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1. Introduction

The object of this paper is to supply generalizations to linear quasi-static
viscoelasticity theory of certain variational principles which characterize the
solution of the mixed boundary-value problem of classical elastostatics. This
problem consists in finding a ‘‘state’” — i4.e. a displacement, strain, and stress
field — which satisfies the governing field equations in a given region of space
and meets the standard mixed boundary conditions. The relevant field equations
consist of the displacement-strain relations, the stress-strain relations, and the
stiess equations of equilibrium; whereas the boundary conditions involve the
prescription of displacements over a portion of the boundary and of surface
tractions ayer the remainder.

Two of the most important variational principles applicable to the foregoing
problem are the principle of stationary potential energy and the principle of
stationary complementary energy!. The former asserts that the variation of the
““potential energy’’ over the set of all kinematically admissible states? is zero at
a certain state if and only ¢f that state is a solution of the mixed problem under
consideration. ‘

On the other hand the principle of stationary complementary energy asserts
that the variation of the ‘““‘complementary energy’’ over the set of all statically
admissible stress fields? is zero at a certain stress field #f that stress field belongs
to the solution of the mixed problem. SoUTHWELL [2] and LANGHAAR [3] proved
a converse of this theorem on the assumption that the tractions are prescribed
over the entire boundary and the region is simply connected: the variation of
the “‘complementary energy’’ over the set of all statically admissible stress fields

! See, for example, SOKOLNIKOFF [I] (Articles 107, 108). If the elastic constants
are such that the strain energy density is a positive definite function of the strains,
then these variational principles imply corresponding minimum principles.

? By a kinematically admissible state we mean a state that satisfies the dis-
placement-strain relations, the stress-strain relations, and the displacement boundary
conditions.

3 By a statically admissible stress field we mean a stress field that meets the
stress equations of equilibrium as well as the traction boundary conditions.
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is zero at a stress field only if that stress field belongs to the solution of the
problem at hand. For the case in which displacements are prescribed over a
portion of the boundary a similar converse follows from an elementary generaliza-
tion? of a theorem due to DorN & ScHILD [4].

Various extensions of the preceding variational principles of elastostatics have
been established in which the class of admissible states is subjected to weaker
restrictions. One extension of this kind was given by HELLINGER [§] and was
later independently discovered in a somewhat stronger form by RE1ssNEr[6], [7].
This principle asserts that the variation of a certain functional over the set of
all states which meet the strain-displacement relations is zero at a particular state
if and only if that state is a solution of the mixed problem. Apparently guided
by REeissNER’s improved version of HELLINGER's theorem, Hu HAI-CHANG [§]
and WasHIzU [9] separately arrived at a still broader variational principle which
does not require the admissible states to meet any of the field equations or
boundary conditions.

This paper aims at variational principles for linear viscoelasticity which
generalize the foregoing results of classical elastostatics. Although variational
principles for viscoelasticity theory were considered previously by Brot [10],
FREUDENTHAL & GEIRINGER [/1], and ONAT [12], these investigations do not
arrive at generalizations of the type sought here.

The present paper is a continuation of a recent study [/3] which contains a
systematic treatment of linear viscoelasticity theory based on the notion of a
Stieltjes convolution.

Section 2 contains certain preliminary definitions and notational agreements.
In Section 3 variational principles appropriate to the linear quasi-static theory
of viscoelastic solids are given for the case in which the stress-strain relations
are in relaxation integral form. Section 4 is devoted to the derivation of analogous
results for stress-strain relations in creep integral form. In the variational prin-
ciples established here the viscoelastic solid is allowed to be inhomogeneous and
anisotropic and the relevant stress, strain, and displacement histories are per-
mitted to possess finite jump discontinuities in time.

2. Notation. Preliminary definitions .

Throughout what follows R will denote an open region of three-dimensional
Euclidean space with the closure R and the boundary B. Further, n will denote
the unit outward normal to B, and B, (x =1,2) will denote complementary sub-
sets’ of B (B=B, uB,, B,nB,=0). Finally, the symbol “ X" will be used to
indicate the Cartesian product of two sets.

