ON THE DIFFERENTIAL EQUATION Uxxxx +Uyyyy = F
FOR AN ANISOTROPIC STIFF MATERIAL
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Abstract. We study the differential operator L = aa? + % and investigate positivity pre-

serving properties in the sense that f > 0 implies that solutions u of Lu — Au = f are nonnegative.
Since the operator is of fourth order we have no maximum principle at our disposal. The operator
models the deformation of an anisotropic stiff material like a wire fabric, and it has to be comple-
mented by appropriate boundary conditions. Our operator was introduced by Jacob II Bernoulli as
the operator that supposedly models the vibrations of an elastic plate. This model was later revised
by Kirchhoff, because the operator and its solutions were anisotropic. Modern materials, however,
are often anisotropic and therefore the old model of Bernoulli deserves an updated investigation. It
turns out that even our simple looking model problem contains some hard analytical challenges.
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1. Introduction. Small vertical deformations u of an elastic membrane are usu-
ally described by a second order differential equation —Awu = f with f denoting the
load, whereas the deformation of a plate is commonly modelled by a fourth order
equation A%u = f. Suppose the membrane is replaced by a piece of material or cloth
that is woven out of elastic strings. Then the material properties change drastically,
and in [4] such a problem was studied for second order differential operators. If a plate
is replaced by a stiff woven material (running in cartesian directions) its deformation
energy can be described by

/Q(uim+u§y) dx dy (1.1)

rather than the one for the elastic plate

/Q ((Au)? = (1 = 0) (Ugatiyy — uiy)) dx dy. (1.2)

For the energy that corresponds to the reinforcement or wire fabric that is embedded
in for example concrete, a linear combination of (1.1) and (1.2) is appropriate.

In contrast to the plate equation, that is, the Euler equation for (1.2) which
contains the operator A%y = Ugzer+2Uzryy+Uyyyy, the linearized differential equation
for a stiff fabric consisting of perpendicular fibers does not contain mixed terms when
these fibers run parallel to the z and y-axes. Indeed, if the torsional stiffness can be

Fic. 1.1. A rectangular wire fabric with fibers in cartesian directions

neglected the energy stored in the grid under a vertical load f is supposed to be given
1
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E(u)= /Q {% (ufm + uf/y) — fu} dx dy.

The corresponding Euler equation is Ugzze + Uyyyy = f. This equation has to be
complemented by suitable boundary conditions, and in the present paper we shall
study the problem on a planar domain €:

e as a general grid that is hinged at the boundary

Ugzzr T Uyyyy = f inQ, (1 3)
U =n? Upy +n3 uy, =0 on 99, '

where n = n(x,y) is the exterior normal at (z,y) € 9€;
e or as a general grid that is clamped at the boundary

Ugaze + Uyyyy = [ 0,
{ U= %u =0 on 9. (1.4)

When we checked the literature for this type of equation, we found a remarkable
hint in the chapter on the history of plate theory in Szabd’s book [37], see p.409. Jacob
IT Bernoulli, inspired by Chladni’s experiments on vibrating plates, had attempted to
model their behaviour by our differential equation in [5], but this was later dismissed
for isotropic plates and replaced by Kirchhoff’s theory [24]. But there is more to it.
According to [30] Bernoulli had also studied and absorbed Leonard Euler’s idea that
an elastic membrane should be modelled as a fabric of one-dimensional orthogonal
elastic strings and he tried to carry this idea over to modelling a plate as a fabric of
one-dimensional beams. Thus he arrived at

otz 0z z

ot T A

as “the fundamental equation of the entire theory” of plate vibrations. In those days
church bells were intended as applications for the theory. Both operators, the isotropic
plate operator A2, and the anisotropic

o o
= — 4+ — 1.5
Ox? + Oy* (15)
retain a certain degree of isotropy. They are special cases of
~ o* o o*
L=—+4+P——+0Q (1.6)

Ozt 0x20y> oyt
with P > 0 and Q > 0 denoting material constants. Notice that L is always invari-
ant under reflections across cartesian axes, but not always under rotations. Plates
whose deformation is described by such operators are called orthotropic, see e.g [29],
[31]. By scaling y and not scaling = one can always force @) to be 1. Realistic
values for P and @ in the case of plywood material (birch with bakelite glue) can
be found in [25, p. 92], [26, p. 269], or in [31]. It is not unrealistic to expect
Q to be of order 1-10 and P € [0,1). Modern (composite) materials like GLARE,
see http://www.lr.tudelft.nl/highlights/glare.asp, a composite of layers of fibreglass
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and aluminium that is also called “plymetal”, can be expected to satisfy similar or-
thotropic equations. Orthotropic plate equations like Lu = f have been rigorously
derived by homogenization methods as the right macroscopic model for grid struc-
tures as the thickness of the structure and the size of its cells goes to zero. To be
precise, in [3] p.130, and using our notation the limit equation has coefficients Q = 1
and P =4/(1+v), where v denotes the Poisson ratio of the original (solid and unho-
mogenized) plate material. For v = —1/3 one gets P = 6 as in (3.6) below. We take
the differential equation for granted here and do not address issues of homogenization
as in [3].

Section 2 is devoted to proving existence and uniqueness questions, and Section 3
to regularity of solutions to these boundary value problems. Regularity near corners
of ) is delicate, and its discussion will be limited to some special cases. Moreover, we
address the subject of representations of solutions by series or by means of a Green
function at the end of Section 3.

In Section 4 we study the spectrum of the operator L on rectangular domains
and for hinged and clamped boundary conditions. Since the operator is separable, on
special domains like rectangles all of its eigenfunctions can be represented in terms
of products of one-dimensional eigenfunctions. We learned this from Courant and
Hilbert, see [10], Ch.IT Par. 1.6, who did it for operators of second order. Therefore
the one-dimensional cases will always be treated before the rectangular domains. We
present all eigenvalues and eigenfunctions for a number of examples and compare
spectra for different (parallel or diagonal) alignments of our anisotropic grid.

Section 5 is dedicated to positivity questions. Suppose the load f on a beam (or
grid) is pointing downwards. Does this imply that the deformation u has the same sign
everywhere in {27 The answer is in general negative, unless the geometry of the domain
is special or unless the beam (or grid) is embedded in an elastic ambient medium that
exerts a restoring force proportional to the deformation. So the modified question is,
for which (presumably negative) values of A one can show that f > 0 implies positivity
of the solution to

Uggze T Uyyyy = Au+ f in €,

that satisfies the boundary conditions under consideration. This question turns out
to be technically most challenging and its answer is given using different tricks for
different alignments or boundary conditions.

For the reader’s convenience we finish with a summary in section 6 and an ap-
pendix.

2. Existence and uniqueness for hinged and clamped grids. Let Q2 C R™
be a bounded simply connected set. Then the variational problem

Minimize: E(v) = / (é ngz - fv) dz  on Wy (Q) N W22(Q) (2.1)
2N\ =1

has a unique solution. To see this directly we follow the ideas of [16] and first show

that E(v) is coercive on W22(Q). Obviously 2ugqty, < u2, + u2,, so that

E() > c(n)/Q(Av)Q do —/va dz.

