REGULARITY OF GAUSSIAN WHITE NOISE ON THE
d-DIMENSIONAL TORUS

MARK VERAAR

ABSTRACT. In this paper we prove that a Gaussian white noise on the d-

dimensional torus has paths in the Besov spaces B;%Q(T‘i) with p € [1, 00).

This result is shown to be optimal in several ways. We also show that Gaussian

white noise on the d-dimensional torus has paths in a the Fourier-Besov space

B;iép (T9). This is shown to be optimal as well.

1. INTRODUCTION

In [2] it has been proved that the Gibbs measures are invariant for the nonlinear
Schrodinger equation. Building on these ideas, in [11] and also in [I0] it has been
shown that the mean zero Gaussian white noise on the torus T is invariant for the
periodic Korteweg-de Vries equation (KdV). To prove this one needs that (KdV) is
well-posed for initial conditions from function spaces with a negative smoothness
index, such as Sobolev spaces H*P(T) with s < 0 and p € [1, 00] and other classes
of function spaces. Here a negative smoothness index s is needed, because it is well-
known that Gaussian white noise is supported on ﬂs<71/2 H®P\ H='/2P_ Tt seems
that the first results on the support of Gaussian white noise into this direction have
been obtained in [12] for p = 2 and in [8] for other values of p. Note that both [12]
and [8] consider processes on R? instead of the torus.

In many instances, Besov spaces are the right class of function spaces in order to
prove sharp results. This is also the case for regularity results for paths of Brownian
motion and other classical processes. Sharp results for such processes have been
proved for instance in [3, 4, 3] using an equivalent wavelet definition of Besov
spaces. In particular, in these papers it has been shown that Brownian motion
B :[0,1] x © — R satisfies

P(B e By/2(0,1)) = 1.

In [0} [I6] this has been proved directly from the LP-incremental definition of Besov

spaces. Formally, one could say that white noise in dimension one is given by B,
and therefore, Gaussian white noise is in B, (1)42 almost surely. In this paper we

combine some of the ideas in [4, 6] with Fourier analysis to obtain sharp results on
the regularity of Gaussian white noise.
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It might be helpful for non-experts to recall some elementary embedding results
for Besov spaces and Sobolev spaces. Here we follow the standard notations as in
[14, [15]. Of course one has that Bs, = H*2. This is no longer true for B; 5 and
H*P with p # 2. One has the following embedding results (see [15, 2.3.3] for R¢
and [14, Chapter 3] for T¢)

(L.1) b — HP — Bp . ifp>2,

’ By, — H" — By, if1<p<2,

and, for any € > 0 and p, ¢,7, s € [1, 0],
s+e s,T S—e€
B, — H>" <= B, °.

In the paper we consider the following question:

e On which Besov spaces is the d-dimensional Gaussian white noise W : 2 —
T supported?
Our main result is that for all p € [1,00) one has

—d/2 md
W e BWX/> (T%) almost surely.

Moreover, we show that this is optimal in several ways. In particular, the known
results on Sobolev spaces H*P(T9) can easily be derived from our results.

Let us go back to the approach in [10] to study the (KdV). In order to prove well-
posedness of the (KdV) with a white noise initial condition, a new class of function
space is introduced which is a Fourier-type Besov space denoted by I;Z,q(']T) (see
Section . An important step in the proof in [10] of the invariance of Gaussian
white noise for (Kdv) is that Gaussian white noise satisfies W € 13;700('11‘) almost
surely for all s < —1/p and all p € [1,00). It is natural to ask what the optimal
exponents (s,p, q) are for which W € IA);)OO(']I‘) almost surely. Our main result here
is that for all p € [1, 00) one has

W e I;; 4/P(T) almost surely.
Again this is optimal in several ways.
Acknowledgment — The author thanks Jan van Neerven for helpful comments.
After posting this paper on ArXiv, Arpéd Bényi and Tadahiro Oh kindly pointed
out that there is some overlap with their paper [I], in which similar techniques are
used to characterize the exponents (s, p, ¢) for which a Brownian motion on T is in

B, ,(T) and in l;f,ﬁq('ﬂ‘). In fact, in dimension d = 1 some (but not all) of our results
could alternatively be deduced from theirs.

