EMBEDDING RESULTS FOR ~-SPACES

MARK VERAAR

ABSTRACT. In this note we consider embeddings between function spaces and
the space of y-radonifying operators. We provide some positive and negative
results and discuss the connections with type and cotype.

1. INTRODUCTION

The 7-spaces (or sometimes called spaces of y-radonifying operators) play an im-
portant role in functional analysis (see the recent survey [25] for a details). During
the last decade the unpublished manuscript [I7] on functional calculus has played
an influential role in new applications of the theory of y-radonifying operators to dif-
ferent parts of functional analysis. In vector-valued harmonic analysis and operator
theory the y-spaces have been used in [12 13, 15, 14, 17, 18] 19]. In vector-valued
stochastic analysis it has turned out that ~y-spaces provide the right framework to
obtain equivalent norms for stochastic integrals (see [27] and references therein)
and this has let to a rapid further development (see [5, 22] 23| 26|, B0, 28]).

In [16] embedding results between certain X-valued Besov spaces and 7y-spaces
have been studied under type and cotype assumptions on the Banach space X. This
immediately has led to applications in stochastic evolution equations in [30]. Let
us mention that embeddings for y-spaces have also been used in [4] for invariant
measures and ergodic theory, in [6] for equations with fractional noise, in [24] for
asymptotic behavior of semigroups.

In this note we discuss possible improvements for the embedding results for -
spaces and we provide both positive and negative results. The results in this note
have already found applications in [6]: it can be used to obtain sharp sufficient
condition for stochastic integrability with respect to fractional Brownian motion.
Another application can be found in [29]. Here together with van Neerven and Weis
we have consider maximal regularity results for parabolic problems in ~y-spaces.
Using embedding results below one can derive regularity results in terms of more
classical spaces.

Acknowledgement. The author thanks the anonymous referee for carefully read-
ing the manuscript.

2. PRELIMINARIES

2.1. Type and cotype. A Banach space X is said to have type p with p € [1,2] if
there exists a constant C' > 0 such that for all finite sequences z1,...,zxy in X we
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have
1 N 1

S ] < (S )’

The space X is said to have cotype g with ¢ € [2, 00] if there exists a constant C > 0
such that for all finite sequences z1,...,zy in X we have

N 1 N q 1
(S twali®)* < C(B] S )"
n=1 n=1

where one needs to replace the left-hand side by sup;<, <y [[zxl if ¢ = co. For
details on type and cotype we refer to the monographs [Il, ]. Note that for all
p € [1,00), L? has type p A 2 and cotype p V 2.

2.2. y-spaces. We briefly recall the definition of «-radonifying operators. For de-
tails we refer to [8, Chapter 12] and [25]. Let H be a separable Hilbert space with an
orthonormal basis (hy,)n>1. Let (7,)n>1 be a sequence of independent real-valued
standard Gaussian random variables. For a bounded operator R : H — X we say
that R is a vy-radonifying operator if 3 -, v, Rh, converges in L?(%; X) and in
this case let a
2
IR ) =B 3 mRha| -

n>1

The space y(H, X) is a Banach space and is called the ~y-space.
Let (A, A,v) be a o-finite measure space. For a strongly v-measurable function
f: A — X such that for all 2* € X*, (f,2*) belongs to L?(A) one can define a

Pettis integral operator I : L?(A) — X by Irg = / fgdup. In the sequel I and f
A

will be identified and we will also write || f||y(z2(a),B) = [L¢lly(z2(4),x)- The simple
functions f : A — X are dense in y(L2(A), X).

In a similar way as in [31] one can show that for a Banach function space X with
finite cotype, one has y(L?(A), X) = X(L?(A)) and there is a C > 0 such that for

1/2
all f: A — X with || fllx2a) = (fA|f\2du) < oo one has f € y(L?(4), X)
and

A

(2.1) C U Fllxzzcay < 1 lvzzcay,x) < Cllfllxzzcay-

2.3. Vector-valued function spaces. The Fourier transform of a function f €
L'(R%; X) will be normalized as

1 —ix-
f(g):(%r)d/?/wf(x)e Ydz, ¢eR%

We briefly recall the definition of different types of vector-valued function spaces.
For details we refer to [36], B7] for the scalar case and [3| 1T} B3], 34, 35 B8] for the
vector-valued case. R

