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TAUBERIAN THEOREMS AND STABILITY OF SOLUTIONS
OF THE CAUCHY PROBLEM

CHARLES J. K. BATTY, JAN VAN NEERVEN, AND FRANK RABIGER

ABSTRACT. Let f: R4 — X be a bounded, strongly measurable function with
values in a Banach space X, and let ¢F be the singular set of the Laplace trans-
form f in iR. Suppose that E is countable and o H/OOO e—(atimu (g 4 q) duH
— 0 uniformly for s > 0, as a \, 0, for each 7 in E. It is shown that

\ [ ety au- f(w)H ~0
0

as t — oo, for each p in R\ Ej; in particular, ||f(¢)|| — 0 if f is uniformly
continuous. This result is similar to a Tauberian theorem of Arendt and Batty.

It is obtained by applying a result of the authors concerning local stability of
bounded semigroups to the translation semigroup on BUC(R4, X), and it
implies several results concerning stability of solutions of Cauchy problems.

1. INTRODUCTION

Let T = {T(t) : t > 0} be a Cp-semigroup, with generator A, on a Banach space
X. For z in X, the orbit f(t) := T'(t)x has Laplace transform given by the resolvent
f(A) = R(\, A)x for Re A > w, where w is the growth bound of the semigroup. Thus
Laplace transform theory often has implications for semigroup theory. On the
other hand, one can sometimes apply semigroup results to translations on suitable
function spaces to recover information about Laplace transforms.

In this situation, Tauberian theorems relating Abel, Cesaro and standard con-
vergence of f produce results about the long-time asymptotic behaviour of orbits
of semigroups. A simple example of this is a special case of a Tauberian theorem of
Ingham [17], for which Korevaar [20] has given an elegant proof by contour integra-
tion, and which immediately gives the result that if T is a bounded semigroup and
o(A) NiR is empty, then ||T(#)A~|| — 0 as t — co. A more complicated version
of this, initiated in [1], provides an estimate which was exploited in [2] both to
establish a more general Tauberian theorem and to show that if T is a bounded
semigroup, o(A) N iR is countable and o,(A*) N4R is empty, then ||T(t)z|| — 0 as
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t — oo, for each x in X. In this case, the Tauberian theorem and the semigroup
theorem, although derived from the same source, are independent results (see the
survey articles [6] and [7] for accounts of developments of the two themes). The
semigroup theorem was obtained independently by Lyubich and Vi Quéc Phong
[23], using a completely different functional-analytic method.

For semigroups which are not uniformly bounded, a few results have been ob-
tained [2], [4], [5], [10], [12], showing that |T(¢)x| — O for an individual vector
x, assuming that the orbit is bounded and/or uniformly continuous, and also as-
suming global spectral conditions. In a different development using both complex-
analytic and functional-analytic techniques, some complementary results have been
obtained for bounded semigroups, where the spectral conditions apply on a densely
embedded subspace [16], [8]. Recently, we obtained a result for individual orbits of
bounded semigroups, where the spectral condition is truly local as it applies only
to that orbit [9].

In this paper, we reverse the usual direction of flow between Tauberian theo-
rems and asymptotic behaviour of semigroups, and we also unify the two strands
described in the last paragraph. We establish that the results of [9] can be applied
to translation semigroups, by showing that the singular set of f in iR coincides
with the local unitary spectrum at f of the generator of the translation semigroup.
We thereby obtain a new Tauberian theorem for bounded functions whose Laplace
transforms have only countably many singularities on the imaginary axis (Theorem
4.3). The theorem is similar in format to [2, Theorem 4.1], but the conditions are
somewhat different. The result is directly applicable to semigroups and it easily
implies all the semigroup results mentioned above. In addition, it gives new results
for bounded, uniformly continuous orbits of unbounded semigroups (or of ill-posed
Cauchy problems), assuming only local spectral conditions (Section 5). Related
results have been obtained in [4], [12], [25], [29].

In [9], we also obtained local versions of several other related theorems concerning
asymptotic behaviour of bounded semigroups. Our techniques enable us to give
corresponding theorems for Laplace transforms (Theorems 4.1, 4.6 and 4.7). The
Tauberian theorem for Laplace transforms also implies corresponding theorems for
power series, and hence local stability results for single operators (Section 6).

2. A UNIFORM BOUND

Throughout the paper, X will be a complex Banach space, R, will be the half-
line [0, 00), C4 will be the half-plane {z € C: Re z > 0}. For z in C and r > 0, we
will put B(z,7) ={w e C:|w—z| <r}.

Let f: Ry — X be strongly measurable, and let fbe the Laplace transform of
f:

for= [ T e p () d.