2. PRELIMINARIES

We will write a < b if there exists a universal constant C' > 0 such that a < Cb,
and a =~ b if a < b < a. If the constant C is allowed to depend on some parameter
t, we write a <; b and a ~; b instead.

2.1. Besov spaces of periodic functions. Let ¢ € C>°(R?) be a fixed nonnega-
tive function ¢ with support in {t € R?: 1 < |¢| < 2} and which satisfies

> ¢277t)=1 forte R\ {0}.
JEL

Additionally assume that ¢(x) = 1 for all 271/2 < |z| < 21/2,
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Define the sequence () >0 in C>°(R%) by
0i(t) =p(277t) for j=1,2,... and @o(t)=1-> ¢;(t), {cR™.
j=1
Then all the functions ¢; have compact supports.
Let T¢ = [—7,7]% Let .Z : L*(T%) — ¢%(Z%) denote the Fourier transform, i.e.

(FNW) = #) = m [ e o, fe 12T

The space Z(T?) is the space of complex-valued infinitely differentiable functions
on T¢. On Z(T?) one can define the seminorms

[flla = sup [D*f ()],
zeTe

where o = (o, ..., aq) is a multiindex, and in this way 2(T%) is a locally convex
space. Its dual space 2 (T?) is called the space of distributions. In particular, one
has g € 2'(T%) if and only if there is a N € N and a ¢ > 0 such that

o <e S Ifla
la|<N

For details we refer to [14, Section 3.2]. In particular, recall the following two facts
which we will not need, but are useful to support the intuition.

e Any function f € 2(T%) can be represented as
f(z)= Z are™?® in 2(TY),
kezd

with (ag)reza scalars such that

(2.1) sup (1 + |k|)™|ax| < oo for any m € N.
kezd

In this case, one has ap = f(k) for each k € Z%. Conversely, if (ax)pczq
satisfies ([2.1), then Y, _;4 are™® converges in Z(T?).
e Any distribution g € 2'(T¢) can be represented as
g= Z are™?® in 2'(T?),
kezd
with (ag)rezae scalars such that

(2.2) sup (1 + |k|)"™]ak| < oo for some m € N.
kezd

In this case, one has aj, = §(k) for each k € Z¢. Conversely, if if (ax)peza
satisfies (2.2), then Y, 7 are’™™® converges in 2'(T?).

For a distribution f € 2'(T9) let f; € 2(T?) be given by
fi@) =Y (k) f(k)e™ ™, jeN.
kezd

By the properties of (¢;);>0 the series in j has only finitely many nonzero terms.
Observe that

(2:3) fi(@) = @ f(x) = (D), )
where (;(z) = 3 cza 0 (k)e™® and ¢;4(y) = @;(z — y).
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Definition 2.1 (Periodic Besov spaces). Let p,q € [1,00]. Let

. 1/q
1l o0y o= (302905501 may) s

j=0
if ¢ < 0o, and

Il . xey = sup 2°7 || fl| Loz
j=0

if ¢ = 0o. The Besov space B (T?) is the space of all distributions f € 2'(T?)
such that || fl|ps  (ra) < o0.

One can show that the definition of B;,Oo(Td) does not depend on the choice of
¢. Moreover, with two different functions ¢, the corresponding norms in Bf,yoo(']l‘d)
are equivalent (see [I4], Section 3.5.1]).

2.2. Vector-valued Gaussian random variables. Let (£2, 27, P) be a probabil-
ity space. Recall that v : Q — R is a complex standard Gaussian random variable
if
Y = YRe/ V2 + i1 /V2,

where yre and 71, are independent real standard Gaussian random variables (see
[7, Chapter 5] for the definition of real Gaussian random variables). Let (7,)_; be
a sequence of independent complex standard Gaussian. It is easy to check that the
distribution (71, ...,7yx) is invariant under unitary transformations and 25:1 AnYn

1/2
has the same distribution as ||a||2y1, where ||a||2 = (25:1 |an|2) . In particular,

(2.4 (B S )" = Wi (3 hou?)
E>1

n
Let K be either R or C. A random variable v : Q — K is called a (complezx) Gauss-
ian random variable if v € L?(Q) and E(y) = 0 and ~/(E|y|?)'/? is a (complex)
standard Gaussian random variable. Note that all our Gaussian random variables
are centered by definition.