If we denote Av by g, then a well known a-priori estimate for solutions of Dirichlet
problems for second order elliptic differential equations on bounded domains (see e.g.
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[14], p.317) implies that
D[ 12(q) < [|AV]|L2(q),

so that all second derivatives of v are in L?(€2). This and a Poincaré type inequality
show the coerciveness of E on WO1 2(Q)NW22(Q). Now the existence and uniqueness
of a solution follow from the direct method in the calculus of variations and from
the strict convexity of the functional E. The solution satisfies the Euler-equation
Yot Ugiziee; = f in Q. To derive the boundary conditions, we note that a weak
solution satisfies

2 \i=1

and after two integrations by parts we obtain

0= / 72“@%%@% - f@ dx +/ Zumimisoziy’i do (23)
Q i=1 90 =1

n
o —

K2

= Up,, VP | == do 2.5
o) & .

Notice that the last integral in (2.4) vanishes because ¢ vanishes on the boundary.
Therefore the first boundary integral in (2.4) must vanish too. The vanishing of ¢ on
Of) implies in particular that the bracket in (2.5) must vanish on 0. Thus we have
formally derived (1.3) in the plane case.

If the grid or stiff fabric is clamped, we consider the variational problem

n
Uy, Pa; Vi AO —/ Zuhhh Yy do (2.4)
o

1 i=1

Minimize: E(v) = / <;~} Zviﬂl - fv) dz on W3*(Q) (2.6)
N\ =1

and observe that the same existence proof works for this problem, too. The solution
satisfies

{ Zi:l Uy, = 10, (2.7)

u:ggzO on 012,

We have the following existence and uniqueness results..

THEOREM 2.1. Let Q0 C R"™ be a bounded domain with piecewise smooth boundary
and suppose that f € L?(2). Then problems (2.1) and (2.6) have a unique minimizer.
Moreover, the corresponding boundary value problems, which in the case n = 2 are
given by (1.8) and (1.4), have a unique weak solution.

REMARK 2.1. As usual a weak solution for (1.3) is a function u in W3 (Q)
that satisfies (2.2) for all ¢ € Wg*(Q). A weak solution of (1.4) is a function u in
W22(Q) N W, (), satisfying (2.2) for all o € W2(Q2) N W, 7(Q).

The existence was shown above by variational methods and the uniqueness of the
weak solution follows from the strict convexity of the underlying functional E. Notice
that the second order boundary condition holds only in the sense of distributions. To
see that it holds pointwise in every smooth point of the boundary, we need to know
more about its regularity.
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3. Regularity. One may use the standard regularity theory for elliptic opera-
tors whenever the elliptic system is of an appropriate type and if the boundary is
sufficiently smooth. First we will show that our systems are regular elliptic.

3.1. Regular elliptic. The symbol, that is L = C(%, 8%)7 of our fourth order
operator can be decomposed as follows:

L 6) =g+ & = (G+V206+8) (8- V2ae+g), (1)

Hence L can be written as the composition of two second order elliptic operators.
Notice however that the boundary value problem (1.4) cannot be split into a system
of two second order equations with separated boundary conditions. In fact, even
for the boundary value problem (1.3) this seems to be out of reach. The boundary
operators have the following symbols:

e For (1.3): Bi (&) =1 and Bs (&) = n1(x)%EF + na(z)?E3.

e For (1.4): By (&) =1 and By (§) = ni(z)&1 + na(z)&e.

A necessary condition to have the full classical regularity results is that the cor-
responding boundary value problem should be regular elliptic in the sense of [27], and
this is indeed the case.

LEMMA 3.1. Problems (1.3) and (1.4) are regular elliptic.

Proof. The differential operator is regular elliptic of order 2k if there is ¢ > 0
such that £(&) > ¢|¢[** for ¢ € R? which obviously holds true. In order to show
that the boundary conditions make it into a regular elliptic one has to consider the
factorisation of 7 — L(£ + 7). One finds that the roots of this polynomial are

2k—1

—1 4
=S ED T & e q1,2,3,4).

m+(=1)"% n

We use (—1)* = cosma + isinma. Depending on & and 7, which should be taken
independently, there are two roots, 71 and 777, which have positive imaginary part.
We find L(€ + ) = a™(&,m;7)a™ (€, n; 7) with

at(&mT) = \/77411 +na(r—717) (T —711),
a”(&m;m) = /0t + 5 (7 —7r) (T —Tur) -

Since the imaginary parts of 7; and 777 have the same sign the first order term in
a™ (&, m;7) has a coefficient with a strictly negative imaginary part, indeed

(r—711)(r —711) = 7% — (77 + T11) T — TITIL

The condition for regularity that has to be verified is that, for £ a tangential direc-
tion and 7 a normal direction, the polynomials 7 — By (£ + ™) and 7 — Ba (£ + ™)
are independent modulo 7 — a™ (&, n; 7). Therefore we set n = (ny,ny) and £ =
(—ng,ny).

For (1.3) By (¢ + ™) =1 and

By (§+71n) = n? (—ng + n17)2 + ng (n1+ n27)2
2

= 2nin3 + (nj — ni)ninat + (n] +nj) 77
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This is a polynomial with only real coefficients. Since a™ (&, n; 7) contains a real second
order term and an imaginary first order term so that both polynomials are linearly
independent.

For (1.4) By (£ + ) =1 and Bs (£ + 7)) = 1 + 7. These are clearly independent
modulo any second order polynomial. O

2. Regularity for smooth domains. Near the smooth boundary part the
standard regularity results e.g. from [27, Ch. 2] may be used, since both the clamped
and the hinged problem are regular elliptic. Only the corners need more attention.
But to fix the facts let us summarize the regularity results in a Theorem.

THEOREM 3.2. Let Q C R? be a bounded domain with piecewise smooth boundary
and let ¥ C Q be a subset such that Q' contains only the smooth boundary points
of O0. If f € WE2(Q) and k € {0,1,2,...} then the weak solutions of (1.3) and
(1.4) are of class W*4(QY). In particular for f € L*(Q) the derivatives u,,,, are
in W3/22(0Q N oSY), so that the boundary condition in (1.3) holds pointwise a.e. on
0.

3.3. Regularity near corners. It remains to discuss the regularity near singu-
lar points of the boundary, and this will be done for some special but typical situations.
First we will give an explanation for a simple case.

3.3.1. The hinged rectangular grid with aligned fibers. Let R = (0,a) x
(0,b). be the rectangle. It will be relatively easy to study the regularity of the hinged
grid near a corner, say (0,0) when the grid is aligned with the rectangle as in Figure
1.

Reflection:. The first approach is through a reflection argument. As an example
we will consider the hinged rectangular grid with horizontally and vertically aligned
fibers.

Note that the differential operator and boundary conditions all satisfy

&) =L(%, &) and B(+L, &) = B(&, 5)-

‘C(i oz’ Oy

oz Oy

Instead of considering

Uggze + Uyyyy = / in R,
U= Uy =0 on {0,a} x [0,0], (3.2)
U=1Uyy =0 on [0,a] x {0,b},
we extend f to f on (—a,a) x (0,b) by
f(w,y) = sign(z) f(j|,y)

and consider

Upgzr + Uyyyy = f 0 R=(—a,a) x (0,b),
U= ﬁm =0 on {—a,a} x[0,}], (3.3)
U="Tyy =0 on [—a,a] x {0,b}.