We assume that f(z) exists for all z in C4, so f is holomorphic in C; (usually, f
will be bounded). A point A = in in iR is said to be a regular point for fif there
is an open neighbourhood U of A in C and a holomorphic function g : U — X such
that g(z) = f(z) whenever z € U N C,. The singular set iE of f is the set of all
points of R which are not regular points.
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For s > 0, we shall use the notation fs to denote the translate of f, so fs(t) =
f(s+1t) (t e Ry).

Let f: Ry — X be bounded and strongly measurable. The old result of Ingham
[17, Theorem I], or the special case proved in a simple way by Korevaar [20, p.113],
shows that, for each regular point in of fin iR,

/S e~ f(t) dtH < 0.
0

As we shall see in the first paragraph of the proof of Proposition 2.1, this is es-
sentially the same as saying that sups ||gs(in)|| < co, where g; is a holomorphic

sup
5>0

extension of fNS We shall need to extend such uniform bounds into the left half-
plane. We do this in the following proposition, using an old technique involving
factors such as 1+ 22/r2, which has already been employed many times in this area
[20], [1], [2], [16], [8], [9].

Proposition 2.1. Let f Ry — X be bounded and strongly measurable, let E
be the singular set of f and let g : V. — X be a holomorphic extension_of f to
a connected open neighbourhood V. of CL Ui(R\ E). For each s > 0, fs has a
holomorphic extension gs : V. — X. Moreover, for each \ in V, there exist a
neighbourhood U of X in' V' and a constant ¢ such that ||gs(2)|| < ¢ for all s > 0 and
all z in U.

Proof. For Re z > 0,

ﬁww=£weﬂf@+wﬁ

- /OO e~z £ () dt

= e <f(z) - /OS e () dt) .
Thus we may take

%@wu#(mw—414#mm) (e V)

as the holomorphic extension of fs
If Re A > 0, then we may take r > 0 such that Re A — 2r > 0. For z in B(\,r),

JTS(Z)H < AOO e_TtHf( + )| dt < ”f”oo

so we may take U = B(\,r) and ¢ = || f||oo/7-
If A € V and Re\ < 0, then we may take r > 0 such that 2r + ReA < 0 and
B(A\,r7) CV. For z in B(A,7),

lgs ()]l = |

MWNSMf/—WﬂWHﬂ<M+WM

where M = sup|,_ <, [|¢(2)]|. Thus we may take U = B(A,r) and ¢ = M+ || f|[oo/7-
Now suppose that A € iR \ iE. Choose r > 0 such that B(),2r) C V. Let

nio = (1+ 52 ) e cen.
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For z = A + 2re? | where —7/2 < 0 < /2,
Ihs(2)IF = [1+ €| | fs(2)

§2cos9/ e=2rteosO|| £(s 1 1) dt

< 2(:089 ||f||00
21 cos 6
Il
pant

For z = A + 27", where 7/2 < 0 < 37/2,

o) = [0 al
0
< 9] cost] (M+ / 62r<s-f>0°se||f<t>||dt)
0

(1 — e[| flloo
<2 M
- |COS€|< + 2r| cos 0]
H.f”oo

1ha(2)]l = |1+ €]

<2M + ——

where M = supj,_y<o [|9(2)l.  Thus [|hs(2)]| < 2M + || flloo/r whenever
|z — Al = 2r. By the Maximum Modulus Principle, ||hs(2)]] < 2M + ||f|loo/T
whenever |z — A| < 2r. In particular if |z — A\| < r,

125 (2 4 £l
< M .
||gs(z)|| = |1+( )2/4 2| = 3 2 + r
We may therefore take U = B(A,r) and ¢ = 3 <2M + ”f||°°> O

3. THE SINGULAR SET AND THE LOCAL SPECTRUM

In this section, we shall establish that the singular set of fin iR coincides with
the local unitary spectrum at f of the generator of the translation semigroup on
the space of bounded, uniformly continuous functions.

Let T = {T(¢t) : t > 0} be a Cy-semigroup on a Banach space X, with generator
A and growth bound w, and let x € X. The local unitary spectrum, o, (A,x), of
A at x is defined to be the set of all points A in iR such that there do not exist
an open neighbourhood U of A and a holomorphic function g : U UC4 — X with
g(2) = R(z,A)x = (21 — A)~'x for Re z > w. For a bounded semigroup, o,,(A, x)
is the singular set of f, where f(t) = T(t)z is a mild solution of the associated
(well-posed) Cauchy problem. In Section 5, we shall return to this point in the
more general context of ill-posed Cauchy problems.

Let S = {S(t) : t > 0} be the Cy-semigroup of contractions on BUC(R4, X)
defined by

S@)f = fr, where fi(s) = f(s+t) (s,t>0;f€ BUCR,,X)).