Let w,, &;,0;;, E, G;j3;, and J;;;,, in this order, designate the Cartesian
components of the displacement vector u, the strain tensor €, the stress tensor o,
the body force (density) vector F, the relaxation tensor G, and the creep tensorJ.
All of the preceding field histories, including G and J, are to be regarded as
functions of position and time defined on R X (— oo, 00}. With this notation the

4 See Section 4 for a statement and proof of the generalized theorem.
8 Henceforth the subscript « will be understood to have the range of the integers
(1, 2). "
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complete system of field equations in the linear quasi-static theory of (inhomo-
geneous and anisotropic) viscoelastic solids take the form®

281‘7':“1"7'—*‘%]',,' on RX (—— oo, OO), (21)
o'ij,f+Fi=O; Gii:Gji on RX (—00, 00), (22)
and esther
0;;=G;;p%de,; on  RX(—oo,00), (2.3)
or
g;=Ju*doy;  on  RX(—o00,00). " (2.4)

Equations (2.1) are the linearized strain-displacement relations, (2.2) are the stress
equations of equilibrium, (2.3) represent the stress-strain relations in relaxation
integral form, while (2.4) represent the stress-strain relations in creep integral form.
In writing (2.3), (2.4) we have made use of the notation for Stieltjes convolutions
introduced previously in [13]. Thus, if f and g are functions of position and time,
fxdg stands for the function defined by the Stieltjes integral

[f+dg](, 1) f fle, t—7)dg(x, 7), (2-5)

T=—00

provided this integral is meaningful. To the system of field equations just cited
we adjoin the inttial conditions ‘

u=e=06=0 on RX(—o,0), (2.6)

the displacement boundary conditions
u=u on B, X (—oo,00), ' (2.7)

and the t}actioh boundary conditions
S=8 on B;x(—oo, ). (2.8)

In (2.8) S is the surface traction vector with components S;=o;;n;, while u and
S are prescribed functions.

The mixed boundary-value problem thus consists in ﬁndlng field hlstorles
u, €, ¢ which, for given R, B, known G [or J], and prescribed F, u, S, satisfy
(2.1), (2.2), (2.3) [or (2.4)], (2.6), (2.7), (2.8). We shall let ¥=¥(R, B,, %, S, F, G)
denote the foregoing problem for the case in which the stress-strain relations
are in relaxation integral form — i.e. (2.3) holds. On the other hand, if the
stress-strain law is given in the creep integral form (2.4), we shall denote this
problem by #=#¢(R, B,, , S, F, J). '

In order to avoid repeated regularity assumptions concerning the data we
define a

Regular problem. We say that $=9%(R, B,, u, §, F, G) is a regular problem
of relaxation typeif:

¢ We use the usual indicial notation. Thus Latin subscripts have the range of
the integers (1, 2, 3) and summation over repeated subscripts is implied; subscripts

preceded by a comma indicate differentiation with respect to the corresponding
Cartesian coordinate.
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(@) R is a bounded region, whose boundary B consists of a finite number of
non-intersecting closed regular surfaces®, and the closure B, of each of the subsets
B, is a regular surface;

(b) (i) u is a vector-valued function defined on B, X (— 00, o0) which vanishes
on By X (— o0, 0) and is continuous on B, X [0, co);
(ii) S is a vector-valued function defined on B, x (— o0, o0) which vanishes on
By X (— 00, 0), is piecewise continuous on E2 X [0, o0), and §(w, -) is continuous on
[0, o0) for each ®€ By, .
_ (iti) F 1s a vector-valued function defined on R X (— oo, oo) which vanishes on
R X (— o0, 0) and 1s continuous on R x [0, o);

3 (c) G s a fourth-order tensor—valued function (of position and time) defined on
R X (— 00, 00) which vanishes on R X (—o0,0), is continuously differentiable on
R x [0, 0), and has the symmetry properties

Gijni=Gjipy=Gryy; on  RX(—o0,00). (2.9)

We say that #= #(R, B,, 4, §, F,J) is a regular problem of creep type if (a), (b),
(c) hold with G replaced by oJ.