Let ¢ € #(R?) be a fixed Schwartz function whose Fourier transform ¢ is
nonnegative and has support in {¢ € RY : % < |¢] < 2} and which satisfies
D okez (}3(2*"3{) =1 for £ € R?\ {0}. Define the sequence (p;)r>o in #(R?) by

Br(€) = 6(27%¢) for k> 1 and Go(€) =1 — Xy, Pr(€) for € € RY.
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For 1 < p,q < oo and s € R the Besov space B;q(R‘i; X) is defined as the space
of all X-valued tempered distributions f € .#/(R%; X) for which

1/q
Bs ,(R4X) = (Z HQkSSOk * f”%p(Rd;X))
k>0

/]

is finite. This space is a Banach space and a different function ¢ yields an equivalent
norm.

For p € [1,00), 1 < g < oo and s € R the Triebel-Lizorkin space F;yq(Rd;X)
is defined as the space of all X-valued tempered distributions f € .#/(R%; X) for

which
ks q 1/q
r g = | (0 2w« £17) |
)

/]

LP(R4)

is finite. This space is a Banach space and a different function ¢ yields an equivalent
norm. Note that Fs (R% X) = Bs (R X).

For p € [1,00] and s € R the Bessel-potential space H, (R%; X) is defined as the
space of all X-valued tempered distributions f € .#/(R%; X) for which

£ 11y sy == IF A+ )2 Al o ey < o0
Recall the following assertion (see [34], [35]): for all s € R and p € (1, 00) one has

(22) B (R4 X) = F (RG X) — H (R X) — FS (RY X) < BS (R% X).

Also recall from [34] that for 1 < pg < p1 < 00, qo,q1 € [1, 00] and s — ;io > 51— 1%
one has
(2.3) F (REGX)— Fo o (REGX), and H(RYGX) < HH(RY X)),

For UMD spaces X there is an equivalent norm on Hj(R%; X) (see [7] for details
on UMD spaces).

Proposition 2.1. Let X be a UMD space, p € (1,00) and s € R. Then f €
H;(Rd; X) if and only if

n
I fllFse (ra;x) = sup H ZTkQSkQOk * f‘
n21 70

p,rad

Lr (QXR%; X)

Moreover, 3, < r62°% 1, % f converges in LP(2 x RY; X) and there is a C > 0 not
depending on f such that

CHIf]

e ®Gx) < [ fllas@ex) < Clf

p,rad

F>% (R4;X)-

p,rad

As in the real case (see [36, Section 2.3.3] the result is an easy consequence of
the vector-valued Mihlin multiplier theorem [39, Proposition 3]. Note that using

[20, Theorem 9.29]) one sees that || f| F2% (RYX) = H 2 k>0 ri2%F oy * f‘

LP(QXR4;X)
if X does not contain a copy of cg.

Notation. The constants C' we use may differ from line to line.
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3. RESULTS

3.1. Embeddings for Bessel-potential spaces. Under geometric conditions on
X one can improve the embeddings in (2.2]).

Proposition 3.1. Let X be a UMD Banach space and let p € (1,00) and s € R.
Let Do € (172}; qo € [2,00)

(1) If X has type po, then
B oo REX) = B2 (R X) — HE(RY X).

(2) If X has cotype qo € [2,00), then
s(md. s d. s
H3(R%: X) < FE, (R X) < BS

P40

(R% X),

»PVqo

Proof. Since the proofs of (1) and (2) are similar we only provide details for (1).
Let f € .#/(R% X). By Proposition [20, Theorem 4.7] and type pg one has

n
Jrax) < C H 2°% ‘
71539 < g;Zm R PR

/
Scig(/‘ @)

< Csup (/Rd (Z 125% oy, f||po>p/p(J dac) ” =C| /|

n>1

DAL f‘

Fg o (RE:X)

If p < po, then ||f]

Fe, ®5x) < | fllrs mexy = [fllss, @a;x)- If p > po, then

IIf] F, (REX) S Hf||B; o (REX) due to Mmkowks1 S mequahty (or the triangle in-
0 0 ’
equality in LP/Po), O

Remark 3.2. It would be interesting to know whether type py and cotype qg are
necessary in Proposition

Note that if X is a Hilbert space or X = R, Propositionreduces to F3 (R X) =
H$(R% X) and the embeddings (see [36, Remark 2.3.3.4])

B no(REGX) = HE (R X) < BS o (RE X)),

3.2. Embeddings for v(L%(R?), X). The following result was proved in [32]. Here
the measure space R? can be replaced by a more general measure space.