Given f in BUC(R,, X), we shall show in Proposition 3.3 that the singular set of
f in iR coincides with o, (D, f), where D is the generator of S.
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Proposition 3.1. Let f : Ry — X be bounded and uniformly continuous, let iE

be the singular set of f, and let g 'V — X be a holomorphic extension off to a
connected open set V' containing C Ui(R\ E). For s > 0, let g5 be as in Proposition
2.1. Then for each z in V, the map s — gs(z) is uniformly continuous.

Proof. First, suppose that Re z > 0. For 6 > 0 and |s — §'| < 6,

maa—w@m=\

[T o -6 o) al

< sup ||f(t) = f()

“ Rezi—p|<s

—0 aséd—0.

Next, suppose that z € iR\ ¢F. Then

S
gs(z) = e** (g(z) - / e () dt) .
0

Now, s — €% is bounded and uniformly continuous. Since t — e~ f(t) is bounded,
s g(z) — [y e f(t) dt = e **g,(2) is uniformly continuous. Moreover, Proposi-
tion 2.1 shows that this map is bounded. Hence s — gs(2) is uniformly continuous.

Finally, suppose that Re 2z < 0 and z € V. Then s — e**¢g(z) is uniformly
continuous, so it suffices to check that s +— fos e(s=1% f(t) dt is uniformly continuous.
Now, for s > s’ > 0,

/Se“‘“zf(t) dt — /S e D2 f(t) dt

0 0

/s/ (e(s—t)z - e(s’—t)z) £ty dt + /5 e(s_t)zf(t) dt

0 s’

< esz_es'z/ elRez\tHf(t)HdtJr/ £ ()]l dt
0 s!
"R (s—s") 1 eI Re 2| ’
< o8 Rez s—s')z _ - o — %)
<e e Re 2 [flloo + (s = sHIIAI
)e(s_sl)z — 1‘
. || _ !
= o7 +(s=5) ) Ifllw
—0
as s —s — 0. -

For f in BUC(R4, X) with singular set ¢E, let g : V — X be a holomorphic
extension of f to a connected open set V' containing C. U i(R \ E). Propositions
2.1 and 3.1 show that we may define G : V — BUC (R4, X) by

G(2)(s) =gs(z) (s€Ry,zeV).

Proposition 3.2. Let f: Ry — X be bounded and uniformly continuous, and let
G:V — BUC(R,X) be as above. Then G is holomorphic.
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Proof. Let A € V, and let r and ¢ be as in Proposition 2.1. For X' € B(\, r),

i ) (B2

1GN)(s) = GX)(s)]l =

<r sup |gs(2)]] su LI
B ‘Z_AI;)ST gs |z—)\l\:):r z—=A z—N
A =N
<c————
T or—=|A=N|
—0 as N — A
uniformly in s. Thus G : V — BUC(R4, X) is continuous.
Let « be a closed contour in V. Then
(/ G(z) dz) (s) = /gs(z) dz = 0.
¥ v
By Morera’s Theorem, G is holomorphic. O

Proposition 3.3. Let f : Ry — X be bounded and uniformly continuous. Then
ou(D, f) is the set of all singular points of f in iR.

Proof. Suppose that A in iR is a regular point of R(-, D) f, and let G be a holomor-
phic extension of this function near A. Let g(z) = G(z)(0). For Re z > 0,

9(2) = (R(z,D)f)(0) = /OOO e (S(t)£)(0) dt = /OO e f(t) dt = f(2).

0
Thus ¢ is a holomorphic extension of f, so A is a regular point of f
Suppose that A in iR is a regular point of f. Let g : V' — X be a holomorphic

extension of f near A\. By Proposition 3.2, there is a holomorphic function G : V —
BUC(R4, X) such that, for Re z > 0 and s > 0,

G(2)(5) = ga(2) = / T et (s 4 ) dt = / T e (S()f)(s) dt = (R(z D) F)(9)
Thus G extends R(-,D)f, so A ¢ o, (D, f). |

The following example shows that the local unitary spectrum at = of the genera-
tor of a (bounded) semigroup may be much smaller than the imaginary part of the
spectrum of the generator restricted to any closed invariant subspace containing x.
This contrasts with the situation for bounded Cy-groups, where the local unitary
spectrum (now defined by means of the resolvent on C\ iR instead of C) coincides
with the spectrum of the generator on a subspace [29, Propositions 3.4, 3.5].