Let X be a (complex) Banach space. A strongly measurable mapping £ : @ — X
is called a (complex) Gaussian random wvariable if for all z* € X*, (£, z*) is a
(complex) Gaussian random variable. Observe that if X is a complex Banach
space, then we can consider X as a real Banach space and denote this by Xg.
Let X’ be the dual space of Xg. One can show that for every function z’ € X’
there exists a unique z* € X* such that 2’ = Re(z*). Moreover, one can define
¥ : X — Cas (x,2") = (z,2") —i(iz,2"). Now if £ : Q@ — X is a complex Gaussian
random variable, it follows that & can be viewed as a real Gaussian random variable
with values in Xg. Indeed, for any 2’ € X', let z* € X* be as before. Then one
has (¢, 2’) = Re((&, z*)), and the latter is a real Gaussian random variable.

From the above discussion one can deduce that all results on real Gaussian ran-
dom variables, have a complex version. Of particular interest is the weak variance
of a complex Gaussian random variable. Define the complex and real weak variances
by

1/2

or(€) = sup{(E|(¢,2)[*)/* : 2’ € X', |’ < 1},
oc(€) = sup{(E[(¢,2")|*)/? 1 2* € X*, [la”|| < 1.
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Lemma 2.2. Let £ : Q — X be a complexr Gaussian. Then
L,

o () = 503(©)

Proof. Given z* € X* we can write (£, 2*) = 2712a(y; +iy2) with @ > 0 and 1,72

independent standard Gaussian random variables. Then one has E|(£,2*)|? = a?.

Letting 2’ = Re (z*), one has |Jz*|| = ||2'|| and E|Re ((£,2))|* = a?/2. This proves
02(€) < 302(€). To prove the converse let 2/ € X*, and define 2* : X — C as in the
discussion before the lemma. Then z* € X* with Re (z*) = 2/, hence |z*| = ||2/|.
The first part implies 02(£) > $02(€), and the result follows. O

The following result follows from immediately from the real setting in [6] and
Lemma [2.2] Tt is a crucial ingredient in the proof of our main result Theorem |3.4]

Proposition 2.3. Let X be a complex Banach space. Let (§,)n>1 be an X-
valued centered multivariate complex Gaussian random variables with first moments
(Mmn)n>1 and complex weak variances (op)n>1. Let m = SUpP,,>1 M - Then

ES{;P; nll < m + 3ﬁp@((0n)n21)'

Here pe((an)n>1) denotes the Luxemburg norm in the Orlicz space £, where
©: Ry — Ry is given by ©(0) = 0 and

1
O(x) = xzexp<— ﬁ) for x > 0.

We refer to [6] and references therein for details. For the purposes below it is
sufficient to recall that (see [6l Example 2.1]) if a,, = o™ with « € [1/2,1), then

(2.5) pe((an)nz1) =~ v1og[(1 — a)~1].
Moreover, if a, = a™ with a € (0,1/2), then a, < 27" and therefore (2.5) yields
(2.6) po((@n)n=>1) < pe((27")nz1) = V10g(2).

Remark 2.4. In the case that the elements (£, ),>1 are independent, Esup,,>q |||

is equivalent to m+pe((0y,)n>1). Moreover, the independence assumption can even
be weakened (see [16]).

Finally, recall that M > 0 is a median of a centered (complex) Gaussian random
variable £ : Q — X if

B(l¢] < M) > 1/2 and B(|¢] > M) > 1/2.