The first of the symmetry relations appearing in (2.9) is a direct consequence
of the symmetry of the stress tensor. The second of (2.9), for the special case
of an isotropic solid, follows automatically from the condition that the values
of G be isotropic. For the general anisotropic solid this second symmetry relation
constitutes an independent assumption®.

Our main objective is the characterization of the solution to the foregoing
boundary-value problem by means of variational principles. It thus becomes
essential to state precisely what we mean by a regular solution to the problem.
To this end we first give the following definition of an

Admissible state. We say that the ordered array & =[u, €, 6] is an admissible
state on R X (— oo, 00) if:

(a) u is a vector-valued fumction defined on R X (— oo, 00), while € and & are
symmetric second-order tensor-valued functions defined on R x (— oo, 00);

(b) u, €, 6 vanish on Rx(— o, 0) and are continuously differentiable on
Rx [0, o0).

Note that an admissible state is allowed to have finite jump discontinuities

at the.time origin and need not meet (2.1), (2.2), (2.3), or (2.4). Addition of states
and multiplication of a state by a scalar are defined by

P+ F=[u+ @, e+ 6+6], aF=[ou, e, ad]. (2.10)
In view of (2.10) the set of all admissible states on R X (— o0, o0) is a linear space®.

7 See KELLOGG [14] for the definition of a closed regular surface.

8 Theoretical support for this assumption has occasionally been based on thermo-
dynamic argument$ involving an appeal to ONSAGER’s principle. See RoGERs &
PipkiIN [15] for a dicussion of this issue.

% See, for examplé, TAYLOR [16] for the definition of a linear space.
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We are now ready to introduce the notion of a

Regular solution. Let $=9(R, B,, U, S, F, G) be a regular problem of
relaxation type. Then we say that &= u, €, &) is a regular. solution of ¥ if:

(a) & is an admissible state on R x (— oo, %) ;

(b) u, €, & meet the field equations (2.1), (2.2), (2.3) and satisfy the boundary
conditions (2.7), (2.8). '

Let §=_¢(R, By, 4, §, F,J) be a regular problem of cree{) type. Then we say
that & =[u, €, 6] is a regular solution of F if (a), (b) hold with (2.3) replaced by (2.4).

Clearly a regular solution is allowed to possess finite jump discontinuities at
time zero.

Next we define the

Variation of a functional. Let Q{} be a functional defined on a subset K of
a linear space L. Let

&, feL, ¢9’+a§eK for every real number o, (2.11)
and formally define the notation
52{F} = L S +aFYoms. (2.12)
We say that the variation of Q{-} is zero at & and write
‘ $Q{F1=0 over K (2.13)

whenever 63 Q{F} exists and equals zero for every choice of P consistent with (2.11).
Unless otherwise specified, the linear space L underlying the variational
principles proved in this paper is the set of all admissible states on R X (— o0, o).
Finally, we shall consistently write § and S for the traction vectors with
components
S;=o0;;n;, Si=0;;n; (2.14)
respectively.

3. Variational principles for problems of relaxation type

We begin with a generalization of the theorem due to Hu Har-cuanc [8] and
WasHizu [9] mentioned previously.

First variational principle. Let ¥=¥(R, B,, 4, §, F, G) be a regular problem
of relaxation type. Let K be the set of all admissible states on R X (— o0, ). Let
S =[u, € 06\cK and for each fzxed te(— oo, oo) define the functional A,{-} on K
through

A,{Sf’} ff[G,,k,*de,,*dsk,] (x,8)dV,— f[o',,*de,,] (x,t)dV,
ff[(aif.j+F)*du;] (x, 1) dV, +Bf[S,-* du,-] (®,8)dA, (3.1)%
IS 8) wdu] @) a4,

10 We write dVy and dd4, for the volume element and element of area, respec-
tively, to indicate that x is the variable of integration.
Arch. Rational Mech. Anal., Vol. 13 . 13
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Then
dA{F}=0 over K = (—oo<t< oo) (3-2)

if and only if & is a regular solution of 4.