Example 3.4. Let X = C. There is a function f in Cp(R4) such that the linear
span of {f; : t > 0} is dense in Cy(RL.), but f(z) extends to a holomorphic function
for Re z > —1. By Proposition 3.3, 0,(D, f) is empty, but the spectrum of the
generator of the translation semigroup S on the closed linear span of the orbit of f
under S is the closed left half-plane.
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To construct such an f, let {f(k) :k=1,2,...} be a dense subset of the unit
ball of {g € Co(Ry) : g(0) = 0} such that each f*) has support in [0,2%], and let

f(t) = exp (_(2n+1 + 2k+1)2) f(k) (t _ 2n+1 _ 2k>
@Mty ok <t <ot pobtlp =1 nin=1,2,...),
with f(¢) = 0 for all remaining ¢ > 0. Then

F2) =D exp (=27 4+ 28)z — (271 4+ 2571)) (F ) ().
n=1k=1
This series converges locally uniformly to a holomorphic function on C, and the
closed linear span of the translates of f contains each f®*).

4. THE TAUBERIAN THEOREMS

We are now in position to give the Tauberian theorems, starting with the case
of bounded, uniformly continuous functions.

Recall that a bounded, uniformly continuous function A : R — X is said to
be almost periodic if h can be approximated uniformly by linear combinations of
functions of the form t +— ez (a € R,z € X). A function f: R, — X is said to
be asymptotically almost periodic if there is an almost periodic function h: R — X
such that ||f(t) — h(t)]| — 0 as t — oo.

Theorem 4.1. Let f : Ry — X be bounded and uniformly continuous, and suppose
that the singular set iE of f in iR is countable. Suppose also that, for each n in E,

* lim afi(a + in)
exists, uniformly for s > 0. Then f is asymptotically almost periodic.

If the limit in (*) 4s 0, uniformly in s, for each n in E, then | f(t)|| — 0 as
t — oo.

Proof. By Proposition 3.3, o, (D, f) = ¢E. Condition (*) implies that

; —(etin)t — L ;
Olél\rnooz/0 e S(t)fdt olél{l%)ozR(a—l—zn,D)f
exists in BUC(R4, X). By [9, Theorem 6.1], {S(¢)f : ¢ > 0} is relatively compact.
By the Glicksberg-de Leeuw Theorem [22, Section 2.4], applied in the closed linear
span Y of {f: : t > 0}, f = g+ h, where g,h € Y, ||S(t)g|| — 0 and h is in the
closed linear span of the unimodular eigenvectors of S, so h extends to an almost
periodic function on R.

If the limits in (*) are all 0, then h = 0, by [9, Theorem 3.4]. |

For the real line R, a related result is proved in [25, Theorem 3.9].

Remark. In Theorem 4.1, it suffices that the limits in (*) exist uniformly for s in
some subset @ of Ry, where @ has the property that there is a constant d such that
each point of R, is within distance d of @ (for example, Q@ = Z). This follows
from the formula

o) = =) - el (1) dt.

s’/
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Now we give an example which shows (in the case § = 0) that the assumption
of uniform convergence in s cannot be omitted from Theorem 4.1, and which also
exhibits (in the case 0 < § < 1/2) the difference between Theorem 4.1 and [,
Theorem 4.3].

Example 4.2. Let X = C and f(t) = t ”sin/t, where 0 < § < 1/2. Then f is
bounded and uniformly continuous. By expanding sin v/t as a power series in v/t
and integrating term by term,

T+ § - )
g Z

R 0).
(2n + 1)lzm (Re z>0)

This function has a holomorphic extension to C\ (—o0, 0], so the singular set of 7

is {0}.
In the case =0,

- B ﬁe—l/élz
f(z) = T9.32

~ —1/4a s
afs(a):aesa (\/Eeig,/z_/ e‘o‘tsin\/zdt) =0
2x 0

as a \, 0, for each s > 0. Nevertheless, f(¢) does not tend to 0. See [26, p. 608]
and [25, Example 3.12] for other treatments of this example.
In the case 0 < 5 < 1/2,

(2n+3)m)? 4 1) 72
/ by ar > Unt DT
((2n+1)m)2 2v2((2n + 3)r )3

— 00

as n — oo. Hence sup;>g ‘ fo ds‘ = 00. Thus f does not satisfy the conditions
of [1, Theorem 4.1]. But for 0 < 8 < 1/2, f does satisfy the conditions of Theorem
4.1 and Theorem 4.3 of this paper.

Next, we give two versions of Theorem 4.1 in which we assume either that f is
bounded or that it is uniformly continuous. Theorem 4.3 should be compared with
[2, Theorem 4.1], and Corollary 4.4 with [5, Theorem 2.3], [10, Theorem 1] and |3,
Theorem 3.5].

Theorem 4.3. Let f : Ry — X be a bounded measurable function, and suppose
that the singular set iE of f in iR is countable. Suppose also that, for each n in E,

* : s L\

() lim o+ i) =0,

uniformly for s > 0. Then fg e~ f(u) du — f(z,u) ast — oo, for each p in R\ E,
where f is considered to be extended holomorphically near ip.

