H such that
(V~'h,,) fails to be totally bounded in H¢. Define f,, = ¢y -1, . Then f, € 2(Dpg),
Dy fn=1® hy,, and and

1 lfs g = lev-n, T2em + 11® hnllLz(p oy = IV hnll e + 1l
This shows that ( f,,) is bounded in VV;ﬁ(E7 ). On the other hand, from

”fn - f7nHL2(E,u) = ||V_1hn - V_lhm”Hc

it follows that (f,,) is not totally bounded in L?(E, 1). We conclude that the inclusion
W (E, i) C L?(E, ) fails to be compact.

3=>2: Let us denote the inclusion mapping H- — H by j. As we have seen in the
proof of Corollary 4.2 we have j* = V~1. The compactness of V' ~! therefore implies that
7%, and hence j, is compact.

2=-1: This follows from [19, Theorem 3.1]. [ |

For Hilbert spaces F and p € (1,00) it is proved in [5] that compactness of the em-
bedding W j;*(E, 1) < LP(E, i) is equivalent to the above conditions 2 and 3. If E is a
Hilbert space and each eigenvector of C' is also an eigenvector for (), our characterization
reduces to the one obtained in [9]. In both papers the result is formulated in terms of the
operator D o} introduced in Section 6. Further embedding results in the Hilbert space case
may be found in [12, 13].

We conclude this section with a result that in some sense parallels Theorem 4.1.

Theorem 4.4. Suppose there exists a linear subspace Y of E* such that Q(Y') is dense in
Hc. Then the operator (D, (D)) is closable from LP(E, p) into LP(E, p; H).



Proof. To check that (V, 2(V')) is closable we show that its adjoint is densely defined.
Let j denote the linear operator from Y into Ho given by jz* := Qx* for z* € Y.
Note that for all z* € Y we have i¢jz* = Qx*. Hence all z* € Y and y* € E*,
(1", Viiey")u = [i"2%, iy |m = (Qa7,y") = [jz", icy |ne-
This shows that i*(Y) C 2(V*) and
V*(i*z") = ja¥, z*eY.

By the assumption on Y, this shows that V' * is densely defined. [ ]

For Hilbert spaces I, this result was obtained by Fuhrman [14]. Theorem 4.1 may be more
useful, however, as the practical applicability of Theorem 4.4 seems to be restricted mainly
to the case where FE is Hilbertian and () = I (in which case Theorem 2.6 applies as well).

5. GRADIENTS ASSOCIATED TO ORNSTEIN-UHLENBECK OPERATORS

As before, E is a separable real Banach space and (¢, H) is a Hilbert subspace of E. In
this section we apply our abstract results to the situation where y is an invariant measure
of the stochastic Cauchy problem

{ dZ(t) = AZ(t)dt + dWx(t),

-1y 2(0) = .

Here {Wg (¢)}:>0 is a standard cylindrical Wiener process with Cameron-Martin space
H and A is the generator of a Co—semigroup S = {S(¢)}+>0 on E. A weak solution of
equation (5.1) is a predictable E—valued stochastic process {Z(¢)}+>0 such that for all
x* € D(A*) the function s — (Z(s), A*x™) is almost surely integrable on [0, 7] and

<Z(t),x*>:<S(t)x,x*>+/0 (Z(s), A*x*) ds + Wy (t), e g,  t>0.

For more details we refer to [3], where it is shown that equation (5.1) has a unique weak
solution (for some, and hence for all, x € F) if and only if for all £ > 0 the operator
Q: € Z(E*, E) defined by

t
Qia* = / S(s)QS*(s)z" ds, z* e EF,
0

where Q = i o i*, is the covariance operator of a centred Gaussian measure j; on F.
Throughout this section we make the following
Assumption 5.1. Equation (5.1) has an invariant measure |1, whose covariance operator
Qoo is given by the improper integral
o0
Qua'ay) = [ (SG)QS ()" ) ds, oty € B
0

This assumption is satisfied whenever the family of measures {1 }+>0 is tight; in this
case we have p; — [ weakly.
The following lemma shows that Assumption 5.1 implies Assumption 3.2 for C' = Q) .