Proof. Let § =[ii, €, &]éK, from which it follows that &4 aﬁeK. Then
by (2.12), (2.9), the divergence theorem, Theorems 1.2 and 1.6 of [13], and the
symmetry of ¢

dgA{S} :Rf[(Gf;'kl *dey;—o;) v de ] (@, 1) AV +
'*f[(tfi,-,,-JrE)*dﬁi] (x,8) dVe+
= J o= (s 4 w;0) # 463 ] (@, 0) dVe+ (3-3)
+Bf[ W, — ;) * dSi] (2,t)dA,+
+ LS~ S)xdi](x,t)ddy  (—oo<t<oo).
First suppose & is a solution of ¥. Then by virtue of (2.1), (2.2), (2.3), (2.7),
(2.8), equation (3.3) becomes
0 4{F}=0 (—oo<t< o) (3.4)

for every ?EK, ‘which implies (3.2).
Now turn to the “only if’’ portion of the proof. We must show that % is a

regular solution of ¢ whenever #¢ K and (3.4) holds for every . SeK. In partlcular
choose

W, )=w@) h(t), e t)=€@ (), &(xt)=c@hlt) (3.5

for every (®,t)cR X (— oo, o), where % is the Heaviside unit step function, i.e.,
h(f)=0 (—oco<<t<0), h(t) =1 (0=t<< o). Therefore (3.4), by virtue of (3.3),
(2.14) and Theorem 1.2 in [13], becomes

S Gugnrs dens— 0,1 @) @) AV~ o+ ] @,1) wh(2) Vet
f[«?” i) (@, 8) 0 (@) AV +
+ f[“i— u,] (@, ¢) U:i(w) n, (@) dA,. +
+f[S 5] (@, t) ui(x) dd =0 (—oo<t<o;)
and (3.6) must hold for every u’, €', ¢’ continuously differentiable on R with
€' and ¢’ symmetric. But this fact, the fundamental lemma of the calculus,of

variations, and the symmetries of o, €, (‘ imply that & meets (2.1), (2.2), (2.3),
(2.8) and that A

f[u mt)a,,(ac) n; (@) dA,=0. (—oo<t<oo). (3.7)
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Finally, to confirm (2.7), let f be continuously differentiable on R, suppose m
and k are fixed integers (m, k=1, 2, 3), and let

0';,»(.’13) :_-’~(6ik 6jm+ 67’@ 6im) f(w)! wel_é. (38)
Then, since (3.7) must hold for every such o,
(dig (2, £) — 4 (2, £)] oy () + [, (@, £) — 4, (2, 8)] 74 () =0 (3-9)

for every (&, £)¢ B, X (— o0, 00) with & a regular point. Fix (@, f), and choose the
coordinate frame such that »,(®)=30. Then (3.9) with m=F% implies 4, (@, {)=
u, (2, t). Consequently (3.9) implies 4, (@, ¢) =u,, (¢, ¢). Therefore u (e, t) =u(,1)
for every (@, t)c By X (— o0, 00) with @ regular. Thus and by the continuity of
u and #, (2.7) holds as well, and & is a solution of . This completes the proof.

By virtue of the divergence theorem and Theorem 1.6 of [13], A, defined by
(3.1) admits the alternative representation

At} = %Rf [Gijrixde;j*dey](®,?) de—Rf (o;;%d(e;;— u,; ;)] (®,8) AV +
— [[Exdu] (@, t)dVy— [[S;»d(u,— )] dAdo+ | (3-10)
R B,
— [[Sixdu] (@, t) dA,.
B

If, in addition to merely being admissible, & =[u, €, 6] meets (2.1), (2.3), and
(2.7), then A,{¥} given by (3.10) reduces to ®,{#}, where
D,{S}= %I[Giikl* de;j*xdey] (1) dVa-_Rf[E* du](x, 1) dVe -+
R
~ A1
— J[S;*du](x,t)dA,. (3.11)
B,

Thus we are led to the following generalization of the principle of stationary
potential energy in elastostatics.

