SIAM J. CONTROL OPTIM. (© 2005 Society for Industrial and Applied Mathematics
Vol. 43, No. 4, pp. 1313-1327

NULL CONTROLLABILITY AND THE
ALGEBRAIC RICCATI EQUATION IN BANACH SPACES*

J. M. A. M. VAN NEERVENf
Abstract. By a recent result of Priola and Zabczyk, a null controllable linear system
y'(t) = Ay(t) + Bu(t)
in a Hilbert space E is null controllable with vanishing energy if and only if it is null controllable
and the only positive self-adjoint solution of the associated algebraic Riccati equation
XA+ A*X —XBB*X =0

is the trivial solution X = 0. In this paper we extend this result to Banach spaces with an ele-
mentary proof which uses only reproducing kernel Hilbert space techniques. We also show that null
controllability with vanishing energy implies null controllability.
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Let A be the generator of a Cy-semigroup on a real Banach space E and let B
be a bounded linear operator from a real Hilbert space H into E. The pair (A, B) is
said to be null controllable with vanishing energy if for all x € E and all € > 0 there
exists a time ¢ > 0 and a function v € L?(0,t; H) satisfying ||u| £2(0,+;1) < € such that
the mild solution y™* of the linear control problem

Y'(s) = Ay(s) + Bu(s) (s €[0,1]),
y(0) ==

satisfies y**(t) = 0. The pair (A, B) is said to be null controllable in finite time
if there exists a fixed time tg > 0 such that for all x € E there exists a function
u € L?(0,tp; H) such that the mild solution of the problem (0.1) satisfies y*®(ty) = 0.
For Hilbert spaces E, Priola and Zabczyk recently proved that a pair (A, B),
which is null controllable in finite time, is null controllable with vanishing energy if
and only if the only positive self-adjoint solution to the algebraic Riccati equation

(0.1)

XA+A*'X -XBB*X =0

is the trivial solution X = 0 [10]. One of the main ingredients of the proof is the
fact that a certain differential Riccati equation is solved in terms of a minimal energy
functional. In this paper we extend the Priola—Zabczyk result to Banach spaces with a
different proof which is based on reproducing kernel Hilbert space techniques, and we
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show that null controllability with vanishing energy in fact implies null controllability
in finite time. Our approach relies upon the identification of the space H; of points
that are reachable in time t as the reproducing kernel Hilbert space associated with
the operator Q; € L(E*, E) defined by

t
Qix” ::/ S(s)BB*S*(s)x* ds (z* € EY).
0

The square norm ||k[|;, can be interpreted as the minimal energy needed to reach
the state h € H; in time ¢ starting from the origin. The basic problem is then to
understand how this minimal energy varies with h and ¢. Our main result in this
direction is Theorem 2.5, which describes the instantaneous rate of change of the
minimal energy along curves in H; as time progresses. It is used to obtain an explicit
positive symmetric solution X (¢) for a differential Riccati equation. As in [10], the
weak operator limit X = lim;_, o, X (¢) then turns out to be the maximal positive
symmetric solution of the algebraic Riccati equation, and null controllability with
vanishing energy is equivalent to the condition that X = 0.

For more information about null controllability and Riccati equations as well as
applications to various control systems we refer to [1, 2, 3, 4, 7, 8, 12, 13].

1. Reachable states and reproducing kernels. The mild solution of the
problem (0.1) will be denoted by y**. Thus,

yrr(s) == S(s)x + /OS S(s —r)Bu(r)dr (s €[0,¢]).

An element h € E is reachable in time t if there exists a control u € L?(0,t; H) such
that y“C(¢t) = h. The collection H; of all elements that are reachable in time t is a
linear subspace of E which is a Hilbert space with norm

2%, = i {lull 20,y = w € L2(0,8 H), y™°(t) = h}.

Thus, [|A|%, is the minimal energy needed to steer the system from 0 to % in time ¢.
Notice that H; equals the range of the operator L; € £(L?(0,t; H), E) defined by

Lf ::/0 S(t—s)Bf(s)ds.

It is easy to check that Lyz* = B*S*(t —-)a* for all 2* € E*. Consequently, Lyo L} =
Q+, where Q; € L(E*, E) is defined by

(1.1) Qix* ::/O S(s)BB*S*(s)x* ds.

It follows from this that H; can be identified with the reproducing kernel Hilbert
space of @Q;. Denoting the inclusion operator H; — E by i;, we have the operator
identity

(1.2) i oil = Q.

Moreover, by general results on reproducing kernel Hilbert spaces, the range of i} is
dense in H;.