If f € LP(R) then f € LP(R) and by the result above there is unique solution @ €
W2P(R) and @ € W*P(R\N) with N some neighborhood of the four corners of R;
(0,0) has become a regular boundary point. Since the solution @ is unique one finds
that @(z,y) = —i(—2,y) and hence @(0,y) = Uz, (0,y) = 0. In other words, u := @5
is the solution of (3.2) which is in W4?(R N B.(0)). Since we may do so for every
corner of R we find that u € W4P(R).
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F1G. 3.1. Rectangular grid with diagonal fabric

Seperation of eigenfunctions:. A second approach can be used if there is a com-
plete orthonormal system of eigenfunctions of the form {y;(z)v¥;(y);4,j € N}. For
example for the problem (3.2) the set {®;;;i,j € NT} with

2 ™ T
o, - 2T T
ij(z,y) \/%sm(zax) sin(j by)

is a complete orthonormal set of eigenfunctions. Writing f;; = (®; ;, f) the solution
u is given by

u(m,y)zz — fij

L N Y
1 g
= (i3) + (%)
Using Parseval a straightforward computation shows that
2
o\ [ a\" %)™ (i 2
) @), S S
L2(R) = 1(( '+ (3)")

which is bounded if f € L*(R) and k,l € N with k 4+ < 4. So u € W*2(R).

3.3.2. The hinged rectangular grid with diagonal fibers. Now suppose
that the grid runs diagonally into the horizontal and vertical axis as in Figure 3.3.2,
and that & := 2v2(z +y) and § = V2 (y — z). Then a straightforward calculation
shows that

Ugzzs + Uyyyy = Ussas + 5Ussgy + 3Ugg90 = f (3.4)
while the boundary condition from (2.4) becomes
Ugg + Uyy = Au =0 = uzz + ugy (3.5)

because (v1)? = ()% = 1/2 on the sides of the rectangle and because the Laplacian
is invariant under rotations. Since also u = 0 on the boundary, this implies uz; = 0 =
ugg. Therefore after an obvious change of notation the deformation u of the hinged
diagonal grid satisfies again a regular elliptic boundary value problem, namely

Ugzrr + 6ux;cyy + Uyyyy = 2f in R= ( ) X (07 b)
U= Uz =0 on {0 a} X [0, } , (3.6)

0y = £(:2,2) and

Also for this boundary value problem we find that C(:I: 53 By

B(iamv [‘)y) = B(a%, a%) and hence we may use the odd reflection argument of (3.3)

to find u € W42(R) that does satisfy the boundary conditions for z = 0.

oz’ Oy
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Incidentally, the transformed elliptic operator has a symbol that can again be
factorized as

2£(61,6) =& +68G + &l = (+ (3-2v2) &) (¢ + (3+2v2)8). (1)

The fact that (3.6) constitutes a regular elliptic boundary value problem does not need
to be checked again, since this property is invariant under changes of the coordinate
system. Moreover, the boundary conditions fit nicely with this factorization and we
find a system of two well-posed second order problems:

Ugpy + (3 — 2\/5) Uyy =V in R,

u=0 ondR (3.8)
Vg + (34+2V2) vy, =2f in R, '
v=0 ondR

Using the result of Kadlec ([22]) for second order operators on convex domains one
finds that f € L2(R) implies v € W22(R) N W,"*(R). Since v satisfies the boundary
conditions of u (!), we do not only find that u € W22(R) N W,"*(R) but even that
u e WH2(R) N Wy (R).

We remark that some boundary value problems with different boundary condi-
tions along each side can be treated by a reflection argument. In fact, the same
reflection argument works for the aligned rectangular grid, if it is clamped on the
horizontal parts of the boundary and hinged on the vertical part. To be specific, for
f € L?(Q) the unique solution u of

Ugzzrr T Uyyyy = f in R,
U= Ugy =0 on {0,a} x [0,0], (3.9)
u=1uy, =0 on [0,a] x {0,b}.

is in W42(R).

3.3.3. The clamped rectangular grid with aligned fibers. The regularity
of the clamped grid near a corner does not follow from such a simple reflection ar-
gument, because uz, does in general not vanish on (0,y) with y € (0,b). However,
provided the grid is aligned with the rectangle as in Figure 1, we may proceed by
‘seperation of eigenfunctions’. To complete this argument we need to borrow some
results of subsection 4.2.3 and more specifically Lemma 4.3 and 4.4.

The set {®;;} of eigenfunctions in (4.11) is a complete orthonormal system in
L?(Q). Then, as above for the hinged rectangular grid, the solution of (1.4) can be
represented by

u(x,y) = P, (z,y),
(,9) ]Z::l r,, Puley)
where a;; are the Fourier coefficients from the representation of f with >, ; a3 being
finite by Parseval’s identity. The eigenvalues T';; are defined by I';; = a=4\; +b7%)\;
and we find that

gntm o0 a*ﬂ)\?/‘lbfm)\f”/‘l
Foau(T,y) = Z 1 ,4J i ®ij(z,y)
9zndy o oy

which is bounded when n +m < 4. This shows that u € W*2(R) even in this case of
a clamped rectangular grid aligned with R. From Theorem 2.1 we were only allowed
to conclude that u € W22(R).
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3.3.4. The clamped rectangular grid with diagonal fibers. How to obtain
the regularity of u for a clamped—hinged or clamped—clamped diagonal grid near a
corner is a nontrivial problem and will not be discussed here.

One conceivable way to represent a solution would be a Green function g%¢(-) =
F(-—&)+h(,-). It can in principle be obtained by adding a solution h of Lh(£,-) =0
in R, h(§, )+ F(-—&) =0= Bah(&,")+ BoF(- — &) on OR to a fundamental solution
F(-=¢), i.e. to a distributional solution of LF (- —¢&) = d¢(+). Clearly F is not unique,
but just for the record let us quote a fundamental solution F' (for L as in (3.9)) from
[39] or [29]:

P = i (@ r st =)+ 2Blog (ST ) -
3.10

+2v2 <z2 arctan f}—i + y? arctan z—z)}

An explicit calculation of the Green function even on a quarter plane seems to be
beyond reach.

4. Eigenfunctions and eigenvalues.

4.1. Eigenfunctions for a hinged rectangular grid. The eigenfunctions for
the hinged beam

Przee = AP in (0,1),
{ ©=Pze =0 in {071}7 (4'1)
are obviously given by ¢;(x) = v/2sin(imz) and the eigenvalues are \; = i‘m?.
If a hinged grid is rectangular and aligned with the cartesian coordinates, then a
calculation shows that the eigenfunctions and eigenvalues of

Byppe + Dyyyy = A® i R,
>=9,,=0 on {0,a} x [0,8], (4.2)
®=9%,,=0 on [0,a] x {0,b}.

are given by

2 famx\ . [ jmy _ itnt gt
O, (x,y) = ﬁsm (a) sin (b) and Ay = e + a (4.3)

For i = j =1 one finds:

LEMMA 4.1. The first eigenfunction for (4.2), the hinged rectangular grid with
aligned fibers, is of fixed sign.