-

Second variational principle. Let ¥=%(R, By, u, §, F, G) be a regular prob-
lem of relaxation type. Let K be the set of all admissible states on R X (— oo, 00)
which meet the strain-displacement relations (2.1), the stress-strain relations (2.3),
as well as the displacement boundary conditions (2.7). Let S =[u, €, 6]cK, and
for each fixed tc(— oo, 0o} define the functional D,{-} on K through (3.11). Then

0D, {F}=0 over K (— oot 00) (3.12)
if and only if & is a regular solution of 9.
Proof. The “‘if”’ portion of the proof follows at once from the first variational

principle, the definition of the variation of a functional, and the fact that
A{F} =D, {&} whenever LK.

To establish the remainder of the theorem, assume
T 0 PA{S}=0 (—oo<i< ) (3-13)
for every & which meets (2.11)1. This latter condition is equivalent to the
requirement that & be admissible and meet (2.1), (2.3), with

=0 on B;X(— oo, o0). , (3-14)

11 Recall our agreement that L is the set of all admissible states on B x (— o0, o<).
R '1 3.
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Clearly, (3.3) holds if we replace 4,{%} by @,{%} and omit the first, third, and
fourth terms, since & meets (2.1), (2.3), (2.7). Now choose u(x,)=u'(x) k(t)
for every (&, f) in R X (— oo, %), where k is the Heaviside unit step function and
w' is twice continuously differentiable on R, with

w'=0 on B. (3.15)
Next define continuously differentiable functions €, 6 on R X (— o0, o) through
26 —u’ ]+u71, 6'1'7':G1'ikl*dgkl on RX(—oo, 00). (316)

Then 57=[u, €, 6] meets (2.11) and hence (3.11), (3.13), (3.15), (2.9), the diver-
gence theorem, and Theorems 1.2 and 1.6 of [13] imply

—Rf[,,,JrF}(wt) i () dV+f5 5] (@, ) (@) dd e =

(—oo<t<oo)

(3-17)

for every function #’ with the foregoing properties. But this fact, by virtue of
the fundamental lemma of the calculus of variations, implies that % meets (2.2),
(2.8) and the proof is complete.

4, Variational principles for problems of creep type

The following theorem is a generallzatlon of the Hellinger-Reissner principle
in linear elastostatics.

Third variational principle. Let #=_#(R, B,, u, §, F,J) be a regular problem
of creep type. Let K be the set of all admissible states on Rx (— o0, 00) which meet
the strain-displacement relations (2.1). Let ¥=[u, €, 6|cK, and for each fixed
te(— oo, o) define the functional ©,{} on K through

0.{} ZRf[U xde] (@, t) dVy— zf[]”kz*d(f”*d(sz]@ 1) dv,
— [[E*du](,?) de‘—Bf[S,.*d(ui~ui )] (@, t) dA, (4.1)
R 1

— [[S;# du] (@, ) dA,.

Then
‘ 00,{F}=0 over K {—oo<t<o0) (4.2)

if and only if & is a reguu;r solution of §
Proof. Let & =[u, &, 6] meet (2.11).22 Then from the definition of K and

since #¢ K, wé have that Sc K. Consequently, because of the divergence theorem
together with Theorems 1.2 and 1.6 of 18],

5.¢@{y} f[ Eij ijt*dakz*d&if](wt)dv
—f[ ”7+F)*dui](a:t)dV—f—f[S*du—u)](w,t)dAm 4.3)
—i—f[S,-——S,-)*dui](a:,t)dAm (—oo\t<oo).

1z See the preceding footnote.
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The conclusion now follows from (4.3) by an argument which is strictly analogous
to that which led from (3.3) to the final conclusion in the proof of the first
variational principle.

_ We turn next to a generalization of the principle of stationary complementary
energy in elastostatics. With a view toward an economical statement of this
generalized principle we introduce the subsequent notions.

Convexity of R with respect to B,. We say that R is convex with respect to
B, if the straight line
x(t)=x+@—¥) T (— o< T< 0) (4.4)
intersects B only at & and T whenever ¥, X< B, .
Notice that if B=B, then R is automatically convex with respect to B,.

Admissible stress field. We say that o is an admissible stress field on
Rx (— o0, ) if & is a symmetric second-ordey tensor-valued function defined on
R X (— 00, 00), which vanishes om R X (— o0, 0) and is continuously differentiable
on R x [0, ). -

Finally, we stipulate that the linear space L underlying the following theorem
is the set of all admissible stress fields on R x (= oo, co).