Lemma 5.2. ker Q, C ker Q.
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Proof. Let (i, Hx) denote the RKHS associated with the operator @ ».; cf. Section 2.
Suppose Qoox™ = 0 for some z* € E*. Then i5_x* = 0 and from

itz 3 = (Quoz® ") = / (S(5)QS" (s)a", ") ds = / 15" (s)z* |3 ds
0 0

it follows that i*S*(s)z* = 0 for almost all s > 0. But ker:* is weak*-closed, and
therefore the weak*-continuity of S* shows that i*z* = 0. Hence Qz* = 0. [ ]

In the results that follow we will derive various sufficient conditions for closability of
the gradient Dy in LP(E, o). We will always assume p € [1, 00) to be fixed.

The next result is concerned with the case when L = — 3D}, Dy in L? (E, jioe) Which
is studied in [6] and [16]. Hence L is symmetric in L? (E, i) and the closability of Dy
follows from the general theory as presented for example in [17]. Here we provide a short
and independent argument.

Theorem 5.3. If S(t)Q = QS*(t) forallt > 0, then (Dy, 2(Dg)) is closable as an
operator from LP(E | jio) into LP(E,| 1o H).

Proof. We need to check that the operator (V, Z(V)) is closable from H, into H. Sup-

pose that () is a sequence in E* such that ¢z} — 0in H and i*x) = V(i z}) — g

in H. Then Qx}, = i(i*z}) — ig in E and therefore
1 1
[ Isyiglds = im [ S()Qa P ds
0 n—oo 0

1
= lim / 1QS* (s | ds
n—oo O

n—oo

1

< [}i]? lim sup / 5™ (s)a |2 ds
0
o0

< il lim sup / 15" (s)a |2 ds
0

n—oo
= [ld]|* limsup [|i%z} 1%,
n—oo
=0.
Hence ||S(s)ig|| = 0 for all s € [0, 1], and hence g = O since S is strongly continuous and
1 is injective. [ |
Next we will analyze what happens if H is S—invariant.

Lemma 5.4. Suppose S(t)H C H forallt > 0 and define the operators Sy (t) : H — H
by restriction. Define
9(T) :={i*z": 2" € E*},
T x*)(t) := SE(t)i*z™, t>0,iz" € 9(T).
For each i*x* € 2(T), the function T (i*x*) belongs to L*((0,0); H), and the operator
(T, 2(T)) is closable from H into L*((0,00); H).
Proof. The closed graph theorem shows that Sy (¢) is bounded for each ¢ > 0. By dualiz-
ing, from i o Sy (t) = S(t) o ¢ it follows that
St)i*z* = i*S*(t)z", t>0,z" € E".
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Hence,
(5.2) /0 IIT(i*x*)(t)II?qcllt=/0 [[*S* (1) |5y dt = [li%a™ ||, -

Hence T'(i*2*) € L*((0,00); H) and ||T'(iz*)|| £2((0,00);1) = I|i%e®* || 1., for all i*a* €
2(T).

Next suppose i*x — 0in H and T'(i*z}) — fin L?((0,00); H). Passing if necessary
to a pointwise a.e. convergent subsequence, we have for almost all ¢ > 0:

F(t) = lim T@*2)(t) = lim Sg(t)i*z? = 0.

With the notation introduced in this lemma we have the following result:

Theorem 5.5. Suppose S(t)H C H forallt > 0. The following assertions are equivalent:

(1) The operator (D, (D)) is closable from LP(E, poo) into LP(E, pioo; H);
@) ker T = {0}.

Proof. Suppose x* € ker (). Then z* € ker i*, and in view of i*S* (t)z* = S}, (¢)i*2* =0
it follows from the second identity in (5.2) that 2* € ker (). In combination with Lemma
5.2 we conclude that ker Qo = ker@). It follows that V' is a bijection from Z(V") onto
P(T), and for its inverse V=1 : 2(T) — 2(V) we find from (5.2)

1T @) 20,00y = IV T2 e, 72" € D(T).
Since (T, 2(T)) is closable, so is (V =1, 2(T')); moreover we see that ker T’ =ker V1.

1=2: Since (Dg, Z(Dp)) is closable by assumption, (V, Z(V)) is closable. Suppose
h ckerV-1. Then there is a sequence i*z’ — h in H with V~'i*z* — 0. From
V(V—li*z¥) = i*z¥ — h and the closability of V' it follows that 0 = V0 = h. Hence,
ker T =ker V-1 = {0}.

2=1: If ker T = {0}, then ker V-1 = {0}. Now suppose i’ x — 0 in H., and
Vit z¥ = i*z% — yin H. From V=1i*z¥ = i*_a* — 0it follows thaty € 2(V ') and

V—1y = 0. Hence y = 0. This shows that V, and therefore D g, is closable. [ ]

Corollary 5.6. Suppose S(t)H C H forall t > 0 and assume that the semigroup Sy is
strongly continuous on H. Then the operator (D, 2(Dg)) is closable from LP(E | jiso)
into LP(E, lioo; H).