Even if the hinged grid is diagonally aligned we can determine the eigenfunctions
and eigenvalues of

%(I)rmz + 3Paayy + %q)yyyy = A® in R,
o=, =0 on {0,a} x [0,0], (4.4)
o=0,=0 on [0,a] x {0,b}.

by a separation of variables. In fact the eigenfunctions are still given by

2 . famx\ . [jJmy
@ij(x,y):ﬁsm —)sinl =57 )
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but now the eigenvalues are given by

-4 -2 52 -4
a4t 67°7 j

We may conclude as before:

LEMMA 4.2. The first eigenfunction for (4.4), the hinged rectangular grid with
diagonal fibers, is fixed sign.

Notice that

shij < Ay <205, (4.6)
~ 71'4 ,L'4 6,L'2j2 j4 4 Z'4 j4
Aij:2<a4+a?b2+b4) and Ay = (a4+b4)

Notice also that the first eigenfunction is of fixed sign.
4.2. Eigenfunctions for clamped problems.

4.2.1. Eigenfunctions for the clamped beam. The set of all normalized
eigenfunctions for

" =g in (0,1),
{w(o) — M @7)

forms a complete orthonormal system in L2 (0,1).
LEMMA 4.3. These eigenfunctions and eigenvalues are

cosh (v;z) — cos (v;x sinh (v;x) — sin (v;x
i () = B; coshy; (viz) (l)— (Z) . (viz) and )\izl/f,
cosh v; — cosv; sinh v; — sin y;
with i = 1,2,... where v; is the it" positive zero of cosv — Costh = 0 and B; is the

normalization factor such that fol 0; (2)% de = 1.
Note that the first eigenfunction is of fixed sign.
The statement of this Lemma is shown by a lengthy but straightforward calcula-
tion.
LEMMA 4.4. The sequences v; and 3; as above have the following asymptotics
o lim; . im —v; = %w and hence \; =~ (i — 1/2)4 I

Proof. For obvious reasons two subsequent zeroes v; and v;41 of cosv — ﬁ =0
. . .1 .1 . s . 1 —v;
are in the interval ((i — 3)m, (i+3)7) and close to its boundaries. Since 5~ < 2e

and |sinz| > } in a sufficiently small neighborhood of (i — 1)7 we have

v — (i — 3| <4 e™/? e

This proves the first statement, and the following table illustrates it:

( X; : | 500.56390 | 3803.5370 | 14617.630 | 39943.799 [ 89135.406 | 173881.31 | 308208.45 |
l (i7%)4w4: [ 493.13352 [ 3805.0426 [ 14617.451 [ 39943.815 [ 89135.406 [ 173881.31 [ 308208.45 ]
TABLE 4.1

Comparison of the of the eigenvalues \; and the approrimation in Lemma 4.4.
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Let us now turn to the second statement. With the help of mathematica one sees
that

5, = —Z;(coshv;)?
Yy v; (cosy; — cosh 1/1-)2 (siny; — sinh 1/1-)2
with
Z; = 2v; cos2v;+4 coshy; siny; —sin2vy; — cosh2v; (2v; +sin2v;)

—4 cosy; sinhv; + 8 v; siny; sinh v; 4+ sinh 2 v; 4+ cos 2 v; sinh 2 y;

Now the second statement follows by a straightforward computation. O

4.2.2. Comparing eigenvalues of clamped plates and grids. In [33] Philip-
pin, following ideas of Hersch [20], obtained estimates for the eigenvalues of a clamped
plate through the ones for clamped rectangular and diagonal grid. Let us state a spe-
cial result in this direction that compares the first eigenvalues of a clamped grid

Doraz + Pyyyy =P in Q,
{ ®— VO =0 ondQ, (4.8)
with those of the clamped plate:
A2 =T in Q,
{ & =|VP® =0 on Q. (4.9)

LEMMA 4.5. Let Q C R? be a bounded domain with a C%'-boundary. Let Ty and
Y1 be the first eigenvalues of (4.8), respectively (4.9). Then it holds that %Tl <I; <
T;.

Proof. The result follows from the definition of the eigenvalue by Rayleigh’s
quotient and some energy estimates. For the first inequality one uses

i/{z(Au)zdaj dy = i/@ (u2y + gty + Ul ) dody < %/Q (uz, +uy,) dedy.

For the second one proceeds via an integration by part that shows, due to the clamped
boundary conditions,

/ Upglyy dady = / (UplyyN1 — UgUzyno) do —I—/ uiy dzx dy
Q o0 ) Q
= / uiy dx dy > 0,
q
and hence
%/ (u2, + uzy) drdy < %/ (u2, + 2uiy + uiy) dr dy = %/(Au)2 dx dy.
Q Q Q

This completes the proof. O

4.2.3. Eigenfunctions for the clamped rectangular grid. A complete or-
thonormal system of eigenfunctions and eigenvalues for the grid aligned with the
cartesian coordinates

(4.10)

Drvar + Pyyyy = 'O in R,
&= |VP| =0 on OR.
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with R = (0,a) x (0,b) is given in terms of the one-dimensional eigenfunctions and
eigenvalues ¢; and A; from Lemma 4.3 by

D, (z,y) = \/%goi (%) ©; (%) and Ty =a X\ + 0%\ (4.11)

LEMMA 4.6. The first eigenfunction for (4.10), the clamped rectangular grid with
aligned fibers, is of fixed sign.

This is in marked contrast to the biharmonic operator, whose first eigenfunction
under Dirichlet conditions on a rectangle is known to change sign infinitely often (see
[8]), and positivity of the ground state for our anisotropic operator cannot be expected
for a general domain.

[ T; : [ 1001.13 | 4304.10 | 15118.2 | 40444.4 | 89636.0
7607.07 | 18421.2 | 43747.3 | 92938.9
29235.3 | 54561. | 103753.
79887. | 129079.
178271.

TABLE 4.2
Numerical values for the eigenvalues A;; with i,j5 < 5 of a clamped square grid of length 1 that
is aligned with cartesian coordinates are (without repeating the multiple ones like A1 2 = A2 1)

[ Ti; : [ 1294.93 | 5386.63
11710.3

TABLE 4.3
Numerical eigenvalues for a clamped square plate of length 1. We used the values found in
[15, p. 79] and scaled these.

An explicit determination of all eigenfunctions and eigenvalues for the diagonally
aligned clamped grid, however,

10,000 + 3Duuyy + 28y, =T0 in R,
=0, =0 on {0,a} x [0,0], (4.12)
®=o,=0 on [0,a] x {0,b}.

seems to be a nontrivial problem. From Lemma 4.5 we can find an estimate, namely
Iy < oIy, by using I'1 < T3 and %Tl < T4, and similarly [y < 2T'y. This is consistent
with inequality (4.6) for hinged grids. Note that the estimate %fl < Ty < 2T even
holds on general domains.