Fourth variational principle. Let #— ¢(R, B,, , S, F, J) be aregular problem
of creep type. Let K be the set of all admissible stress-fields on R x (— o0, 00) which
meet the stress equations of equilibrium (2.2) and the traction boundary conditions
(2.8). Let oK and for each fixed tc(— oo, ) define the functional ¥,{-} on K
through '

A}

Wi{o} =3[ ] jsi*do; xdoy] (1) dV, —Bf [Sixdu](@,t)dd,. (4.5)
R 1
Then »
0¥ {e}=0 over K  (—oo<t<o0) (4.0)

if there exist functions u, € such that [u, €, 6] is a regular solution of §.
Conversely, suppose
(a) R is convex with vespect to By ;
(b) Ris simply-connected ;
(c) J and o are twice continuously differentiable on Rx [0, o0);
(d) Uz, -), for each xc By, is continuously differentiable on [0, o);
(e) (4.6} holds.
Then there exist functions u, € such that [u, €, 6] is a regular solution of #.

Proof. Let acL, 6+ aocK for every real «. Then

6'1‘7',7':0 on RX(—co, ),

. (4.7)
S;=0;;m;=0 .on ByX(—o00,00).
Further, since [ ;= Ji;;, it follows that
0t (o) = [ Ui dows 48] (@ 0 Ve [ (Sindit) (w0 dde

(— oco<<t<C o).
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Now suppose there exist functions u and e such that [u, ¢, 6] is a solution of #.
Then, by virtue of (4.7) and the divergence theorem, equation (4.8) implies

0¥{e}=0 (—oo<i<oo) (4.9)

for every choice of 6 consistent with 6+-a6<K. Thus (4.6) holds.

We turn next to the proof of the converse assertion. To this end we state and
prove the following elementary generalization of a theoremm due to DorN &
ScHILD [4].

Lemma. Let R be simply-connected and convex with respect to B,. Let u be a
vector-valued function which is continuous on B,, and let € be a symmetric second-
order tensor-valued function which is twice contmuously differentiable on R. Further
suppose

Rf 0;;(x) & () AV, =Bf, 0; (@), () n;(x) dA 5 (4.10)

for every symmetric second-order temsor-valued fumction & which is continuously
differentiable arbitrarily often on R and meets

0;;,=0 on R,

(4.11)

o,

;in=0 on 32

Then there exists a vector-valued function w which ts continuously differentiable on
R and satisfies
2¢;;=u; j+u;; on R,
R (4.12)
w, =, on B

Proof. Although DorN & ScHILD [4] consider only the special case in which
B,=0, their proof of the lemma is easily adapted to the present weaker hypo-
thesis.

Let g be a symmetric second-order tensor-valued function which is contin-
uously differentiable arbitrarily often on R and which vanishes identically outside
a closed subregion of R. Let y,;, denote the usual alternating symbol and define
o through '

O;i=YipgVirs Bpr,qs  ON R, (4.13)

1.e. use g as a Beltrami stress function®. This choice of o meets (4.11), has the
requisite degree of smoothness, and vanishes on B. Therefore (4.10) implies

fsijyipqyirs 8pr,qs av=o. (414)

Now integrate (4.14) twice by parts and use the fact that g and all of its partial
derivatives vanish on B to deduce that

T ingVins £i1,00) 85,4V =0, (4.15)

Since (4.15) must hold for every such function g,

)’piqyrjs eii,qs=0 on R. (4-16)

13 See, -for instance, GURTIN [17].
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Hence € is a compatible strain field and from the simple-conn’ectivity of R we
conclude that there exists a vector—valued function w’ which is continuously

differentiable on R and meets
2¢,;=u;;+u ; on R. (417).