NULL CONTROLLABILITY AND THE RICCATI EQUATION 1315

We insert a simple result on controls with minimal energy. It will not be needed
in what follows and is included for reasons of completeness only. We write A; for the
L; when we regard it as an operator from L?(0,¢; H) onto H.

PROPOSITION 1.1 (control with minimal energy). For all h € H; we have
AATh =h and ||AZh||2L2(O’t;H) = [|h|l%,-

Upon identifying h € H; with i;h € E, we have L;(Ajh) = h. Thus, the lemma
states that the control Ajh steers 0 to h in time ¢ with minimal energy.

Proof. For all z* € E* we have Ajija* = Lix* = B*S*(t — -)x*. Hence,

t
N Afifa = LiAjija” = / S(t—s)BB*S*(t — s)x™ ds = Qix™ = irijx™.
0

Since i; is injective and the range of i} is dense in Hy, this implies that A;Afh = h
for all h € H;. This proves the first assertion. The second follows from

1A 72 20,0y = L3 2" 220,00y = (LeLia™, 2%) = (Qea™,2") = |lifa™||F,

and another density argument. a

It will be helpful to recall some elementary facts about the spaces Hy; for the
proofs we refer to [9, 13]. The inequality (Qz*,z*) < (Qu+sx™,z*), valid for all
z* € E*,t > 0and s > 0, implies that H; C H; (as subsets of F) with a contractive
inclusion mapping

it,t—&-s : Ht — Ht+37 it,t-‘,—sh = h (h c Hf)

Moreover, S(s) restricts to a contraction from H; into Hiis. We will denote this
restriction by Sy ¢4s(s). Thus,

St’t+3(8) . Ht — Ht+5, St’t+5(8)h = S(S)h (h S Ht)

2. Null controllability. The pair (A, B) is said to be null controllable in finite
time if there exists a time ty > 0 such that for any © € FE there exists a control
u € L?(0,tp; H) such that y“*(tg) = 0. If we want to stress the role of ¢y, we say that
(A, B) is null controllable in time to.

From the trivial identity y“*(tg) = S(to)z + y*“°(ty) we see that (4, B) is null
controllable in time ¢y if and only if

S(to)x € Hy, forall x € E.
As an operator from E into Hy,, we shall denote S(tg) by X(tg). Thus,
(2.1) S(tg) = iz, 0 B(to)-

If (A, B) is null controllable in time ¢g, then (A, B) is null controllable in time ¢ for
all t > to. Indeed, from S(t9)zr € Hy, and the fact that S(¢ — to) maps Hy, into H,
we see that S(t)x € H, for all x € E. As subsets of E, the spaces of reachable points
agree:

H, = H;, with equivalent norms.

The inclusion H;, — H; always holds. To prove the converse inclusion H; — Hy,, we
first note that (1.1) implies the operator identity

(2.2) Qr = Quy + S(t0)Qr—1,S™(to)  (t = to).
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Using this identity, for all ¢ > ¢ty and z* € E* we have

(Qur™, ") = (Qrgr”, %) + (Qi—ty 5™ (to)x", 5™ (to)2")
(Quox™, %) + (Qe—to X" (to) iz, ", X" (t0)iz, ")
<{Qua™, &™) + Qe || - 121 - lli7, 2" |17,
= (L+ 1Qe—t, | - 12(t0)[1?) - (Qey2”,27).

The inclusion H; < Hy, now follows from [9, Proposition 1.1]. In general, H;, and
H; will be different as Hilbert spaces, and for this reason we will distinguish between
these spaces carefully.

For the rest of this section we fix ¢y > 0 and assume that the pair (A4, B) is null
controllable in time tg.

Since (A, B) is null controllable in any time ¢ > ¢, for ¢t > ¢y we define X(¢) as
S(t), regarded as an operator from E into H;. Notice that ||X(t)z]|3;, is the minimal
energy to steer from x to 0 in time ¢. The function ¢ — || S(¢)z[|3;, is nonincreasing
on [tg,00): this follows from

(2:3) ISt + $)zll3s,.,, = 1Seers(8)2 ()2l ,, < 2013,

By a similar argument, for each ¢ > ¢ the function s — |\it7t+52(t)x||%{t+s is non-
increasing on [0,00). The main result of this section, Theorem 2.5, will show that
this function is in fact differentiable at s = 0, and its derivative will be computed

explicitly.
To prepare for the proof we need a series of lemmas. The first uses the identity
(2.4) ifys = ltpsly it 5(H QX" (2)17,

which follows from (2.2) by using (1.2), (2.1), the trivial identity ¢; = 4445 0% 45, and
the injectivity of ;5.

LEMMA 2.1. For all h € Hy, the function t w— i} iy, +h is continuous on the
interval [tg,00).