Proof. Suppose h € 2(T) and let i*z} — h in H be such that T(i*z}) — Th in
L?((0,00); H). Passing if necessary to a pointwise a.e. convergent subsequence, we see
that for almost all ¢ > 0,

Th(t) = lim T(*2)(t) = lim S§ ()it = Sk (t)h.

n—oo n—o0

Hence Th(t) = S (t)h for almost all t > 0. If Th = 0, then the strong continuity of S*%
implies h = 0, and therefore ker 7' = {0}. [ |
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Remark 5.77. Mutatis mutandis, the results of this section can be extended to the problem

{ dZ(t) = AZ(t)dt + BdWg(t),
Z(0) = x,

where now H is an arbitrary separable real Hilbert space and B : H — FE is bounded and
linear. The role of H as being the RKHS associated with () = i o ¢* is then taken over by
the RKHS Hp, of the operator R = B o B*. As a Hilbert subspace of E, Hr equals the
range of B, with norm given by the formula

|Bhllay = [|Phla,  heH,
where P is the orthogonal projection in H onto (ker B)=.
6. THE CASE WHEN FE IS A HILBERT SPACE

In this section we specify the previous results in the important case when E is a Hilbert
space. We will use the framework introduced in books [7, 10].
Let E be a Hilbert space. One may consider the operator (DQ% .9 (DQ% )) acting from

LP(E, ) into LP(E, p; E) defined by :@(DQ%) = ZCL(E) and
1
D, ®= Q2 o D, ®c @(DQ%),
where D is the Fréchet derivative (into the direction of F). If

(I)(x) = ¢(<.Z‘,.Z‘T>, EE) <33a3372>)

for certain z7, ..., 7} € E and ¢ € C}(R¥), then
k
8¢ * * 1 %
DQ%‘I)(HB) = o a7j(<x7xl>7 cet <3§‘,ka>) ® Qijv
whereas
00, 4 o ot
Dp®(z) = — ((z,27), ..., (z,2})) @i ;.
=1 8(Ej

It follows that Dy = R o DQ% , where R := Q% as an operator from £ onto H. Since for
all z* € E we have
1Q2a" 1% = (Qa*,2") = [li*a" |}
we see that DQ% is closable as an operator from LP(E, ) into LP(E| u; E) if and only if
Dy is closable from LP(E, ) into LP(E, u; H).
We can also reformulate the closability of V' in terms of the operators C' 2 and Q%. To
this end we define an operator (W, 2(W)) : E — E by

W) = {C’%a: :x € FE}=He,
W(C3z):=Q*z  (x € E).
Identifying E and its dual, we have
QW (C?z) = Qu = i(i*)z =iV(itx), x€E.

If we think of C'2 and Q? as bounded operators from E onto Ho = Im (c %) and H =
Im (Q?2) respectively, we can rewrite this as

Q*Wh=VC2h, helm(C?).
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We claim: if ker @ = {0}, then W is closable in E if and only if V is closable from H¢
into H.

Assume first that I is closable, and suppose that h,, — 0 in Ho and Vh,, — y in
H. Since ker C' C ker Q@ = {0} by Assumption 3.2, the operator C'z : E — He is an
isomorphism. Denoting z,, := C-2 h,, we have z,, — 0 in F and Q%Wxn = VC%xn =
Vh, — yin H. The operator Q% : ' — H is an isomorphism as well, and therefore
Wy, — Q_%y in E. The closability of W gives Q_%y =0,s0y =0.

Assume now that V' is closable, and suppose that ,, — 0 and Wx,, — y in E. Then
C2x, — 0in Hoand VCz2z, = Q2 Wz, — Qzyin H. The closability of V' then gives
Qzy = 0. It follows that y € ker Q = {0}, so y = 0. This proves the claim.

Combining what we just proved with Theorem 3.5, we obtain:

Theorem 6.1. Assume that ker Q = {0}. Then the following assertions are equivalent:

(1) The operator Dy is closable from LP(E, ) into LP(E, u; H);
(2) The operator DQ 1 is closable from LP(E, 1) into LP(E, u; E);

(3) The operator W is closable in E.

In a similar way we can reformulate the conditions for the compact imbedding of
W 2B, ) into L*(E, ).