3. WHITE NOISE AND BESOV SPACES ON T¢
Let (Q, o7, P) be a probability space.

Definition 3.1 (White noise). A random variable W : Q — 2'(T%) is a called
Gaussian white noise if

(1) for each f € 2(T%), the random wvariable w — (f,W(w)) is a complex
Gaussian random variable,
(2) for all f,g € 2(T%) one has

]E(<f7 W>W) = (fa g)LQ(Td)~
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If W:Q — 2'(T?) is a Gaussian white noise, then for all f € 2(T%) one has
1, Wllz2 ) = [1f 2 (Tay-

Therefore, the mapping f — (f, W) uniquely extends to a bounded linear operator
W : L2(T9) — L?(Q). Moreover, W satisfies

(1) for each f € L?(T?), the random variable W is a complex Gaussian ran-
dom variable,

(2) for all f,g € 2(T?) one has

EW(H)W(9)) = (£,9)2(1e).

Indeed, since 2(T¢) is dense in L?(T?), (1) follows from the standard fact that the
L?(2)-limit of a sequence of complex Gaussian random variables is again a complex
Gaussian random variable, and (2) follows by an approximation argument.

The following lemma is obvious from the properties (1) and (2) and the fact that
a complex Gaussian vector is determined by its covariance structure.

Lemma 3.2. Assume V,W : Q — 2'(T9) are both Gaussian white noises with
corresponding operators YV, W : L*(T%) — L2?(Q). Then (Vf : f e LQ(Td)) and
(Wf . f € L*(T%)) are identically distributed.

For k € Z%, let e : TY — C be given by e (z) = et¥'®.
Proposition 3.3. Let (Vi)reze be a sequence of independent standard complex

Gaussian random variables. Let W : Q — 2'(T?) be defined by W = 3", cpa Vi€
in P'(T), ie. (f,W) =3}z if(=k). Then W is a Gaussian white noise.

Proof. By [9], equation (3.7)] there is a set Qp € & with P(Qy) = 1 such that
€ == sup || (log(|k|* +1))7"/% = sup sup [ (log(n + 1)7? < o0
kezd

0 |k|=n
on Qq. Therefore, for any f € #(T?) and w € Qq one has

W) = | D2 FRm@)| < 32 1F Rl

kezd kezd

w) Y Y (log(|k|* + 1))/ f(~k)]

n>0keZd

< Ew)er Y (og([k|* + 1) 2 (k] +1)72 < CE(w).

kezd

where ¢5 = supgegs (1 [H)2LF(—k)| and € = e e log(IK{?+ 1)) 2(1k] +1)~2
It is well-known that c; < K7, <, [|fllo for some constant K (see [5, Theorem

3.2.9]). Therefore, it follows that W(w) € 2'(T?) for all w € Q. To see that it is
a Gaussian white noise, note that (f, W> is a complex Gaussian and

EW(HOW() = > > Elwy)f(—k =Y f(- = (f,9)L2(10)-

kezd jEL kezd

Theorem 3.4. Let W : Q — 2'(T?) be a Gaussian white noise.
(1) For all p € [1,00) one has P(W € Bpjgéz(']l‘d)) =1
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(2) For all p € [2,00) there exists a constant ¢, q such that

P(IW 520y 2 o) = 1.
(3) For any p,q € [1,00] and s < —d/2 one has P(W € B;,q(Td)) =1
(4) For any p € [1,00] and q € [1,00) one has ]P’(W € B;Z/z(Td)) =0.
(5) For any p,q € [1,00] and s > —d/2 one has P(W € B; ,(T)) =0
(6) One has P(W € BZY2(T%) = 0.

Remark 3.5. Some remarks on the theorem:

(i) We do not know whether (2) holds for p € [1,2) as well. Applying the
Hausdorff Young’s inequality instead of Parseval’s identity is not sufficient
here.

(i) The proof shows that one can take cg 4 = V/234/2 — 2-3d/2 ip (2).