Proof. Fix t' > t > to arbitrary. Since ||iy, || < 1, for all h € Hy, we have

5y, 0r8t0,60 b — B3 wite thll by = 5, 1 (07 it — Dieg,chllm,, < pite — Ditg thll -

Hence it suffices to prove that limy o ||} ,/3¢,/9 — g, = 0 for all g € H;. We first
take g = ifa* with * € E*. Then by (2.4),

i;t'it,t’g = i:,t’ (Z;l‘* — it,t’E(t)Qt’—tz* (t)Z:l'*) =g — ’L;:t/?:t’t/E(t)Qt/_tZ*(t)g.

Since the range of i} is dense in Hy, a limiting argument shows that this identity holds
for all g € Hy. Using (2.3), for all g € H; we have

it,erit009 = gl = i e, B(6) Qv X7 (89| 1,
<IEOI Qe el gl e, < IS Qe —el gz, -

Since limy 1o [|Qe—¢ || = 0, this proves that limy | ||if /it 9 — g/, = 0. |
The adjoint T of a Cy-semigroup T on a Banach space X may fail to be strongly
continuous on X*. To overcome this problem, one defines

X© = {a: €X™: lm |17 (t)e” - 2" = 0}~
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This is a norm closed, weak*-dense, S*-invariant subspace of X*, and the restricted
semigroup T = T*| o Is strongly continuous on X®. If X is reflexive, then X© is
norm closed and weakly dense in X*, and therefore we have X© = X*,

LEMMA 2.2. For all t > tg the space Hy is S-invariant and the restricted semi-
group St := S|m, is strongly continuous on Hy.

Proof. Invariance follows from the fact that S(s) maps H; into H;4¢ and the fact
that both H; and Hy4, equal Hy, as subsets of E.

Let 6§ > 0 be arbitrary and fixed. For all 2* € E* and s € [0, §] we have

155 (s)ira™ ||z, = llig S™ (s)=" I3,
= Qs 2%) = (Qua™, 27)

<A(Qiqs7™,27)

:(Qt:z*,x*>—|—/ (BB*S*(t +r)x*, S*(t 4+ r)a*) dr

0

— llizer |3, +/ (BB*S* (r)S* (t)ita*, §* (r)=* (1)ita™) dr
0

< (1 Lo BB ISP - sup ||S<r>||2) Niza* I

rel0,6]

Hence,

imsp 53] < (1 +8- BB - |S@)]?

S

sup |s<r>||2).
~€[0,6]

On the other hand, for all h € H; and x* € E* we have

Um[S(s)h — hyiyz*| g, = im(S(¢)ith — ith,x*) = 0.
sl0 s|0
It follows that S; is weakly continuous. By a general result from semigroup theory,
this implies that S; is strongly continuous. 0
We note two immediate consequences of this lemma.
LEMMA 2.3. For all x € E the function t — X*(t)2(t)z is continuous on the
interval [tg,00).
Proof. By the observations preceding Lemma 2.2, the adjoint semigroup S} is
strongly continuous. The lemma now follows from the identity

SH (OS82 = S (1) Si (¢ — t0)i5, ity 1Sk (t — to) S(to)x

and Lemmas 2.1 and 2.2. 0
LEMMA 2.4. For all h € H; we have ¥*(t)h € E©.
Proof. This follows from

L 15° (8)° (6)h — £ (k] = Lsn]| S (0) (57 (s) = B) | = 0,

where we used again the strong continuity of S}. ]

We are now ready for the main result of this section, which describes the instanta-
neous rate of the change of the minimal energy along curves in the space of reachable
states as time progresses.
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THEOREM 2.5 (rate of change of minimal energy). Let the pair (A, B) be null
controllable in time ty. Fizx t > to and let f : [0,00) — Hy be differentiable at 0. The
function ¢ : [0,00) — [0,00) defined by

¢(s) == |

itersf (), .

is differentiable at 0, with derivative
¢'(0) = 2[f'(0), F(0)]&r, — [1B*Z*(£) £ (0) I3

Notice that the first term on the right-hand side accounts for the speed and
direction of leaving f(0), while the second term describes the energy savings resulting
from the extra time available.