Let us finally consider the equation

{ dZ(t) = AZ(t)dt + dWy (t),
Z(0) =z,

on E. If E is a Hilbert space, a weak solution is given by the variation of constants formula
t
Z(t) = 5(t) +/ St —s)dWg(s), t>=0,
0

provided the operators (); are of trace class on E and the existence of the invariant measure
oo amounts to the assumption that . is of trace class as well. In this case we may take
C' = (Q and all the results of Section 5 hold as well.

7. EXAMPLES

In this section we use the previously developed theory to study the closability and non-
closability of some Ornstein-Uhlenbeck operators. In particular we provide two examples
of nonclosability (a first order equation and a delay equation) which show that such a ‘bad’
behaviour may appear quite naturally. We also present an example where closability fol-
lows from the results of Section 3.

7.1. Stochastic PDE of first order. Let us consider the stochastic partial differential equa-
tion

b y(0) = o,
where {B(t) }+>0 is a standard Brownian motion and b, yo € E = L?(0, c0). Without loss
of generality we may assume that ||b]| = 1. This process is closely related to the Gaussian
Musiela model of interest rates, see [18] for more details.

In order to apply our results of the previous section we let (i, H) denote the one-
dimensional Hilbert subspace of F spanned by the function b. Then b B(t) may be iden-
tified in the natural way with a standard Wiener process Wy (t) whose Cameron-Martin

{ dy(t) = 8¢ dt + bdB(t),
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space is H. Let
S(t)x(¢) = x(t +¢)
denote the semigroup of left shifts on E. Then the E/-valued process
t t
Z(t) = S(t)yo + / S(t—s)bdB(s) = S(t)yo + / (S(t—s)oi)dWgl(s)
0 0

is the solution to (7.1). Let us make the following assumptions:

(7.2) /Oo S ()b]|%dt < oo,
0

(1.3) lin{S{H)b:t>0}=E.

It follows from the results in [7, chapter 11], that (7.2) and (7.3) are necessary and sufficient
for the process {Z(t)}+>0 to have a unique nondegenerate invariant measure f, whose
covariance operator (., is given by

Qoof = /OOO S(t)(b® b)S*(t)f dt.

We will show that Dy is not closable from LP(F, i) into LP(E, u; H) for any p €
[1,00).

Assume, for a contradiction, that Dy is closable for some p. Then by Example 3.7,
b € Hs. By the result in [7, Appendix B] this implies the existence of a function u €
L?(0, 00) such that

/00 S(s)bu(s)ds =b.
0

Then for almost all ¢ > 0 we have

(7.4) b(¢) = /000 b(¢ + s)u(s) ds

and hence by the Cauchy-Schwarz inequality,

1

@.5) w@ng(mewwm)ﬂmm.

It follows that b € L°°(0, c0). By a similar estimate, for almost all 0 < {; < {2 we have

bc2) = b(@ < [ (Gt ) = b(G+ o) fu(o) ds
00 1
<([ m@-a+o - a) ful,
which shows that b has a continuous representative. Finally, by (7.5),
Jim [5(0)] = 0.
Therefore, (7.4) can be rewritten in the form
(S(¢)b,00 —uy =0, t=0.

Since lin {S(¢)b :

t > 0} is dense in L?(0, 00) the functional 6y — u extends to the zero
functional on L?(0, 0o

), a contradiction.
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Remark 7.1. More generally the above argument implies that each z € H, can be rede-
fined on a set of measure zero as to become a continuous function on [0, co) vanishing at
infinity.

7.2. Delay Equations. Let us consider the following stochastic differential equation with

adelay r > 0:

(7.6) { da(t) = (aoa(t) + arx(t —r)) dt + dB(t),

z(0) = xo, 2(0) = x1(0), 6 € [-r,0).
This equation may be rewritten as a stochastic evolution equation in the space £ = R X

L?(—r,0). To this end note first that for h = ( io ) € E the equation
1

y(t) = aoy(t) + ary(t — ),
an { o o e o s om0
can be rewritten as
Y(t) = AY (1),
(7.8) { Y (0) = b,

where the operator A on E is defined as

@m):{(f$)>:fewﬂ%—ﬁm}

_( aof(0)+aif(-r)
Af_< df /b , fe2A).
It is well known that the operator A generates a strongly continuous semigroup {S(¢)},-
in F and that Y (¢) := S(¢)h is a mild solution of (7.8). Concerning the stochastic equation
(7.6) it may be shown (see [4] and [10, Chapter 10]) that it has a unique solution x and the
process