Proof of Theorem[3.4. Before we present the proof we reduce to a particular choice
of the Gaussian white noise. Let W = Y, ;. veer, in 2'(T¢). Then by Proposition
m W is a Gaussian white noise. Let V : Q — 2'(T?) be an arbitrary white noise,
and let W and V be as in Lemma Fix p,q € [1,00]. As in (2.3) let
(3.1) W](l‘) = <<Pj,x7W> = W(‘Pj,x) and Vj(x) = <‘Pj,a:;v> = V(‘ﬂj,x) JjeN
Now one has
W]
IVllps ,(ray = 1(27°V;) j>0llea (Lo (1)
It follows from ({3.1)) and Lemmathat (W;)j>0 and (V)50 (Vi(x) 12 € T j €
N) and (W;(z) : z € T%, j € N) are P-identically distributed . Therefore, since each
V; and Wj is continuous, an approximation with Riemann sums shows that for
all n. € N, (27%|Wj|| o (7ay)j=; and (27%(|Vj|| Lo (pa))}=, are identically P-distributed.
Therefore,

1@ Wl ray) i e = 127 Vil oy g i P-distribution.
By (3.2) and monotone convergence one obtains that
W]

Bs (T4 :||(2jSW')‘ZO||£q Lr(Td)y and
(3.2) 5.q(T4) 313 (L (T4))

Bs 14y = [Vllps (re) in P-distribution.
The above shows that below it suffices to consider the situation where
W= Z yrer in 2'(TY).
kezd
(1): For each j > 0, one has

Wj(z) = Z o (k)we™ ™, jeN.
kezZd

To show that W € B;%Q(Td) note that

ElIW 5, 2/2(za) = E(sup 2792 W b ra)) < 0.
’ JZ

(T4)

To estimate the latter note that by Proposition 2.3 one has

(83) Efsup 2792\ Wil o pay) < sup 279Y2E || W || o (ray + 3V2p0 ((05)20)-
J> 3>
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By ([2.4)) one has

1/p » 1/p
B Williocray < EIWsE0 ) = (| IW) 00y d)

/
= 0Pl vy (3 lesResl?)

kezd

1/2
= Il @ (3 les®)?)
kezd
Since ¢;(k) = 0 if |k| > 27+ it follows that E||W;]| po(ray < [|71] o (o) (2m)%/P299/2
and therefore

sggTjd/QEIIWjIILP(Td) < Imllzegey (2m) /7.
J=Z

To estimate the complex weak variances a; of 27742, let p’ € (1, 0] be such
that 1 + i, = 1. Note that for any f € 2(T¢) with [ fll o (pay < 1 one has

EIW,. NP =B Y oitkrmf ()| = X le®PIfRP < X 1H-R)P
kezd kezd |k|<2d+1

First assume p € [2,00). In that case by Holder’s inequality with % =14 Land
the Hausdorff-Young inequality we obtain

S 1fnR) " <5 k)

k| <27+1 kezd
< 9(+3)d/r

1/p

£l Lo ay < 9+3)d/r _ 9—(i+3)d/py(i+3)d/2

It follows that o; < 23d/29=G+3)d/p if 3 € [2,00) and therefore by (2.5) and (2.6)),
po((05)521) < 242747 pg ((2779/7) j54) < oo
Next assume p € [1,2). Then by Hélder’s inequality one has

. 1/2
SRR < Iy < Cal fl s = Ca
k| <21
where Cy = (2m)7~ % Therefore, ; < Cyg2 19/ if 1 < p < 2, and again pe ((0;)21) <

0o. Now (1) follows from ((3.3)).

(2): Since ||W||de/2(Td) > (27r)d/p*d/2||W||de/2 it suffices to estimate
Pp,o0 2,00

o (T4)
W g=as2 from below by a constant. For each j > 1 let
2,00

(T)

S;={kez®: 273 < |k| <27t}
Then ¢; = 1 on S;, and the (S;);>1 are pairwise disjoint. By Parseval’s identity
one has

279\ Wil 32 pay = 2774 >l (k)yel? = 2794 >

kezd kesS;

We claim that lim;_,, 2774 2 kes; |y |? = 24/2 — 279/2 almost surely. Indeed, one
can write '