Proof. Upon writing f(s) = f(0) + sf’(0) + g(s) with lim,o g(s)/s = 0 we have

tim ~ [[17() s, — 11£(0) I,

s|0 S t t

= lim < [2055'(0) + 9(s), SO, + 5/ 0) + 90, | = 207'0), FO)]r,

Consequently, it remains to prove that

1
lim [Hit,t-&-sf(S)H%{HS = f &I, | = = IIB*=" (1) /(017

Let =* € E* be fixed. Noting that
sz I, — NiE2™ 7, = (Quasa™ a™) = (Qua”,2%) = (QsD" (t)ifa™, X7 (t)iya™),
from identity (2.4) we have
lie,ersti ™[, . — llizz" |,
= ity o™, — lliva™|I3,
= 2007 s D(OQs T ()i N1y, + 45 D(OQD" ()i ||F,.,

= (QsT*(t)ijz*, T (t)ifa*)
— 20372, B(O)Qs X" (D)7 2" a, + i+ D(O)Qs X" ()if 2" |, .-

By approximation, for all s > 0 we obtain

lie.evsf ()3, — 1F ()1,
= (QsE7 (1) f (), X7 (1) f(s))
—2[f(s), BOQZ (O ()1, + lli+sD(OQE" () ()l -

Next, for any y© € E© we have, by strong continuity,

1 1 /[
lim = © —lim = * g Odr = @,
SlfIOlSst 81?015/0 S(r)BB*S*(r)y® dr = BB*y
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Hence, using the continuity of f at 0, the fact that limsup,, 1|1Qs|| < oo, and the
fact that X*(¢) f(0) € E® by Lemma 2.4, we obtain

lim sup
s|0

L.z 0s0 - BB 10|

< limsup HlQSE*(t)f(s) _ 1Q52*(t)f(0)H
510 S s

+ lim sup
sl0

1
< 1= (0)] - limsup (IIQsH) imsup [l£(s) — £(0)]
sl0 S sl0

L. 010) - B 010)|

+ lim sup
sl0

‘iQsE*w(m - BB*2*<t>f<o>H -
It follows that

lin Q" (1)/(s) = BB"S*(0/(0),

As a consequence,

lim © [(Qu5* (1) £ (), 57 (1)1 () — 217 (s), B()Qu " (1) (5)]

s|l0 S

i SORS O (),

_ 18%1 <iQ52*(t)f(8), E*(t)f(8)> - 213{51 {f(s)’ =) CQSz*(t)f(s)ﬂ H,

2
+ lim s
sl0

i (1) (iQsz*(t)f(8)> e,

— (BB (0)1(0), 5(0(0)) = 21f(0), SO BB (0O, +0
= —[|B*3" () £(0) | %;

in the next to last step we used that || 45| < 1. |

For the convenience of those readers familiar with the Hilbert space formalism as
used, e.g., in [10], we add a reformulation of Theorem 2.5 for Hilbert spaces E. In this
setting we identify F and its dual in the usual way and identify Q); with a positive
self-adjoint operator on E. As is well known, the reproducing kernel Hilbert space of
@; is then given by

(2.5) i(Hy) =Im @,/
In what follows we identify i;(H;) and H; and abuse notation by regarding both Qi /2
and ; as operators from E to H; whenever this is convenient. Denoting the closure
of H; in E by FE4, it follows from (2.5) and a standard argument that Q% /% i unitary
as an operator from F; to H;.

By (2.5), the pair (A, B) is null controllable in time ¢, if and only if Im S(ty) C
Im Qtlo/z Since the restriction of Qtlo/z to Ey, is injective, the inverse Qt_ol/Q is well-
defined on the linear subspace Hy, of E. Then by null controllability, the operator
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I(ty) :== Q%l/ZS(tO) is well-defined as a bounded operator from E to E;,. For all
h = Q1/2y € H;, we have

to

[T (to)x, k& = [S(to)z, y]& = [z, S*(to)yle = [z, 5" (t0) Qs h] .

Since Hy, is dense in E;, we see that T (¢o) := (T'(¢9))* is the unique extension of

S* (to)Q;OU2 to a bounded operator from Ey, to E.

COROLLARY 2.6. Let the pair (A, B) be null controllable in time tg. Fix t > tg
and let g : [0,00) — E} be differentiable at 0. The function ¢ : [0, 00) — [0,00) defined
by

(2.6) o(s) = Q12 g(s) 1%,

is differentiable at 0, with derivative
¢'(0) = 2[g'(0), 9(0)] e — [QT™(t)g(0), " (£)g(0)] -

Note some further abuse of notation in (2.6), where Qtl / %g(s) is regarded as an
element of H;, .