ﬂﬂ:(xé@)>eE7t>Q

is the unique mild solution of the stochastic linear evolution equation
dZ(t) = AZ(t)dt + bdB(t),

ﬂm:(%

(7.9) ) cE
T ’

where

1
(7.10) b= ( 0 ) .
We assume that
ap <1, ap<—a; </7%+dd.

where v € (0,7) and ycothy = ao. Under this condition (see e.g. [10, Chapter 10])
equation (7.9) has a unique invariant measure L, with nondegenerate covariance operator
Q oo. Moreover, the semigroup {.S(t) }+>0 is uniformly exponentially stable, implying that
the solution y(-) of (7.7) belongs to L?(0, cc).
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We will show that the operator Dy is not closable on L?(FE, ji~,). By the result in
Example 3.7, Dy is closable if and only if b € H,, the RKHS associated with Q. By
the result in [7, Appendix B] b € H if and only if

(7.11) /00 S(s)bu(s)ds=1b
0

for a certain u € L?(0, 00). Consider equation (7.7) with 2y = 1 and 21 = 0. It is easy to
check that the solution is continuous after time ¢ = 0 (see also [4]) and

(7.12) S(t)b:( vt} )

Assume now that there exists u € L?(0, 00) such that (7.11) holds. Then by (7.12) and
(7.10),

| wsputsyas = 1.
0
and -
/ y(s+ 0)u(s)ds =0, fora.a. € [—r0).
0

Finally, taking into account the strong continuity of the Cy-semigroup of translations in
L?(0, 00) and the fact that y € L?(0, o) we see that this is impossible.

Remark 7.2. For simplicity of presentation, we considered a one dimensional case of sto-
chastic delay equations. In fact the same result holds in the following more general situa-
tion. Take a linear d-dimensional stochastic delay equation of the following type

(7.13) { da(t) = [aoa(t) + XL, aialt +0:)| dt +baB(@),
2(0) = zo, 2(0) = 21(0), 0 € [-1,0),
with a finite number of delays
—r=0; <6 <..<6ly<0.

We assume that ag, a1, ..., a are suitable d x d matrices, { B(t)}+>0 is an m-dimensional
Brownian motion and b is a d x m matrix. If there exists an invariant measure pi, for the
above equation (7.13) (see [10, Chapter 10] for conditions that guarantees this property),
then Dy is again not closable by an argument similar to that in the above proof.

7.3. Ornstein-Uhlenbeck Process in Chaotic Environment. In this subsection we con-
sider the so-called Ornstein-Uhlenbeck process in a random environment, see [10]. We
shall use the framework considered in [20]. Let ¥ € C*° (R?) be an even and strictly

positive function such that 9(¢) = e~I¢l for [¢| > 1. For p € R we put 9,(¢) = 97(¢).
We will denote by L2 the weighted L?-space endowed with the norm

ol, = ([ (©70,00 d<>1/2 |

For p = 0 we write L? instead of L2. If p > 0, then L* C L2 with continuous inclusion.
Let
Apz(Q) = > aa(Q)Dz(¢),

la|<2m

where m < 2d and the functions a, € C' (R?) are bounded. We assume that Ay is
uniformly elliptic in L2. Then by the result in [20] A has a unique extension to a generator
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A of an analytic Co-semigroup {S(t)}¢>0 in L for every p > 0. In the space L2 we will
consider a linear equation

(7.14) { dZ(t) = AZ(t)dt + dW (t),

Z(0)=ze L2,

where {W (t)};>0 is a standard cylindrical Wiener process on L2. By the results in [20]
the variation of constants formula (1.3) is meaningful and defines a solution to (7.14) in
L2

P

Assume now that there exists an invariant measure [, for (7.14) in L%. It is well
known that then 1o, is nondegenerate. Noting that L? is invariant under {S(¢)}:>0 and
that {S(t)}+>0 restricts to a Cp-semigroup on L2, it follows from Corollary 5.6 that the
gradient operator D2 is closable in LP(L?, pio) for all p € [1,00) and p > 0.

Remark 7.3. Let a = (a;;). If for a certain w > 0,
19,)/21419,/3/2 — div (ﬁp/QGVﬁp/g) < —w

in sense of distributions, then the semigroup {S(¢)}+>0 is uniformly exponentially stable
in L2 and therefore there exists a unique invariant measure for {Z(t)};>o. In particular,

this is true if d = 1, A = A — m withm > £, see p. 192 of [10].
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