REMARK 4.1. We do not know if the first eigenfunction for (4.12), the clamped
rectangular grid with diagonal fibers, is of fized sign. Some evidence against a fixed
sign follows from Coffman’s result in [8].

4.2.4. Eigenfunctions for the clamped circular grid. For a clamped circu-
lar plate there are radially symmetric eigenfunctions and these can be expressed in
terms of the (modified) Bessel functions Jy and Iy. Since Boggio [2] gave an explicit
formula for the Dirichlet biharmonic on a circular disk Jentzsch’ Theorem implies
that the first eigenfunction is positive (of fixed sign) and unique and hence radially
symmetric. Although a numerical approximation shows that the first eigenfunction
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Loy =257 T 35757 T 25,7

Fic. 4.1. Numerical approzimations of the first ‘clamped’ eigenfunctions on a disk for L;,
i =1,2,3. One sees hardly any difference. We remark that the eigenfunctions for the first and the
second operator differ ‘analytically’ just by a 45° rotation. The finite difference scheme however is
different since in each case the discrete version of the corresponding operator L; has been used.

of the clamped grid looks similar to the one for the clamped plate this eigenfunction
is not radially symmetric.
LEMMA 4.7. Let D denote the unit disk. There is no radial eigenfunction for

Corza + Pyyyy =T'P in D,
{ ®=|VP| =0 on OD. (4.13)

REMARK 4.2. Of course, since the differential equation Uzprs + Uyyyy = AU 15
not rotation invariant, this result should not come as a surprise. A nasty consequence
however, is that the first eigenfunction does not seem to have an ‘easy’ explicit rep-
resentation. We do not even have analytical proof that this eigenfunction has a fized
sign or that it is unique.

REMARK 4.3. The first eigenvalue Acp1 = 104.363 for the cicular clamped plate
one may find in [1]. The first one for the clamped grid is approximately 5% of this
value.

Proof. [Proof of Lemma 4.7] Suppose that ® is a radial eigenfunction. Then we
can rotate this eigenfunction by 7/4 and it is still an eigenfunction. However, the
rotated ® satisfies now, see (3.6),

{ 1®rme + 3Puayy + 1Py, =T in D,

®=|VP| =0 on d0D. (4.14)

Consequently we can add (4.13) to (4.14) to arrive at %‘I)mm—l-?@myy—l-%q)yyyy =2I'®
or

(4.15)

A2®=4T®  in D,
®=|VP| =0 on 0D.

But then ® must be a radial eigenfunction of the plate equation, an unlikely coin-
cidence. To show that this cannot be the case suppose that ®(r) is such a radial
function. Then

" z2 192 ny? 1z
b, = f—z—t—‘b%and@m:@ %—I—(I’%
and

Covar + Pyyyy =

4 _ 92,2 192202 4 2. 2 a4 2 2
T4y 4o T4y —|—(I>”3T 30z“y Y 3r* 4+ 30z°y TP

" r
rd 5 76 7 ’
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or equivalently
2x2y2 (—(I)/W 4 67"71(13/” _ 157,—2(1)// 4 157,73@/) — T‘4F(I) _ 7"4(13/”, _ 37‘2@// 4 37,(1)/.
But this implies that either 22y? is a function of r, or both sides are identical 0. So

we have to show that this second case cannot occur. Suppose both sides are identical
zero. The general solution of

P + GT—lq)/// _ 157“72(1)// + 157,—3@/ =0

is a linear combination of r*# with four distinct numbers v; € {0, 2.32219, 1.83891 +
1.75438:}. There is no way that such a combination will make the right hand side
identically zero, a contradiction. O

5. Positivity questions. From the Krein-Rutman theorem one knows that for
a regular elliptic problem strong positivity of the solution operator implies that the
first eigenfunction has multiplicity one and moreover is of fixed sign. If the solution
operator has an integral kernel one may even use a much earlier result of Jentzsch
[21]. Let us be more precise and consider:

{ Lu=MXu+f inQ, (5.1)

Bu=0 on 0f),

If the solution operator (L — )\)Bl : X — X for (5.1) in the Banach lattice X is
compact, positive and irreducible for some g, then there exists an eigenvalue A\; €
(Ao, 00) with a positive eigenfunction. For a precise statement see [6]. Moreover, for
all A € [A\g, A1) and f € X one finds that there is a solution uy € X and

f > 0 implies uy > 0.

5.1. Known results for plates. Let us recall some of the known positivity
preserving results for plates.
For the hinged plate

2 _ .
{ Afu=Au+f in, (5.2)

u=Au=0 on 02,

this question was studied in [23] on a general bounded domain Q. The problem is
positivity preserving if A € [=A\.(2), A\1(2)?). Here ). is a critical number which is
bounded above by A1 (2)A2(£2) and A;(£2) are the eigenvalues of the Laplacian operator
under Dirichlet conditions. If ) is a rectangle R with sides a and b < a one calculates
easily A\1(R) = 7%(a? + b?) and \o(R) = 7%(a® + 4b?), so that (5.2) with Q = R is
positivity preserving for

—7m4(a? 4+ b?)(a® + 4b%) < —A(R) < X < 7wt(a® + b?)2. (5.3)
The clamped plate

2 _ .
{Au—)\u—l—f in Q, (5.4)

u=|Vul=0 on dQ,

is a more delicate problem. In general (5.4) is not positivity preserving for A = 0, see
[13] or [36]. The boundary value problem in (5.4) is positivity preserving only in the
case of some special domains §2:
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If ©Q is a ball or a disk Boggio’s explicit formula for the solution operator with
A = 0 implies positivity.

For small perturbations of the disk positivity has been shown in [19].

For Q) some limagons positivity can be found in [11].

For a combination of the above results with Mdbius transformations see [12].

5.2. Positivity under hinged boundary conditions.

5.2.1. Hinged beam. For the hinged beam

Uggze = M+ in (0,1),
{ U= Ugy =0 in {0,1}, (5.5)
the boundary value problem (5.5) is positivity preserving, provided (see [23])
—950.884 ~ A\, < \ < 7t ~ 97.409. (5.6)

Here the lower bound ). equals 4(ko)* where kg is the first positive zero of tan(x) +
tanh(x).

The Green function of the hinged beam. For the sake of completeness we list some
facts about the Green function of the hinged beam problem (5.5). Set v = v/A and

p=y/—1X

sinh Va;gsil’l v iftA>0

é(\x) = 1 ifA=0
cosh(pz) sin #Jé;gos(p,a:) sinhpz ey

sinh ny-L—sin v if A >0

Y (\x) = x ifA=0
cosh(ux) sin W:;;cos(w) sinhpuz 50y ()

With gy (z,y) as follows

ax p(Nz)oN1—y)+ 0 (Nx) o (N1 —y)+
Fh N Nl—y) Fn v ()Y (1—y) H0szsy<l

axoNy)eMl—a)+ 6 v (Ny) o (M1 —x)+
+ B (Ny) v (N1 —2) + o v (A Y)Y (A1 — )

gx(z,y) =
ifo<y<az<l.