Proof. Let f :[0,00) — H; be defined by f(s) = Qi/gg(s). Since Qtl/z is unitary
as an operator from E; to Hy, f is differentiable at 0 with derivative f'(0) = Qtl/Qg’(O).
Let @ := BB*. By Theorem 2.5,

() = llivessf (), = 1Q19(5) 3.
is differentiable at 0 with derivative
¢'(0) = 2[f"(0), £(O)]m, — I1B*S*(t) £ (0) 13

(2.7) =2(Q1"*¢'(0), Q;"*9(0)]m, — [QT*(£)g(0),T*()g(0)]
= 2[¢/(0), 9(0)] & — [QT*(£)9(0), T* ()9(0)] &-

In the second identity of (2.7) we used that I'*(¢) extends S*(t)Qt_l/2 on E; and that
for all h = Q;y € H; we have

[B*X"(t)h, B*E" (t)h]m = [Q¥" (D)izy, X7 ()i yle = [Q7S(8)y, 5" (D)yle,

recalling that we identify Q:y = i;ify and i¢fy. In the third identity of (2.7) we used
that Qi/Q is unitary from E; to H;. ]

3. Null controllability with vanishing energy. Following Priola and Zabczyk
[10] we call the pair (A4, B) null controllable with vanishing energy if for all € > 0 and
x € E there exists a time t > 0 and a control u € L?(0,t; H) with y“*(t) = 0
and |u||z2(0,¢:) < €. Clearly, null controllability with vanishing energy implies null
controllability with bounded energy.

THEOREM 3.1. If the pair (A, B) is null controllable with vanishing energy, then
it s null controllable in finite time.

Proof. For n = 1,2,..., let E, denote the set of all x € E for which there
exists a control u € L*(0,n; H) with y**(n) = 0 and ||ul|2(0,n;r) < 1. Notice that
Ups1 Bn = E.

We claim that each FE, is closed. To see this, fix n > 1 and let limg_.oo 1 = =
in B with all z;, € F,. We must check that + € F,. For each k£ we choose a
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control uy € L*(0,n; H) with y****(n) = 0 and |Jug|r2(0,n;m) < 1. After passing
to a subsequence, we may assume that there exists a control u € L?(0,n; H) with
lull2(0,n; 1) < 1 such that limy oo ux = u weakly in L?(0,n; H). Then for all z* € E*
we have

(y*“*(n),z*y = (S(n)x,z*) + /On[u(s),B*S*(n — 8)x*|gds

k—o0 0

= lim (y“***(n),z*) = 0.

k—o0

= lim <<S(n)xk,x*>+ / n[uk(s),B*S*(n—s)x*]Hds>

Hence y**(n) =0 and = € E,,.

By the Baire category theorem, at least one E,,, has a nonempty interior. Fix an
arbitrary x in the interior of E,,, and consider the set E,,,—xz¢. This is a neighborhood
of 0 consisting of elements that can be steered to 0 in time ng. By linearity it follows
that every « € E can be steered to 0 in time ng. This means that the pair (A, B) is
null controllable in time ng. |

Recall that if (A, B) is null controllable in time tg, then for all ¢ > to the square
norm ||X(¢)z||%, is the minimal energy to steer from z to 0 in time ¢. Hence the
following observation is a straightforward consequence of (2.3) and the above theorem.

COROLLARY 3.2. The following assertions are equivalent:

1. The pair (A, B) is null controllable with vanishing energy.
2. The pair (A, B) is null controllable in finite time and lim;_ o | X(¢)x| g, =0
forallx € E.

We proceed with two simple examples of systems that are null controllable with
vanishing energy.

Ezample 3.3. If (A, B) is null controllable in finite time and the semigroup S
generated by A is strongly stable, i.e., if lim;_,o S(t)x = 0 for all x € E, then (A4, B)
is null controllable with vanishing energy. Indeed, if (A, B) is null controllable in time
to, then for all ¢ > t; we have

@)l 1, = llitg 45 (t0)S(E — to)x |l m, < [[X(Eo)ll 1S — to)z]].
Ezxample 3.4. The range of B is a Hilbert space with norm
| Bh|range B = inf{||h’||H : B = Bh}.

With this norm, the range of B equals the reproducing kernel Hilbert space of the
operator BB*. Accordingly we shall denote the range of B by Hgp~. If S restricts
to a Cy-semigroup Sp on Hpp-, then it follows from [6, Theorem 3.5] that the reach-
able spaces H; for the pair (A, B) coincide with the reproducing kernel space of the
operators Ry € L(Hpp~) defined by

¢
Rih 2:/ SB(S)SE(S)hdS (hGHBB*),
0
and the pair (Sp,Ip) is null controllable for all times ¢ > 0. Here Iz denotes the

identity operator on Hgpg~. It follows from the same reference that for all A € range B
and t > 0 we have an estimate

1 t
12500, < 5 [ 1o, ds (€ o),
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Here, ¥ p(t) denotes Sp(t), regarded as an operator from Hpp+ into Hy. In particular
the pair (Sg,Ip) is null controllable with vanishing energy if the semigroup Sg is
uniformly bounded on Hgpg«.