279 Z |ye? = 277¢ Z [yel? —279¢ Z el

. P s 1
kes; |k|<27* 3 |k|<2i~ 3
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= 23/29=G+8d N7y 2 97d/29= 0k N 2,

.1 L1
|k|<2/*2 k|<27” 2

and by the strong law of large numbers the latter converges almost surely to 23%/2 —
2734/2 Therefore, we can conclude that

Wl 22 (pay = suD 27942\ W p2pay > V/289/2 — 2-3d/2,
e j>0

almost surely.
(3): This is clear from the fact that B;%Q(Td) C Bj ,(T%) for any s < —d/2.
(4):  From the proof of (2) one immediately sees that for all p € [2,00) and
g € [1,00), ”W”B;ﬂf(qrd) = oo almost surely. Indeed, let N € & be the set

of all w € Q such that ||W(W)HB1/2(TCL) < o0. Then for all w € N one has
lim 277%2||W;(w)||o(ray = 0. In (2) we have seen that lim 277%2|[W;| 1y (pay >
j—oo J—©

¢p,a on a set Qg of probability 1. Therefore, N C '\ Q, and hence N is a zero set.

If p = oo and ¢ € [1,00), then taking any 2 < r < oo one obtain that
||W||Bl/2 (Tay = Cd”W”Bi{f(Td) = 00 almost surely.

If 1 <p<2andgqg € [l,00) we cannot use (2) and we need to argue in a
different way. Fix integers n > m > 0. For each w € 2 one has ||W(W)||Bl/2(,]rd) <
oo if and only if (Q_jd’/QWj(w))‘J?‘;l has a finite ¢4(LP(T%))-norm. The latter is
equivalent to the convergence of ;- &;(w), where §;(w) = 27744/2 || W (w )||Lp(Td
Therefore, by a standard 0/1 law argument (see [7, Corollary 3.14]) it follows that

(”WHBl/Z(Td) < 00) is either 0 or 1. Assume P(”WHBl/Z(Td) < 00) = 1. Then

one can show that (277421 )52 is a vector-valued Gaussian random variable. In
particular, it has finite 7-th moment for all » < oo (see [9, Corollary 3.2]). By the
Kahane-Khintchine inequality (see [9, Corollary 3.2]) and (1) we obtain

1/2
I3, a7 g W1 a7 = I ooy @m) P (3 les ()

kezd
Since / /
1/2 1/9 4
(2 lemr) = (1) =2
kezd kES;
it follows that
B[22 W) |1, oayy = 9 2 U PRI W11%,
7>0
Zpa ||"/1||%p(9)(27r)dq/p ZQ‘jdq/22jdq/2.

Jj=0
Clearly, the latter series is inﬁnite and this gives the desired contradiction.
(5): Fix s > —d/2. Since Bj (T%) C Bj (T%) C Bid/Q(Td) for all p, ¢ € [1, o0],
it suffices to show that W ¢ B d/ *(T%) almost surely. However, this has already

been proved in (4) and therefore ( ) follows.
(6): Since each W; is continuous, one has

W llzmcry = Willomn = 1W50)] = 2752] 3= 5k
kezd
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Since the supports of (3;),>1 are disjoint one has that (W3,;(0));>1 are independent
complex Gaussian random variables with values in R. Moreover,

2—3jd]E|W3 |2 _ 2—3_}d Z |803j |2 > 2= 3jd Z 12 2 c,
kezd 23j*%§|k\§23”%
where c is independent of j. Therefore,

W a2 g0y > Sup2 W1 e () > Sup? 39| Wy; (0)[* = oo,

almost surely. O

The following result characterizes for which exponents (s,p,q) one has W €
Bs (T?) almost surely.

Corollary 3.6. Let W : Q — 2'(T?) be a Gaussian white noise. For exponents
(s,p,q) € R x [1,00] x [1,00] the following are equivalent:

(1) W e B (T%) almost surely

(2) (s < —d/2 and p,q € [l,oo]) or (S =—d/2 and p € [1,00) and q = oo)

Proof. This follows from Theorem [3.4] O

Another consequence is on the tail behavior of |[W|| ;-2 (Ta)"
p,o0

Corollary 3.7. Let W : Q@ — 2'(R™) be a white noise and let p € [1,00). There
are constants M,o > 0 depending on p such that for every r > 0 the following
inequality holds:

(3.4) IP(H|W||B;%2 — M| >r) <exp(—r?/(40?)).