Proof. Replacing f ~(t) by et f(t), we may first assume that p = 0. Then replacing

f(t) by f(t) — e t£(0), we may assume that f(0) = 0.
Let

ﬂ=Af@Mu=ﬂ®—ﬁ®-
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Then ¢ is uniformly continuous, since f is bounded, and ¢ is bounded, by Proposi-

tion 2.1. For Re z > 0, g(2) = f(2)/z, whose singularity at z = 0 is removable, so
g has singular set iE. Moreover,

Gu(2) = M (Re 2 > 0),

so, for n in F,
Olci\r% ags(a + i77) =0

uniformly in s, since g is bounded and (*) holds. We may therefore apply Theorem
4.1 to g, and deduce that g(t) — 0 as t — oc. |

Remarks. 1. The last statement of Theorem 4.1 can be recovered from Theorem 4.3,
since convergence of fot e~ f(u) du (ast — oo) for some y in R implies convergence
of f(t) to 0, if f is uniformly continuous.

2. For bounded functions, Abel convergence is equivalent to Cesaro convergence
[15, Theorem 18.3.3]. The corresponding statement for convergence uniformly in s
also holds. Thus the limits in (*) of Theorems 4.1 and 4.3 may be replaced by

1 [t
lim = [ e " f(s+ u)du.

t—oo t 0

Corollary 4.4. Let f : Ry — X be uniformly continuous, and suppose that the
singular set iF of f in iR is countable. Suppose also that, for each n in E,

lim of, in) =
Jimy afsla+in) =0
uniformly for s > 0. Then ||f(t)]| — 0 as t — oo.

Proof. We follow the argument of [5, Theorem 2.3], [10, Theorem 1] and [3, Theorem
3.5]. Take § > 0, and let

g(t) = f(t+6) = (D).
Then g is bounded and uniformly continuous. For Re z > 0,

[e'S) 6
i) = [ e s o) = (@ - Dfe) e [ et
0 0
Thus the singular set of ¢ is contained in ¢E. For 7 in F,
il\n}) ags(a +in) = i“{% afsrs(a+in) — OI}Q% afs(a+in) =0

uniformly in s. If 0 ¢ E, then Theorem 4.3 can be applied with u = 0, giving

/ o) u=500)|

t+6
= tlim f(u)du

0= 1im‘

t—o0

t

Since this holds for all § > 0 and since f is uniformly continuous, it follows that
lf(®)]] —0,if0 ¢ E. N

Now, suppose that 0 € E. By hypothesis, there exists a > 0 such that ||« fs(a)]|
< 1 for all s > 0. By uniform continuity, there exists x such that || f(s+t) — f(s)]|
< k(1+t) forall s>0andt>0. Now

15 = [afita) = [ (s +0) - f(S))dtH <14+t rfa




2096 CHARLES J. K. BATTY, JAN VAN NEERVEN, AND FRANK RABIGER
Thus f is bounded, so the result follows from Theorem 4.1. O

Corollary 4.5. Let f : Ry — X be bounded and uniformly continuous, and sup-

pose that the singular set of f is contained in 2nw~YiZ for some w > 0. Then
[f(t+w) = f(®)I = 0 ast — oo.

Proof. Let g(t) = f(t+w)— f(t). For s >0, n € Z, and a > 0, a calculation similar
to Corollary 4.4 shows that

lags(a + 2min/w)||

a (e —1) fo(a + 2min/w) — ae™ / e~(aF2min/wiu g(s 4y du
0

< (e =D [[flloc + ae™wl flloo
—0

as a \, 0, uniformly in s. Thus the result follows from Corollary 4.4. O

To conclude this section, we apply other results from [9] to the classical situation
of Laplace transforms.

Theorem 4.6. Let f : Ry — X be bounded and uniformly continuous, and suppose
that the singular set of f in iR is countable. Let'Y be the closed linear span of
{fe : t >0} in BUC(R4,X). For any o > limsup,_,, || f(¢)||, there exists g in Y
such that || f — glleo < @ and g(t) — 0 as t — cc.

Proof. This follows from Proposition 3.3, [9, Theorem 7.4] and the observation that
the local spectrum of D at f is unchanged by restriction to Y (see the remark after
Theorem 2.2 of [9]). O

Recall that a function g in L(R) is said to be of spectral synthesis with respect to
a closed subset E of R if there is a sequence (g,,) in L' (R) such that ||g, —g|l1 — 0
and, for each n, the Fourier transform g,, vanishes on some neighbourhood of E in
R. For g in L*(Ry), we consider g to be extended to R by putting g(s) = 0 for
s < 0, so it is meaningful to talk of g being of spectral synthesis.

The next result is a local version of [14, Théoréme I1.7].