In [10], under the assumption that F is a Hilbert space it was shown by control
theoretic methods that a pair (A, B) which is null controllable in finite time is null
controllable with vanishing energy if and only if the algebraic Riccati equation

(3.1) XA+ A*X - XBB*X =0

admits X = 0 as its only positive self-adjoint solution. A solution of (3.1) is a bounded
operator X € L(E) such that

(3.2) (XAx,y) + (Xz, Ay) — (XBB*Xz,y) =0 for all z,y € D(A).

In this identity the brackets denote the scalar product of E.

In this section we shall prove an extension of this result to Banach spaces F.
It shares with [10] the strategy of first solving a differential Riccati equation and
obtaining the final characterization from a maximality argument, but both steps are
accomplished in a completely different way. In the Banach space setting, a solution of
(3.1) is a bounded operator X € L(E, E*) such that (3.2) holds for all z,y € D(A);
this time the brackets denote the duality pairing between E* and E. The notions
of positivity and self-adjointness extend as follows: we call X € L(E, E*) positive if
(Xz,z) >0 for all z € E and symmetric if (Xz,y) = (Xy,z) for all z,y € E.

We begin with a result which states that the operator function t — X*(¢)X(¢)
solves, in some appropriate sense, the differential Riccati equation

%X(t) =Xt A+ A*X(t)— X(t)BB*X(t)
on the interval [t, c0).
In the Hilbert space literature, existence of a solution is usually derived from a
fixed point argument. Here, we obtain it as a direct consequence of Theorem 2.5.
PROPOSITION 3.5. Let the pair (A, B) be null controllable in time tg. For all
x,y € D(A) the function t — (X*(t)2(t)z,y) is differentiable on the interval [tg,c0),
with derivative

d *
SO0, y)

= Z*()X(t) Az, y) + (" () Z(t)z, Ay) — (BB*E* ()2 (t)z, X" () X(t)y).

Proof. Since both BB* and X*(¢)X(t) are symmetric operators, by polarization
it suffices to prove that for all z € D(A) and t > to we have

d
%@*(t)il(t)x,x) =2(3*"(t)X(t) Az, z) — (BB*E* () X(t)z, X" () X(t)x).

For this, in turn, it suffices to prove right differentiability. Indeed, by Lemma 2.3 the
functions (X*(¢)X(t)x, ) and 2(3*(t)X(t) Az, z) — (BB*X*(t)X(t)x, *(t)X(t)x) are
continuous functions of ¢ € [tg, 00), and by elementary calculus a continuous function
that is right differentiable with continuous right derivative is differentiable; cf. [13].
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Fix x € D(A) and t > tg. By Theorem 2.5 applied to f(s) = X(t)S(s)z we have

ln é ({24 + )50 + )2 2) — (S ()8 (1) )

L
= tim (it OS2l — 1207,

= 2[%(t) Az, X(t)2]m, — |B*Z* () ()|,
= 2SS (t) Az, ) — (BB*S* (1)S(t)z, S* ()2 (t)z). O

Remark 3.6. In the special case where E is a Hilbert space, instead of using
Theorem 2.5 we could apply Corollary 2.6 to the E;-valued function g(s) := I'(¢)S(s);
note that Qtl/Qg(s) =3(t)S(s)x = f(s).

From Proposition 3.5 we obtain the following.

PROPOSITION 3.7. Let the pair (A, B) be null controllable in time to. For all
x,y € E the limit limy_(X*(t)X(t)z,y) exists, and the operator X € L(E,E*)
defined by

(3.3) (Xa,y) = tlim ()2 (t)x, )
defines a positive symmetric solution of the algebraic Riccati equation
XA+ A*X —XBB*X =0.

Proof. For all z € E we have (X*(t)X(t)x, x) = ||X(t)z[|3;,, which is a nonincreas-
ing function of ¢ > ty. In particular, for all € E the limit lim; oo (X*(¢)X(t)z, )
exists. Since each X*(t)X(t) is positive and symmetric, by polarization it follows
that for all z,y € E the limit lim; oo (X*(¢)X(t)z, y) exists, and then (3.3) defines a
positive and symmetric operator X.

Since t — X*(t)X(t) solves the differential Riccati equation, a standard argument
implies that X solves the algebraic Riccati equation. 0

Our next aim is to show that the weak operator limit X = lim;_, o X*(¢)X(¢) is in
fact the mazimal symmetric solution of the algebraic Riccati equation. More precisely
we have the following.

THEOREM 3.8. Let the pair (A, B) be null controllable at time tg > 0. IfY is
a symmetric solution of the algebraic Riccati equation, then for all x € E we have
(Yz,z) < (Xz,z).