Moreover, such a displacximent field w’ is given by the line integrals4

f ;€ x)dE; forevery xcR, (4.18)
where %< R and for every ( E, x)cRxR
U, ®)= ;8 + (%, — &) [, B) — &; ;)] (419)
Now let
. y=#,—wu, on B, (4.20)

and use (4.10), (4.11), (4.12), together with the divergence theorem, to establish
that , »
f 0;im;v,dA=0 (4.21)

Yii 5

for every o which is symmetric, contlnuously differentiable arbitrarily often on R
and meets (4.11).

Our next step will be to show that @ is a rigid. displacement field. To this
end let Z and & be arbitrary interior points of B,, and choose the coordinate

system such that
x=(0,0,0), @=(0,0,%). (4.22)

Let D, be a disc in the x,, x,-plane with radius ¢ and center at %= %3=0, and let
0; (%1, %y, %3) =0;5 03 [, (%1, %,), (4.23)
where [, is defined on the entire x;, x,-plane and has the following properties:
(a) 1, is differentiable arbitrarily often;
(b) f, 20;
(c) f,=0 outside D,;
(d)Df f.d4 =1.

(4.24

Clearly such a o meets the first of (4.11). Now let C, be the solid circular cylinder
whose axis coincides with the x;-axis and whose crosswsection.is D,. By the
" assumed convexity of R with respect to B,

(Cch B) <B11 ) (425)
for sufficiently small ¢ (say £<g). Thus and by (4.23), (4.24), the second of
(4 11) holds for eé< &,. Further for <& =g, there exist disjoint subregions
.@B, Q of B, such that

56@5, 565«» CeﬁBl "_"éeu‘ﬁ' . (426)
Consequently, by virtue of (4.23), (4.24c), equation (4.21) reduces to
Slomdd+ [fondd=0 (s<s). (4.27)
ya 5’3 /

14 See, for example, SOKOLNIKOFF [1] (Article 10).
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Next from (4.244d),
ff nydA = ff dA =1,
Be
Stomdd=—[f,dd =
Be
provided < g. Now let ¢—0 in (4.27), and use (4.24b), (4.28), and the mean-
value theorem of integral calculus to infer that

(4.28)

% (&) — 25 (®) =0, (4.29)
But (4.29), because of (4.22) and since &, ¥ were chosen arbitrarily, implies
[v(@®) —v(®)] - [x—a]=0 (4.30)

for every &, ¢ B,. Hence » on B, must belong to the moment field of a bound
vector system and thus admits the representation?s
v (@) = a4 w, %, (a;, w;;=—w; ... constant) 4.31)

for ¢ B,. Now define u on R through

u, () =u;(T) +a, o, ;% if TER, 4.32)
and conclude from (4.17), (4.20), (4.31) that w meets both of (4.12). This completes
the proof of the lemma.

We turn now to the remainder of the proof of the fourth variational principle.
To this end suppose hypotheses (a) through (e) hold. Clearly, (4.8) is satisfied
by every admissible stress field ¢ which meets (4.7). In particular let

0;i(®,t)=0i;(@) k() forevery (ax, t)eR x (— o0, ). (4.33)
Next define € on R x (— oo, o) through
&;=Jijri*doy, (4.34)

and observe that hypothesis (c) and Theorems 1.2 and 1.6 of [13] imply that €
vanishes on R X (— o0, 0) and is twice continuously differentiable.on R X [0, o).
Further, infer from (4.6), (4.8), (4.33), (4.34) that

fa,, (e, 8) AV = fa” w (@, ) ni(x)dAd, (—oo<i<oo) (4.35)
for every ¢’ which is twice contlnuously differentiable on R and meets
0;;,;=0 on R,
o;jnj=0 on B,. (436)

Equations (4.35), (4.36), together with the preceding lemma imply the existence
of a displacement field history « which satisfies (2.1), (2.7). Moreover, it is clear
from the smoothness of €, hypothesis (d), and the proof of the lemma that u
vanishes on R x (— o0, 0), and is continuously differentiable on R X [0, o). Thus
we have shown that [u, €, 6] is a regular solution of #, and the proof is complete.

The results communicated in this paper were obtained in the course of an in-
vestigation conducted under Contract Nonr-562(25) of Brown University with the
Office of Naval Research in Washington, D.C.

18 See, for example, NIELSEN [18] (Chapter 3).
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