Theorem 4.7. Let f : Ry — X be bounded and strongly measurable, and let iE

be the singular set of f in iR. Let g € L*(Ry) and suppose that g is of spectral
synthesis with respect to —E. Then

] | aoss+oas

Proof. If f is bounded and uniformly continuous, this result follows from Proposi-
tion 3.3 and [9, Theorem 5.1]. We shall use this special case to obtain the general
result.

Suppose that f is bounded and strongly measurable. Let

—0

as t — oo0.

1/n

falt)=n ; f(t+ u) du.
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Then f, is bounded and uniformly continuous. For Re z > 0,

fn(z)zn/oo /1/ne_tzf(t+u)dudt
= /w/ ~HWZ () dt e du

1/n
:n/ / et f(t) dt " du
0 u

1/n _ 1/n  pu
n f(z)e** du — n/ / e~ U=z £ () dt du
0 0

0

/" 1\ 7 R R
n(f>f(z)—n/0 /Oe E=u) £(t) dt du.

Thus the singular set of fn is contained in ¢E. It follows from the first paragraph
that

/OO (8) fuls + ) ds /Oo 9(8) (s + 1) ds
0 0

n | o / " () s+t + ) ds du — / g (s + 1) ds

1/n  poo
n/o /0 (9(s —u) —g(s))f(s+1)dsdu

< flleo sup /OO l9(s — u) — g(s)| ds

0<u<l/n JO

— 0 ast— oo.

/OO 9(8) fuls + ) ds
0

But

— 0 asn — oo (uniformly in t),

where we make the convention that ¢g(s) = 0 if s < 0. It follows that

\ | st nas

Corollary 4.8. Let f : Ry — X be bounded and strongly measurable, and let iE
be the singular set of ]7 in iR. Let g : Ry — C be measurable, and suppose that
Jo S+ t%)[g(t)| dt < oo for some a > 1/2 and that [~ €™ g(t)dt =0 for all n in
E. Then

Proof. This follows from Theorem 4.7 and the fact that g is of spectral synthesis
with respect to —F [24, Theorem 11.1]. |

— 0.

|

— 0

/Oog(s)f(s-i-t)ds
0

ast — o0.
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5. THE CAUCHY PROBLEM

Consider an abstract inhomogeneous Cauchy problem
(ICP) u'(t) = Au(t) + f(t) (t>0), u(0) = .

We assume throughout this section that A is a closed linear operator on a Ba-
nach space X, A — A is injective for all sufficiently large real A\, x € X and
f € BUC(R4, X). We seek to obtain information about u from assumptions about
A and f. Similar problems have been considered in [4], [12] (homogeneous prob-
lems) and [25] (problems on R).

A mild solution of (ICP) is a continuous function v : Ry — X such that if
v(t) = fotu(s) ds, then v(t) € D(A) and v'(t) = Av(t) + = + fg f(s)ds for all t > 0.

Proposition 5.1. Let u be a bounded, uniformly continuous, mild solution of the
inhomogeneous Cauchy problem (ICP).

1. ForRe z >0, u(z) € D(A) and (zI — A)u(z) = = + f(2).
2. Suppose that there is a holomorphic function g : C4 — X such that g(z) €

D(A) and (2I — A)g(z) =z + f(z2) for all z in C4. Then g(z) = u(z) for all
zin Cy.

Proof. (1). For Re z > 0,

/000 Av(t)e " dt = /000 (u(t) —x— /Ot f(s) ds) e dt =u(z) — 2w — 27 f(2).
Since these integrals are absolutely convergent and A is closed, v(z) € D(A) and
Ab(z) = u(z) — 2 "o — 271 f(2).
Now, u(z) = zv(z), so u(z) € D(A) and
At(z) = zt(z) — z — f(2).
(2). For Re z > 0,

(21 = A)g(2) = + [(2) = (21 — A)i(=).
For all sufficiently large real A\, A\I — A is injective, so g(A) = u()\). It follows by
analytic continuation that ¢g(z) = u(z) whenever Re z > 0. O

Corollary 5.2. Let u be a bounded, uniformly continuous, mild solution of (ICP).
The singular set of u in iR is the set of all points A in iR such that there is no
holomorphic function g : U — X, defined on an open set U containing C; U {\},

with g(z) € D(A) and (zI — A)g(z) =z + f(z) for all z in C.

Theorem 4.1 now has the following formulation for solutions of (ICP). Other
sufficient conditions for the solutions to be asymptotically almost periodic have
been given in [4]. In the case of solutions defined on the whole line R, a sharper
result has been given in [25, Theorem 4.3].