(5.7)
with appropriate constants to accommodate the boundary values in 1 and the con-
tinuity requirements of g. Some tedious calculations lead to the coefficients in the
following table.

For A > 0 formula (5.7) can be simplified to

g)\(m7y) _ sin(z v) sin(v(1—y)) _ sinh(z v) sinh(v(1—y)) if 0 S z S y S 17

23 sinv 2 v3 sinh v

5.8)
3 : (
gz, y)=gz(l-y) —gz(1-y) —g2®(1-y) f0<z<y<lL

5.2.2. Hinged rectangular grid with aligned fibers. In this section it will
be convenient to use (1, z2) instead of (x,y). An investigation of positivity preserving
properties for the hinged rectangular grid that is aligned with the cartesian axes seems
to be difficult. The eigenfunctions are

1
Dij (x1,22) = Taf (a™'21) @j (b7 as)
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0<A# N\ A=0 A<0
set v = VA set u = {‘/—i)\
3 . .
1% 1 1 v 3 cos psinh p—cosh psin p
Qx 8 (sinu sinhu) 2sinv 0 H cosh2p—cos2u
_ v 1 1 1 __,,sinh p cos p+cosh p sin p
ﬁ)‘ 4 (sinu + sinhu) 2 K cosh 2pu—cos2p
_ 1 ( 1 1 ) 1 cosh p sin p—cos psinh p
2 2v \sinv sinh v 6 p(cosh 2pu—cos 2p)
TABLE 5.1

These values were obtained using Mathematica.

with ; (t) = v/2sin(int). Recall that the first eigenfunction is of fixed sign and has
multiplicity one. Using these eigenfunctions and the Green function gy from (5.7) or
(5.8) the solution of

ot L ot i
(F+d)u=duss kR (5.9)
u=Au=20 on OR,

can be written as

1
U(I) = Z a_4)\i + b_4)\j Y <(I)ij7f> (DU(‘I) =

7,7=1

Tk () Loaeareon) o)

An inspection of the series representation above suggests that for nonnegative and
nontrivial f, for A < A1 and X close to Ay the coefficient in front of ®;; becomes
very large and positive. This suggests that the first term in the series decides about
the sign of u. But estimating the remainder of the series in terms of ®;; turns out
to be a hard technical problem.

In order to verify that problem (5.9) is positivity preserving at least for A in some
interval [A11 — 7y, A11) it suffices to show that the solution of (5.9) with f = 4§, is
positive for every y € R, where §, is the delta function at y.

Since the first eigenfunction is strictly positive in the interior we may prove the
following result, in which we use some notation for a domain 2:

e the e-interior: A, = {z € A;d(z,00) > e}
e the e-neighborhood: A+ B¢ = {z € Q;d(z,04) < ¢}

LEMMA 5.1. Let u* be the solution of (5.9). For every e > 0 there is a positive
v > 0 such that for A € [A11 —v,A11) and f > 0 the following two statements hold
(here C denotes the set of corner points):

e if support f € R., then u*(x) >0 for allx € R\ (C + B?),
e ifsupport f € R\ (C + B?), then u*(x) > 0 for all v € R..

Proof. It is sufficient to show such a result for f = d,, the delta function, with

y € R.. Formally we have

dy () = Z D5 (y) @45 ()

i,j=1
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F1G. 5.1. The sets R. and R\ (C + B®) from Lemma 5.1

but since &, ¢ L?(R) this series does not converge. The distributional solution u¥*
of (5.9) with f = ¢,, that is

W () = Z f; Ey)A @i (), (5.10)

lies in L? (R) since its coefficients are in £ :

ij=1 ij=1

We even find for o + 3 < 3 that

ajf =L b € L.
{Z GV UESY
and hence u¥* € W3~42(R) for all t > 0.
We split u¥* = v + ud* where

uf (1) = —;illl Eyi\‘bll ()

By our assumption we have
c .
[P (y)] < E(I)H (y) and |®;; (z)] < cmax (i, ) P11(x).

This implies that we find

<

[ee]
ig=1
(1,5)#(1,1)

3 o9}

5 (y) o
Aij _ )\(I)U (.CC)

c max (2, J

< 51 (z) P (y) Z ” ( .4]) :

c ij=1 7 (2—4 + %{) —A
(,5)#(1,1)

Since A12 and A are greater than Ay, a straightforward computation shows that the
last sum is bounded uniformly with respect to A < Aj; by a constant v = C (a,b) e~2.
For A\ € [All — ’7,A11) we find

[ (@) < 9@ () D1 (1) < WA (@)
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and hence that u¥*(z) > 0.0

With Proposition A.1 we may conclude that the follwing holds.

LEMMA 5.2. For every e > 0 there is a v > 0 such that if A € [A11 — 7y, A11) and
f >0, then the solution of (5.9) satisfies u*(x) > 0 for allx € R.U(R\ (suppf + B.)) .

F1G. 5.2. The sets suppf and R- U (R \ (suppf + Bc)) from Lemma 5.2

Proof. If suppf € R. then the previous lemma yields that u*(z) > 0 ex-
cept near the corners C'. By the Proposition A.3 and using duality we find that

||u§‘||W28,2(C+BE/2) < (&) [Ifllw-42(q) - Let us denote by dj(z) and dy(z) the dis-

tance of z € R to the horizontal and vertical part of its boundary and by (v, f) the
L? (R) product, when applicable. Then one continues with the imbedding Wé‘ 2 (Q) in
C?(Q) N CL(Q), through

1 ll-s2qqy = sup { (v, )50 € WE(Q) with [0]lypaz) <1} <
< esup { (v, f) 50 € CX(Q) N C3(Q) with [o]loqy <1} <

< csup{(v, f); |v(@)] < dn(2)dy ()}
S C/ <q)117 f> .

The last inequality is due to the fact that ®;; can be bounded above and below by
multiples of dp, (z)d,(x).

Similarly, again with an imbedding, we find for the function u3 € C2Q) N C(Q)
and for z € C' + B/, that

’U;%(.’E) S Cc1 ||u§\||02(c+35/2) @11(37) S C2 ||u%\||W28'2(C+B€/2) q)ll(m) S

< c(e) ||f||W—3,2(Q) P11 () < (e) (P, f) Pra ()

Since u}(z) = (A1y — A) " (@11, f) @131 () we find u*(z) > 0 near the corners for
A11 — A chosen sufficiently small. A similar proof does it for the remaining claim. O

Let us summarize our results in terms of positivity for the Green function u¥*
from (5.10) belonging to the hinged rectangular grid.

COROLLARY 5.3. For every e > 0 there is a y(¢) > 0 such that u¥*(z) > 0 for
allz € R, all y € Ra. and all X € [A11 —v(e),A11).

Proof. We approximate d,(-) in D’'(Q2) by a sequence of smooth f,, with support
in B.(y) and note that the corresponding solutions u*(z) of (5.9) are nonnegative
for all z € R and all y € Ry, due to Lemma 5.2. Then we send n — oo. Since f,
converges in W~12(R), the sequence u,, converges pointwise. [

Notice that when sending ¢ to zero, it is conceivable (although it seems unlikely)
that v(¢) — 0. In that case, as e, — 0, there exists sequences A\, < Aj; with



ON THE DIFFERENTIAL EQUATION ugaue + tyyyy = f 19

An — A1, Yn € R\ Ro., with y, — yo € OR and z,, — 29 € R such that
2y = uYm M (2,) <0 foralln €N .