Proof. Fixt >ty and x € E, and let u € L?(0,t; H) be any control steering x
to 0 in time ¢:

t
(1) = Stz + / S(t — $)Bu(s) ds = 0.
0
We will show that the function f, : [0,¢] — R defined by

‘MQ:ASMM%M+WWW%WWw

is nondecreasing. To prove this we shall show that f, is almost everywhere differen-
tiable with nonnegative derivative.

Let us first consider the function g,(s) := (Yy™?(s),y™*(s)). In order to show
that g, is differentiable we introduce a regularization operator as follows. For A > 0
large enough, put Ey := A(A — A)~! and define

Gur(8) = (Y Exy""(s), Exy""(s)).
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Then, by the symmetry of ¥ and the fact that this operator solves the algebraic
Riccati equation,

dn(s) = 2(YEW"(s). 4 B (o))
_ 2<YE,\y“""’(s), % (S(S)E,\z + /0 " S(s — 1) ExBu(r) dr)>

- 2<YE>\y"’“7(s), A(S(s)Ew + /0 " S(s — 1) ExBu(r) dr) + EABu(s)>

(YBB*Y E \y"“*(s), Exy™®(s)) + 2(Y Exy™"(s), ExBu(s))
= Gu)\(s).

From limy_,o Ey = I strongly we have limy_, gy » = ¢, and

)\lim Gux = (YBB*Yy"“*(s),y""(s)) + 2(Yy*““(s), Bu(s))

uniformly on [0, ¢] (notice that y™7 is continuous on [0,%]). The closedness of the first
derivative now implies that g, is differentiable, with derivative

gu(s) = (YBB Yy""(s),y""(s)) + 2(Yy""(s), Bu(s)).
It follows that f, is almost everywhere differentiable, with derivative
fu(s) = llu(s)lli; + (Y BB Yy (s),y™"(s)) + 2(Yy"*(s), Bu(s))
= llu(s)l7 + 1B Yy (s)[7 + 20B*Yy*" (s), u(s)]ln
> |u(s)lz + I1B*Yy"“(s)lI3 — 21 B Yy ()|l mrllu(s) | =
= (lu()ll = 1BYy""(s) )",

which is nonnegative.
By what has been shown so far, we have

el 0.10) = /nu ||Hdrf/||u VI3 dr + (Y (1), (1))
= fu(t) = fu(0) = (Yy"*(0),y""(0)) = (Y, ).

Taking the infimum over all admissible controls we obtain
=)z, > (Y, 2).
Finally, letting ¢t — oo, this gives

(X, z) = tlim [S(t)2)F, > (Yo,2). O
—00

The preceding two results may now be combined to prove the following character-
ization of null controllability with vanishing energy, which extends the corresponding
Hilbert space result of [10] to Banach spaces.

THEOREM 3.9. The following assertions are equivalent:

1. The pair (A, B) is null controllable with vanishing energy.

2. The pair (A, B) is null controllable in finite time and the only positive sym-
metric solution of the algebraic Riccati equation XA + A*X — XBB*X =0
is the trivial solution X = 0.
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Proof. We will use Corollary 3.2.
(1)=(2): Let Y be any positive symmetric solution of the algebraic Riccati equa-
tion. Then for all x € E we have

0< (Yz,2) < (Xz,z) = ltlim HZ(t)xH%{t =0,

which implies that Y = 0.

(2)=(1): Since X = lim;_, o E*(t)X(t) is a positive symmetric solution of the
algebraic Riccati equation, it follows that lim; .o [|S(t)x(3;, = (Xz,2) = 0 for all
zekFE. a

Under additional spectral assumptions (which are satisfied, e.g., if S is eventually
compact), it is shown in [10] that the pair (A, B) is null controllable with vanishing
energy if and only if sup{Re X : A € 6(A)} < 0. This result is applied in [11], where
it is used to obtain necessary and sufficient conditions for the validity of Liouville’s
theorem for the Ornstein—-Uhlenbeck operator associated with the pair (A4, B).

As an application of Theorem 3.9 we give a sufficient condition for null control-
lability with vanishing energy in the symmetric case.

THEOREM 3.10. Let the pair (A, B) be null controllable at time to > 0. Assume
furthermore that

e (nondegeneracy) B has dense range,

e (BB*-symmetry) S(t)BB* = BB*S*(t) for allt > 0.
If the limit Qs = limy_ o Q¢ exists in the weak operator topology, then (A, B) is null
controllable with vanishing energy.

Without any nondegeneracy condition on B, the assumptions of the theorem
imply that S restricts to a strongly stable Cy-semigroup of contractions Sp on the
range of B [6, Theorem 4.5]. By Examples 3.3 and 3.4, the pair (Sg,Ip) is null
controllable with vanishing energy.