Theorem 5.3. Let u be a bounded, uniformly continuous, mild solution of (ICP).
Suppose that there is a subset E of R such that

1. E is countable,
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2. there is an open set U containing C4 Ui(R\ E) and a holomorphic function
g:U = X such that g(z) € D(A) and (zI — A)g(2) = x + f(2) for all z in
(C-‘r)

3. for each n in E,

i @ .
lim o (o +im)
exists, uniformly for s > 0.

Then u is asymptotically almost periodic. If the limits in 8 are all zero, then
[|[u(t)]| — 0 as t — oo.

When the conditions of Theorem 5.3 are satisfied, u = uy + ua, where ||uq (¢)|| —
0, us extends to an almost periodic function on R, and u; and us belong to the
closed linear span of the translates of u.

In the homogeneous case when f = 0, u; and us are mild solutions of the
homogeneous Cauchy problem and us can be approximated uniformly by linear
combinations of functions of the form ¢ +— e#!y where u € R, y € D(A) and
Ay = ipy. In this case, the following result shows that condition (2) of Theorem
5.3 is automatically satisfied when E contains oqp,(A) N iR, where oq,(A) is the
approximate point spectrum of A. Hence Theorem 5.3 extends [12, Theorem 4].

Proposition 5.4. Let u be a bounded, uniformly continuous, mild solution of the
homogeneous Cauchy problem. The singular set of u in iR is contained in the
approzimate point spectrum oqp(A) of A.

Proof. Let Zy be the Hille-Yosida space [18], [21], consisting of all those y in X
for which there is a bounded, uniformly continuous, mild solution v(¢,y) of the
homogeneous Cauchy problem with v(0,y) = y. In the norm

[yl zy = sup [lo(t, )|,
t>0

Zy becomes a Banach space which is isometrically isomorphic to a closed subspace
Y of BUC(R4, X) under the map V given by

(Vi)(t) = olt.v).
Moreover, Y is invariant under the translation semigroup S, and the corresponding
Co-semigroup Ty on Zj is given by

To(t)y = v(t,y).
The generator Ay of T is the part of A in Zy and o(Ag) C o(A) [11, Theorem 5.5,
[12, Corollary 2].

For Re z > 0, u(z) = R(z,Ap)z. Hence any singular point A = in is in the
topological boundary of o(Ag), and hence in the approximate point spectrum of Ay.
Thus there is a sequence (z,,) in D(Ag) such that ||z, ]|z, = 1 and || Aozn—Azp] 2, —
0. There exist ¢, > 0 such that ||To(ty)z,| > 1/2. If we put y, = To(tn)Zn, then
lynll > 1/2, 4o € D(A) and

||Ayn - )‘ynH < HAoyn - )‘yn”Zo < ”on?’b - )\‘TTL”ZO — 0.
Thus A is an approximate eigenvalue of A. O

Now, suppose that the homogeneous Cauchy problem is well-posed, so that A
generates a Cp-semigroup T = {T'(t) : t > 0} on X. Then the assumptions of
this section are satisfied, and mild solutions of the Cauchy problem are of the
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form u(t,z) = T'(t)xz. For a bounded mild solution u(t, ), the singular set of u is
the local unitary spectrum o, (A, z). Thus Theorem 5.3 extends [9, Theorem 6.1]
and [9, Theorem 3.4] from orbits of bounded semigroups to bounded, uniformly
continuous orbits of general semigroups, and Theorem 4.7 permits [9, Theorem 5.1]
to be extended in the same way. We can also extend part of [9, Theorem 7.2], as
follows.

Theorem 5.5. Let T be a trivially asymptotically stable Cy-semigroup on X with
generator A (so that limsup,_, . ||T(¢)y|| > 0 for all non-zeroy in X ). Let x € X,
and u(t) = T(t)x. Suppose that u is bounded and uniformly continuous, and that
ou(A,x) is countable. Then T has a complete bounded orbit through x, that is,
there is a bounded family {x¢;t € R} in X such that xo = x and T(s)xy = x5yt (L €
R, ENS RJ’_)

Proof. Consider the shift semigroup S restricted to the closed subspace Y of
BUC(R4, X) generated by {u; : t > 0}. This subspace consists of orbits of T,
so the shift semigroup is trivially asymptotically stable. By Proposition 3.3 and
[9, Theorem 7.2], S has a complete isometric orbit {v; : ¢ € R} through v in Y.
Putting z; = v(0) produces the required complete bounded orbit in X. O

Examples of unbounded semigroups where results of this type are applicable can
be constructed in a similar way to Example 3.4, but working in weighted spaces
such as

X = {f € Co(Ry) : [|f(1)]/(L+18) — 0 as t — o5}

6. THE DISCRETE CASE

In this section, we adapt our results to the case of power series. As in [5, Section
5], we deduce them from those about Laplace transforms by introducing an auxiliary
function f. In the present context, we need to arrange that f is both bounded and
uniformly continuous.