Proposition 3.3. Let X be a Banach space. Then the following assertions hold:
(1) X has type 2 if and only if L?>(R%; X) — ~v(L?(R?), X).
(2) X has cotype 2 if and only if v(L?(R?); X) — L?(R%; X).

The following result was obtained in [16].
Proposition 3.4. Let X be a B(mach space and let 1 <p <2< g < 0.
(1) X has type p if and only if Bpp 2 (R%; X)) — y(L*(RY), X).
(2) X has cotype q if and only if v(L*(R?), X) < Btgfq 2 (R4 X).
11
Actually the proof in [I6] shows that BI() a 2)d(]Rd;X) < y(L?(R%), X) implies

that X has type 7, and v(L?(R%), X) — Bé . ~2)d (R?; X) implies X has cotype 7.
Therefore in the Besov scale one cannot improve on the embeddings of Proposition



EMBEDDING RESULTS FOR ~-SPACES 5

[3:4] through the microscopic parameter r. For the Triebel-Lizorkin and Bessel-
potential spaces this is different as will turn out from the following result.
Proposition 3.5. Let X be a Banach space and let 1 <p <2 < g < o0.

(1) If X has type p then for all pg € [1,p) and all r € [1,00] one has

FREY
it R X) o (L3R, X),
and for all po € (1,p) one has
1 _1yg
10 R X) o (AR, X).
(2) If X has cotype q, then for all o € (g,00) and all r € [1,00] one has

1 _1yg
V(LA (RY), X) = Fys P (RY X)

and for all qo € (g,00) one has

(35— 3)d

1
Y(L*(RY), X) < Hy® * (R X)

Proof.
(1): Let 1 < pg < p. Lets:(%—%)dandsoz(
(see [37, Theorem 2.7.1] for the scalar case) one has

— 3)d. By [34, Theorem 5]

5|

s d. s d. _ s d.
Fo (RY X) < B3 (RY X) = BS (R X),

Po,T

Now the result for F-spaces follows from Proposition The result for H follows

from (2.2).
(2): This can be proved in a similar way. O

It is natural to ask for what values of r the embeddings in Proposition hold
for the limiting exponents py = p and gy = ¢. From Proposition and the fact
that F; . increases in the parameter r one sees that (1) holds for the limiting case
p =po if r € [1,p]. Similarly, (2) holds for the limiting case ¢ = qq if r € [p, o0].

In the following remark we explain that one cannot take a better r in the cases
p=2and ¢ =2 in the F-scale.

Remark 3.6.

(1) If p = 2, then one cannot take pg = 2 in the embeddings for the F-spaces
in Proposition [3:5] Indeed, already in the scalar case X = R one has
Y(L*(RY),R) = L*(RY) = FJ,(R%). It is well-known that Fy,(R?) is
strictly larger then Ff,(R?) if r > 2. Similarly, if ¢ = 2, one cannot
take go = 2 in the embeddings for the F-spaces since FQOW(Rd) is strictly
smaller then Fy,(R?) if r < 2.

(2) If po = p = 2 in Proposition [3.5, then one has HY(R%; X) = L2(R%; X)
v(L?(R4), X) by Proposition|3.3| Similarly if gy = ¢ = 2, then v(L?(R?), X) —
L?(R%; X) = HY(RY; X).

In the cases 1 < p < 2 and 2 < ¢ < oo it remains unclear whether Proposition
[3:5 holds with pg = p and ¢o = ¢.
In the following result we provide a negative answer for r = oo.
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Proposition 3.7. Let X be a Banach space. Let p € [1,2). If
1_1

(3.1) Foo® (R; X) = 7(L*(R), X),

then there is an € > 0 such that X has type p + €.

Remark 3.8. In particular, Proposition shows that the embedding (3.1]) does
not hold for spaces X = L”(0,1) or X = (P with p € [1,2).