Proof. We shall use the fact that Qo = lim;_, . Q¢ exists in the weak operator
topology if and only if there exists a positive symmetric solution in L(E*, E) of the
Lyapunov equation

AY +YA* 4+ BB* =0

and that in this case Qs is the minimal positive symmetric solution of this equation
[6, Theorem 4.4]. In this context, a bounded operator Y € L(E*, E) is called positive
if (Yz,z) >0 for all z € E and symmetric if (Yz,y) = (Yy,z) for all x,y € E.

Assume now that X € L(E, E*) is a positive symmetric solution of the algebraic
Riccati equation. We have to show that X = 0.

Since B is assumed to have dense range, it is an easy consequence of the Hahn—
Banach theorem that BB* is injective and has dense range as well. From this it
follows that Qo is injective and has dense range [5, Lemma 5.2].

By the same argument as in the proof of [6, Theorem 4.5, the assumption
S(t)BB* = BB*S(t) implies that the semigroup S; on H; is self-adjoint for all ¢ > ¢y.
Moreover, for all © € D(A) we have X(t)x € D(A:) and A X(t)x = X(¢)Az. Similarly,
for all h € D(A}) we have X*(t)h € D(A*) and A*E*(t)h = ¥*(t)Afh. Using these
facts, for all z,y € D(A) we obtain

(Xa, Ay) = lim (S*(1)S(t)z, Ay) = lim (S (1) 475 (t)e. )

t—o0

= lim (Z*(t) A2 (), y) = tEI&<E*(t)E(t)Ax,y) = (X Az, y).

t—oo
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It follows that Xa € D(A*) and A*Xx = X Az. Thus, A*X = X A. Similarly one
proves that AQs. = QocA*. As X and Q. are symmetric and solve the algebraic
Riccati equation and the Lyapunov equation, respectively, for all z*, y* € D(A*) we
obtain

= (A" XQuo™, Quoy™) + (X AQuo™, Quoy™) — (XBB* X Qoo™ Q™)
= (XQooA"2", Qooy™) + (X AQooy™, Qo™) — (XBB* X Qoo™ Qucy™)
—(XBB"z", Qocy”) = (XBB*XQoo™, Qscy”)
—(QuXBB*z",y") — (QuuXBB* X Qoo™ y").

Thus,

(3.4) (QuXBB* (I + XQux)z*,y") =0

for all 2*,y* € D(A*). Since D(A*) is weak*-dense, it follows that
(3.5) Qe XBB*(I + XQu)z* =0

for all z* € D(A*). Furthermore, by the symmetry of Q, X, and BB*, from (3.4)
we obtain

(I + QxX)BB*XQuoy™, %) =0
for all z*,y* € D(A*). Since D(A*) is weak*-dense, it follows that
(3.6) (I +QuX)BB*XQoy" =0
for all y* € D(A*). Taking y* = 2™ and subtracting (3.5) and (3.6), we find
BB*XQ. 1" = Q. XBB*z*
for all * € D(A*). Hence, by (3.6),
(I + QuoX)QuXBB*z* =0

for all * € D(A*). Since D(A*) is weak*-dense and BB* is weak*-to-weakly contin-
uous and has weakly dense range, this implies that

or, equivalently, P(I — P) = 0, where P := —Q.X. Thus, P is a projection in E.
For any x € ker P we have Qo Xx = 0 and therefore Xz = 0 by the injectivity

of Q-
For any x € ker (I — P) we have —Qo. Xz = = and therefore

0<(Xz,2) = —(X2,Qo0X) = —(Qoo Xz, X2) <0

by the positivity of Quo. It follows that (Qeo Xz, Xx) = ||if X (|3, = 0, where iy :
H., — E denotes the reproducing kernel Hilbert space of Qso. Since Qoo = oo 0 i,
is injective, ¢%_ is injective, and we conclude that Xx = 0.

Combining the facts just proved, we obtain that Xa = 0 for all z € E, i.e.,
X =0. d



NULL CONTROLLABILITY AND THE RICCATI EQUATION 1327

It is worthwhile to point out that Theorem 3.10 is not covered by Example 3.3,
since the existence of (), does not imply strong stability of the semigroup S.

Ezample 3.11. Let E = R? and S(t) = (eat (1)) The semigroup S is not strongly

stable. Taking H = R and Bh = (h,0), the limit Qs = lim;_ o Q; exists: we have

t —2s 1
e 0 s 0
. o (3
ttht—thm 0( 0 O)ds-(o )

Let us finally observe that in Theorem 3.10 the condition on existence of Qo is
not a necessary one (take E = H =R, B =1, and S(t) = I), nor can it be dropped
(take E = H=TR, B=1, and S(t) = €'I).
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