Suppose that (a,)n>0 is a sequence in X such that limsup,,_, . [|a,||*/" < 1.
Let h(z) be the power series

h(z) = Z anz"  (|z] < 1).
n=0

Let E be the singular set of A in the unit circle I'. For m > 0, let

00 h _ m—1 . n
hin(2) = 3 tngmz" = (2) ZZ;;;O 2 0< 2] < ).
n=0

Define f : Ry — X by

f@)=m+1—t)an, +{t —n)aps1 (n<t<n+1;n>0).
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For Re z > 0,
- 0 n+1
=% [ 1=+ (= mans)eas
n=0""
© 1 00 1
= Z ane” </ (1—t)e dt) + Z pyre”(MTDze7 (/ te—t? dt)
n=0 0 n=0 0
_. z4+e *—1 _. e —z—1

— h(e) <2(cole12z— 1)) oy (ez _Zi—z> .

Thus the singular set i E’ of f in iR is contained in {in : n € R,e~" € E}. Moreover,
for n in £’ and m > 0,
) ~ ) . _ 2(1 — cosn)
1 m = | im(1 —r)hy, o —_—,
i oo in) =t = e ) (2
since (1 —e™®)/a — 1 as a \, 0.
This enables us to deduce the following results from those in Section 4.

Theorem 6.1. Let (an)n>0 be a bounded sequence in X, and let h(z) = > " anz"
for |z| < 1. Suppose that the singular set E of h in the unit circle T' is countable,
and that, for each A in F,

ll/qi(l — 1) (rA)

exists, uniformly for m > 0. Then there is an almost periodic sequence (by)nez in
X such that ||ay, — by|| — 0 as n — oo.

Proof. This follows from Theorem 4.1 and the subsequent remark. O

The following Tauberian theorem for power series is more general than [1, The-
orem 2'] and may be compared with [1, Theorem 4].

Theorem 6.2. Let (an)n>0 be a sequence in X such that sup,, ||an — ant1]| < 00,
and let h(z) = 00 ) anz™ for |z| < 1. Suppose that the singular set E of h in the
unit circle T' is countable, 1 ¢ E, and, for each X in E,

}1/1111(1 — 1) hm(rA) =0,

uniformly for m > 0. Then > " anz" = h(z) for each z in T\ E.

Proof. By Corollary 4.4, ||a,|| — 0. The conclusion follows from a classical result
of Fatou and Riesz [27, 7.31]. O

The next result appears in [19, Theorem 4], but we give a proof for completeness.
A sequence (bp)n>0 in 1(Zy) is said to be of spectral synthesis with respect to a
closed subset E of T if, for each ¢ > 0, there exist a sequence (c¢,)nez and an
open subset U of T' containing E, such that > °° cpz™ = 0 for all z in U,

n=—oo N
Yon<olenl <eand 3o oo fbn —cn| <e.

Theorem 6.3. Let (a,)n>0 be a bounded sequence in X, let h(z) = Y o0 an2"
for |z| < 1, and let E be the singular set of h in T'. Let (by)n>0 be a sequence
in 0Y(Z) which is of spectral synthesis with respect to E = {\ : A\ € E}. Then
>0 o bnantkll — 0 as k — oco.
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Proof. Let

gt)=b, (n<t<n+1;n>0).
Then g € L'(Ry) and g is of spectral synthesis with respect to {n € R : e™"" €
E} = —F'. By Theorem 4.7,

0= lim
k—oco

/Ooog(s)f(s+k)ds

0o
= lim E bnan+k
k—oo
n=0
O

Now, let T' be a bounded linear operator on X, let z € X, and suppose that
sup,, ||T"z|| < co. In the context above, we may put a,, = T™xz. Then

h(z) = Z T =T —2T) o= -T) "z
n=0

for 0 < |z| < |||~ L.

The local unitary spectrum o, (T, x) is the set of points A in I' such that there do
not exist an open neighbourhood U of {z € C : |z| > 1} U{A} and a holomorphic
function ¢ : U — X with (2] — T)g(z) = « for all z € U. Thus the singular set of
hin T is the conjugate of o, (T, z). (Note that for an operator with spectral radius
greater than 1, 0, (7, ) may be strictly larger than the unitary part of the local
spectrum in the usual sense of operator theory (see [13, XV.2.6]).) We therefore
obtain the following from Theorem 6.2.

Theorem 6.4. Let T be a bounded linear operator on X, x € X, and suppose that
sup,, ||T"z|| < o0, o, (T, x) is countable, and for each X € o,(T,x),

. _ n\—nmgn+m _
l%(l r) Zr)\ T || =0,

n=0

uniformly for m > 0. Then ||[T"z|| — 0 as n — oo.
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