Proof. Let s = 1% — 4. Recall from [34] (see [37, 2.5.10] for the scalar case) that

the following is an equivalent norm on Fy  (R; X): [|flrs _e.x) = [fllze@x) +
[f1F: _(rix), where
. (rx) = |z supt™ST! A x)(- ‘
gty = e s supe=>t [ (@O,

with Ay (f)(x) = ||f(z+h)—f(z)|x, * € RY. Note that for a function f € C*(R; X)
with support in [0, 1] one has | f||zr(r;x) < ||f]|zoe(r). Furthermore, for all ¢ > 0
one has

[ A@ MO E + @

where M g denotes the Hardy-Littlewood maximal function of g : R — R. It follows
that the part sup,.; can be estimated as

supt=>L [ A(f) (@)
t>1 |h<t

<|PQrn +i| < Ol g,

L?(R) Lr(R)

where we used the LP-boundedness of M. For the part sup,¢ g 1) note that A, (f)(z) <
[flos@:x)|h|* and supp.(Ax(f)(-)) € [~1,2], and therefore,

sup t—571 An(F)(x ‘
t€(0,1] |n|<t W) Lr(R)
poNYP 237 flosmix)
= t7571 ey hs]__ dh d _ : .
(/R(tesg)l] /|h|<t[f]c @0l 12 (@) ) x) o)

Therefore, we obtain that for some constant K one has
17 i) < K([fles@x) + 1 fllLem@) = Kl fllos®x),

for all f € C*(R; X) with support in [0, 1]. Since for any function f € C*(]0,1]; X)
which satisfies f(0) = f(1) = 0 one has || f||cs®;x) < [[fllcs(jo,15;x), from (3.1) we
obtain C*([0,1]; X) < ~(L?(0,1), X). Now [26, Theorem 5.2] yields the required
result. (]

Next we obtain an embedding result for H-spaces with values in a p-convex or ¢-
concave Banach lattice. It improves Proposition [3.4] For details on Banach lattices
we refer the reader to [2I]. For sake of completeness let us recall the definition of
p-convexity and g-concavity for p, g € [1,00). A Banach lattice X is called p-convex
if there is a constant C' > 0 such that for all n > 1 and for all x1,...,x, € X one

has . .
[(Z )] < (3 haalir) ™
=1 =1
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A Banach lattice X is called g-concave if there is a constant C' > 0 such that for
all n > 1 and for all x1,...,z, € X one has

(Sotat)" <l (S )

Recall that every p-convex Banach lattice has type p A 2 and every g-concave
Banach lattice has cotype ¢ V 2. In [I0] it has been shown that the Lorentz space
LP? with p € (1,2) has type p, but is not p-convex.

Theorem 3.9. Let X be a Banach lattice with finite cotype and let 1 < p < 2 <
q < 00.

(1) If X is p-convez, then

(3.2) B PURE X) < A(LRY), X).

(2) If X is g-concave then

(3.3) VILARY), X) = B PR X,

Remark 3.10.

(1) From Proposition one sees that under the assumption that X has UMD,
Theorem indeed improves Proposition 3.4

(2) As in [I6] one can deduce embedding results for y(Hg (R?), X).

(3) As in [I6] one obtains embedding result for v(L?(D), X) where D C R9.

Proof. Since X has cotype ¢, it does not contain a copy of ¢y or £°°. Therefore, by
[21, Theorem 1.a.5 and Proposition 1.a.7] X is order continuous.

To prove (1) or (2) it suffices by a density argument to consider one fixed f €
IP(RY) ® X or f € LY(R?) ® X. We show how one can reduce the proof of (1)
and (2) to the case where X is a Banach function space. Write f = 25:1 frn ® xp.
Let z = 22;1 |z,|. Then z is a weak unit for the band X, = {y € X : |y| =
sup,,~; ¢ A nly|} (see [2, p. 39]). Since X, is a closed sublattice of X (see [2
Theorem 3.46)), it is also order complete. Therefore, [21, Theorem 1.b.14] implies
that X, is order isometric to a Banach function space.