At present we are unable to derive a contradiction from this.

We wil end this section by a another nonuniform positivity result near A;; by
using the fact that the projection on the first eigenfunction will dominate near Aqq.
We proceed as for the non-uniform version of the anti-maximum principle in [7] to
obtain the following nonuniform result.

PROPOSITION 5.4. For all f € L*(R) with f > 0 there exists A\ < A11 such that
for A € [\, A1) the solution uy of (5.9) satisfies uy > 0.

Proof. We will adjust the arguments in [7] for the present situation. Let L :
W42(R) N W2 (R) — L%(R) be the operator that corresponds to (5.9). Fix Py to
be the projection on the first eigenfunction, that is, Pof = (P11, f)p P11 and set
A € (A11,min (Aja, Agy)). Then using our regularity result for (5.9) as in [7], we find

that there exists a constant C' such that for all A € [07 ]\} the following holds

[V (OF /N el 1] e

Since the domain R satisfies a uniform interior cone condition we find by [18, Theorem
7.26] that W*2(R) is imbedded in C%*(Q2) for any « € (0,1). Since

(L=N""I =Ry f e W5 ()
we find that u € Cy(€2) and hence that

(L-N"'U-PR)f
Dy

<c

c-N"a-r)f| ., .

oo

The solution uy of (5.9) can be written as

’U,)\(SU) = %@11(1’) —+ ((ﬁ _ )\)*1 (I . PO) f) (x)
> (M _c” ||sz(R)> ED)

which is positive for 0 < Aj; — A sufficiently small. O

5.2.3. Hinged rectangular grid with diagonal fibers. The positivity ques-
tion is much simpler to decide if the grid runs diagonally. For the diagonally hinged
grid on the rectangle R as in (3.4)—(3.7),

%umm + 3Upayy + %uyyyy =Xu+f inR,
U= Uy, =0 on {0,a} x [0,9], (5.11)
U=1Uyy =0 on [0,a] x {0,b}.

one may decouple the fourth order equation (3.6) (or (5.11) with A = 0) into a system
of two second order equations by using (3.7).

Since the boundary conditions decouple nicely with the two second order opera-
tors, one may use the substitution v :== —uz, — (3 + 2v/2)uy, and two iterations of
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the standard maximum principle for second order differential operators to find that
(5.11) is positivity preserving for A = 0.

Going back to the fourth order problem one has a strongly positive and compact
solution operator that maps f € C(Q) to u € C(Q). From Krein-Rutman’s Theorem
one finds that there exists a first eigenvalue and this eigenvalue corresponds to an
eigenfunction of fixed sign. But then one can show the following as in [35].

PROPOSITION 5.5. For A € [0,7* (2a™* +3a72b72 + 1b=%)) the problem (5.11)
18 positivity preserving.

The upper bound for A is the first eigenvalue I'1; given in (4.5).

5.2.4. Numerical comparison for hinged rectangles. For the hinged rec-
tangular plate and grids we obtained the following numerical result by a finite differ-
ence method.

/| 2 I\

Fic. 5.3. A hinged plate, a hinged grid with rectangular fibers and a hinged grid with diagonal
fibers. The arrow denotes the location of the pointed force and the red (dark) part represents the
part of the grid with a negative deviation.

5.3. Positivity under clamped boundary conditions.

5.3.1. Clamped beam. What can be said about positivity preservation for the
clamped beam (5.12)7

{ Uggzr = AU+ f in (0, ].)7

u=uy; =0 in {0, 1}. (5-12)

This requires more efforts. If A\ is not an eigenvalue there exists a Green function g
for the clamped beam problem (5.12) such that the solution can be represented as

1
u(z) = / 9x(2,9) f () dy.

Let us define

v~3 (sinh (vz) — sin (vx)) it A>0,
p(Nz) =4 2a3 if A\ =0, (5.13)
21173 (cosh (ua) sin (px) — sinh (ux) cos (px)) if A < 0.

where v = V/A and p = {/—1\. The functions ¢ ()\;) and % (A;+) are two linearly
independent solutions of the differential equation and the boundary conditions of
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(5.12) in the left end point 0. By the definition of the Green function it follows that

ax d(Nz) oA 1 —y)+ 6y ¢ (Nz) o (A1 —y)+
o) Fh N M1 —y)+ ¢ (M) (1 —y)if 0=z =yl
T,Y) =
Py amw;yw(x;l—x)wwuy))(

)+
+ 0 d(Ny) ' (M1 —2x)+9a ¢ (N ifo<y<z<l.

¢ (>\ 1-z)

(5.14)
with appropriate constants to accommodate the boundary values in 1 and the con-
tinuity requirements of g). Some tedious calculations lead to the coefficients in the

following table.

0<A#XN | A=0 A <0
set v = v/ set = {/—1x
v3(sinh v+sinv) 3 213 (cos p sinh p4-cosh p sin )
QX 4—4 coshvcosv cosh 2pu+cos2pu—2
ﬁ v?(cos v—cosh v) 3 —242 sinh g sin
A 4—4 coshvcosv 2 cosh 2pu+cos2pu—2
v(sinh v—sin v) 1 p(cosh psin p—cos p sinh p)
A 4—4 coshvcosv 2 cosh 2pu+cos2pu—2
TABLE 5.2

These values were obtained using Mathematica.

For A = 0 formula (5.14) can be simplified to

go(z,y) = {

Problem (5.12) is positivity preserving if and only if the Green function is positive
and for go this is now easily seen to be the case. Instead of directly computing for
which X the Green function g, is in fact positive one may proceed through the results
of Schroder in [34]. The Green function changes sign for some X if and only if this A
is an eigenvalue of either (4.7) or of

SO”N — /\4,0 in (07 1) :
{ ©(0) =¢'(0) = ¢""(0) =0 = p(1). (5.15)

The ‘first’ solution of (5.15) is gx(z, 1) with A\. = —4v3 where 1y is the first positive
zero of tanh v = tanv.
LEMMA 5.6. Problem (5.12) is positivity preserving if and only if X € [A¢, A1)
where
e )\ is the first eigenvalue of (4.7), that is, the fourth power of the first positive
solution of

xQ(l—y)Q(y—x—F%x(l—y)) ifo<z<y<l1,

I I

y2(1—x)2(x—y+§y(l—x)) if0<y<az<l1.

1
cosh \’
e ). is the ‘first’ eigenvalue of (5.15), that is, the first negative solution of

COS\ =

tan {/—1X\ = tanh {/ -2\ (5.16)
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The numerical approximations are A\; ~ 4.7300 and A, ~ —950.884. Notice that
this is the same A, as in (5.6) for Problem (5.5).

Proof. The arguments are similar to the ones in [23] and reflect the ideas from
[34].