(1): By the above remarks we may assume that X is a p-convex Banach function
space. We first claim that there is a constant C' such that for all f € LP(A4) ® X,
one has

(3.4) I fllxzrcay < CNfllorcasx)-

We first prove (3.4) in the case f : A — X is a simple function. We can write
= Z,[f:l 14,2 with 4;,..., Ax € A disjoint and pu(Ag) < co and z € X for all
1 <k < K. Since X is p-convex one has

K 1/p K 1/p
I lxcwscay = || (30 panlz?) | < € (3 A lanl?) ™ = Cllfllzecax).
k=1 k=1

If f e LP(A)® X, we can write f = Y0, f, ® @, with fi,...,fx € LP(A)
and z1,...,xny € X. We can find simple functions ( T(L]))jzl in LP(A) such that
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lim; o0 ) = fo in LP(A). Let f@O =N 92, Then lim; 00 f9) = f both
in X(LP(A)) and in LP(A; X). Now the estimate (3.4) follows from

I1fllxzray < jlgf.}o 1 x(zr(ay < leiﬂolo 1 2o asxy = CllF e asx)-

To prove (1) denote a = (Il] — 1)d. Let (S,0,u) be the underlying o-finite
measure space of the Banach function space. By density it suffices to consider
fesRY®X. Let fi,...,fv € LRY) and x1,...,2xy € X be such that
f= 25:1 fn ® x,. As short-hand notation we write f; = ZnN:1 frnzn(s) € 7 (RY)

for s € S. From (2.1)), (2.3) and (3.4) it follows that

<C
X

[ £llyz2@ey,x)y < C||s = [ fsll2way s = || fsll o re)

X
= C|s = 10 = 22 fuloge |

<COllsw (1 - A)Q/QfSHLP(]Rd;X) = C||fHHg(Rd;X)~

(2) : This can be proved in a similar way. Again we may assume that X is a
g-concave Banach function space. Arguing as before one can show that there is a
constant C' such that for all f € LY(A) ® X, one has || f| rs(a;x) < Coll fllx (Lacay-

1 1

To prove the required embedding v(L?(R%), X) — Hy *(R%, X) it suffices to con-
sider simple functions f : R? — X. Now one can proceed as in step (1). O

Remark 3.11. In the converse direction one can show the following results:
11
(1) Tt For 2 (RY X) <5 4(L2(R), X), then X has type p.
1_1
(2) If v(L?(RY), X) — Fq(f)o 2)d(Rd; X)) then X has cotype q.
However, the proof is rather technical and we choose not to present it here. In

particular, it follows from (1) and (2.2)) that the embedding (3.2) implies type p.
Similarly (3.3) implies cotype g. Note that if d = 1, one can deduce (1) from (2.2)

a_d
and [16, Theorem 3.3], where it is shown that B, *(0,1; X) < ~(L*(0,1), X)
implies that X has type p.

Finally, we present two results which one can combine with Theorem to
obtain new embedding result. The proof of the first result is left to the reader.

Proposition 3.12. Let p € [1,00) and let X and Y be Banach spaces.
(1) IfY is isomorphic to a closed subspace of X and H3(R%; X)) < y(L*(R%), X),
then HS(R%:Y) < ~(L?(RY),Y)
(2) IfY is isomorphic to a closed subspace of X and y(L*(R?), X) — H;(Rd; X),
then v(L*(R?),Y) < H3(R%Y)
The same holds with H,, replaced by F,;

or By , with q € [1,00].

>4 q

Proposition 3.13. Let X be a UMD space. Let p,p’ € (1,00) be such that %—&- 1% =
1 and let s € R. One has

s d. 2 d - - 2 d * —s d. *
Hp(R% X) = y(L*(RY), X) if and only if ~(L*(R?),X™) < H,*(R% X™).

The same holds with H, replaced by F, , or B, . with q € (1, 00).
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Proof. Since X is a UMD space it is reflexive and therefore by [9, Corollary I11.2/12]
and [9, Theorem IV.1/1] one can obtain that Hj(R% X)* = H_,*(R% X*). Since
X has UMD it is K-convex and therefore one has v(L?(R9), X)* = y(L?(R%), X*)
(see [25, Theorem 10.9]). Now the result follows from a duality argument. O

Finally, we formulate two open problems which we state in dimension one. The
corresponding dual statements are open as well.

Problem 3.14. Let p € [1,2). Characterize those Banach spaces X and numbers
r € (p,00) for which

1 1

pr - (R X) = y(L*(R), X).
From Proposition [3:4] one sees that if the embedding holds, then X has type p.
Problem 3.15. Let p € [1,2). Characterize those Banach spaces X for which

1_1
Hp *(R%X) = y(L*(R), X).
From Remark one sees that if the embedding holds, then X has type p.
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