Direct inspection shows that gq is strictly positive. To study the case of positive
A, notice that (5.12 can be rewritten as (I — AL™1)u = f, where Lu = Uz, S0 that
by a Neumann series argument u = Y, (AL™1)¥ f converges and is positive for all
A € [0, A1) . For A = Ay no solution exists when f = 1. For A > A\; and f = ¢; the
solution is u = (A1 — A\)~1¢; and this is negative.

For A < 0 one finds from (5.14)-(5.13) and the coefficients in Table 5.1 that
A — ga(z,y) is continuous for A < 0 in almost every sense. Let A\, < 0 be the first
number after which positivity fails. Suppose that for a fixed y € (0,1) the value of
9x.(z,y) is nonnegative but equals 0 for some z, € (0,1). And suppose w.l.o.g. that
2y < y. Then gy, (zy,y) = 29, (zy,4) = 29, (0,3) = Zga. (0,y) = 0 and we have
found an eigenfunction scaled to [0, z,], a contradiction. Hence x, = 0. Using the
symmetry gx(z,y) = ga(y, ) we may assume that y is at the boundary, say y = 1. We
may repeat the argument above for gy, defined by gx(z) = limyq (1 — y)_2 gr(z,y)
which is a nontrivial function. Again if g(z1) = 0 for some z; € (0,1) we find an
eigenfunction by scaling on [0, z1] . Since ¢'(1) < 0 = g(1) it remains that 1 = 0. One
finds that g is an eigenfunction of (5.15). The first eigenfunction of that eigenvalue
problem is

1(x) = cosh (uz) sin (ux) — sinh (ux) cos (ux)

with p the first positive root of cosh psin y = sinh prcos p and A. = 4u2. This can be
rephrased to (5.16). For A < A. one finds that g, is sign changing implying that for
y near 1 the function = — gy (z,y) is sign changing. O

5.3.2. Clamped rectangular grid with aligned fibers. In this section we
investigate the problem

Uprzr T Uyyyy = Au + f in R,

{ u=|Vul=0 on OR. (5.17)

Numerical calculations suggest that for A = 0 a point load f = 6,(-) can lead to a
sign changing solution, see Figure 5.4 in which the sign of w is colour coded. This
behaviour is also known and recorded in [9] for isotropic rectangular plates, whose
deformation solves A%y = f instead.

F1G. 5.4. Numerical simulation of a clamped rectangularly aligned grid; (5.17) with p =0 and
a point source f.
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However, since the first eigenfunction is positive, by using the eigenfunction ex-
pansion one finds the following solution formula for (5.17):

u(z,y) = Z Aijl_)\@mf)R D45 (z,y) .

,j=1

As for the hinged plate one might hope that for A near A1, the projection on the first
eigenfunction will dominate the sign. But to find such a result we would need a C*
estimate near corner points which, unfortunately, we do not have at our disposal.

5.3.3. Clamped diagonal grid. Since we do not know if the first eigenfunction
is of fixed sign for this grid we can only give some numerical evidence. With the same
point source and domain as in rectangularly aligned grid from Figure 5.4 the area
where the solutions changes sign seems to be much smaller for the diagonally aligned
grid.

[ ]
INNNNNNNNN
INNNNNNNN/

F1c. 5.5. Numerical simulation of a clamped diagonally aligned grid.

5.3.4. Numerical comparison for clamped rectangles. Duffin’s famous
counterexample in [13] for the conjecture of Boggio-Hadamard (the clamped plate
problem on convex domains is positivity preserving) uses a long thin rectangle. Here
we present numerical results for long clamped rectangular plate and grids. Rather
surprisingly the numerical result for long thin rectangle with a diagonal fabric hardly
shows any sign change.

/A A A

F1a. 5.6. A clamped plate, a clamped grid with rectangular fibers, and a clamped grid with
diagonal fibers. The arrow denotes the location of the pointed force and the red (dark) part represents
the part of the grid with a negative deviation.

The numerical illustrations have been obtained using a finite difference method.
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6. Summary for rectangular grids. We set out to study positivity for rec-
tangular grids with aligned and with diagonal fibers. An overview of the results we
obtained for those problems can be found in Table 6.1. For the sake of comparison
we include the known results for the rectangular plate.

positive eigenfunction | positivity preserving
plate ®; >0 for A € [0,A1)
hinged grid aligned with sides ®; >0 conditionally near Aj
grid with diagonal fibers P >0 for A € [0,A1)
plate ®; changes sign no
grid aligned with sides ®;1 >0 conditionally near Aj
clamped | grid with diagonal fibers ? ?
TABLE 6.1

Qverview for rectangular plates and grids

Numerics for the clamped plate with diagonal fabric suggest that the first question
mark in the table above should be answered affirmatively; the second question mark

might have a positive answer for A\ near A;. Of course ‘near A;’ always means in a
left neighbourhood of A;.

Appendix A. Nonlocal smoothness.

The standard regularity statement for 2m—th order elliptic problems is usually a
statement of the form f € WkP(Q) implies u € W*+2m2(Q) or f € C*7(Q) implies
u € CF+2m7(Q). Such a maximal regularity result is optimal. However, for a function
f € LP(Q) which has its support in ' C Q one may show that the corresponding
solution is smooth outside of Q. Although this result is well-known we are not aware
of any reference. So allow us to formulate a corresponding statement.

Consider a regular elliptic problem with L of order 2m and €2 a domain in R™ :

Lu=f inQ,
{ Biu=0 ondQfori=0,...,m. (A1)

ProroSITION A.1. Let Q1,8 be two disjoint subdomains of Q0 having a positive
distance r, that is, v = inf {|Jz —y|;x € Q1,y € Qa} > 0. Suppose that there exists
c > 0 such that for all k € {0,...,x} and all f € W*2(Q) there is a solution
u € W2mHE2(Q) of (A.1) with

||U||W2m+kv2(sz) <c ||fHWk,2(Q) ; (A2)

then there exists C (c,k,r) such that for all f € Lao(Y) with supportf C i the
following holds true:

Jtllyam ez < C (o) 1l - (A.3)
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Proof. We will prove this by induction. For k = 0 the estimate (A.3) follows
from (A.2) and the fact that supp f C ;. Next we do the induction from k to k + 1
and suppose that HU”W?va?(Qz) < C(e,k,m) Hf”Lz(Ql) for some k£ > 0. One may
construct a cut-off functions y such that for some ¢; € R

L. xe C>=(Q) with Xjo, = 0 and xjq, = 1;
2. Qy € supporty € Q\Qy;
3. Ixlloiqy < err™ fori € {0,... , k}.

Note that L (xu) = xLu + l.o.t. = 0 + l.o.t. and that xu satisfies the boundary
conditions from (A.1). Since the right hand side l.o.t. lies in W**1:2(Q) we find
xu € W2m+k+1.2(()) Moreover

||UHW2m+k+1,2(Q2) < HXU||W2m+k+1.2(Q) < ||l-0~t~||Wk+1,2(Q) =

=C Hl'o't'||Wk+112(supportx) S C(’/‘) Hu||W2m+k'2(Q2) S Cl (C7k‘,7‘/2) ||fHL2(Ql) .

Here Q, can be chosen so that d(€y,) < r/(2k). 0
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