(T4)

Here for M one can take the median of ||W||de/2( and for o one can take
p,o0

T)
234/29734/vif p € [2,00);
o= d_d ;
(2m)» "2, ifpell,2].
In particular, this result implies that W satisfies
(3.5) Eexp (1l WIE .

for all & > o (see [9, Corollary 3.2]).

Td)><oo

Proof. By Theorem we can define a mapping Z : Q — B;%Q(Td) by Z(w) =
W(w). As in [6l Theorem 5.1] one can show that Z defined by Z(w) = W(w) is a
Gaussian random variable in the sense of [9]. However, note that Z does not take
values in a separable subset of B_d/Q(']I‘d) (see [9 p. 60-61]). Now follows from
[9, Lemma 3.1]. Moreover, the choice for o follows from the fact that one can take
0 = max; 0;, where o; is as in the proof of Theorem [3.4] . Note that in [9, Lemma
3.1] one has to take into account Lemma [2.2] because we consider the complex
situation and this gives a number 4 instead of 2 in the exponential function. O

As a consequence one has the following result for the periodic Sobolev spaces.
For the definition of the Sobolev space H*P(T?) we refer to [I4, Chapter 3].

Corollary 3.8. Let W be a Gaussian white noise on T¢. Then
(1) For allp € [1,00) and s < —d/2 one has P(W € Hs’p('ﬂ‘d)) =1
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(2) For allp € [1,00] one has P(W € H*d/Q’p(Td)) =0.

Proof. (1): This follows from Theorem (3) and ([1.1J).
(2): This follows from Theorem (4) and (1.1)). O

It would be interesting to know whether the results of this section are valid for
Gaussian white noises on domains D C R? and on Riemannian manifolds.
4. WHITE NOISE AND FOURIER-BESOV SPACES ON T¢

Let p,q € [1,00] and s € R. For a distribution f € 2(T%) consider the following
Fourier-Besov norm

iy 0= (X X Gr+v7liwpr)"™)

320 " 2i-1<|k|<2i 4

1/q

Moreover, if p = oo or ¢ = 0o, then one needs to use a supremum norm in this
expression.

Definition 4.1. The Fourier-Besov space IA);,q(']Td) is the space of all f € 2(T?)
for which || f

B;,q(Td) < 0.
Let ¢ and (¢;);>0 be as in Section The following is an equivalent norm on
7s d.
by o (T¢):
1/q

iy = (2 (X 0K+ 07lesmimr) ) ",

j>0 kezd

I/

where if p = 0o or ¢ = oo one has to use the supremum norm again. To show the
equivalence of the norms observe that the estimate || f bs (1ay follows
p,q

bg ,(T%) <|If
from the fact that |¢;(k)| <1 and ¢;(k) =0 for all k € Z which satisfy |k| > 277!
or |k| < 271, For the converse direction, we let ¢_; = 0. Recall that for all j > 0
and k € Z% such that 2/~! < |k| < 27*! one has 2;271 @j+m(k) = 1. Therefore,
by the triangle inequality in ¢9(¢P) and elementary calculations one sees that

pan= (20 X Wy _isoj+m<k>\”|f<k>f°)q/p)”q

j>0 " 2i-1<|k|<2+1

S(S( X G 0 ernriimr)")

I/

<
m=—1 j>0 2i-1<|k|<20+1
! . a/p\1/a
< Y (X (X tk+ 07lesemmrIfor) ")
m=—1 ;>0  kezd
P /p\1/
<3( X (X 0M+ ) les L iwr) ) =31, e

j>0  kezd
From the above discussion and the Hausdorff—~Young inequality one obtains the
following result which has also been observed in [10] for ¢ = oco.
Proposition 4.2. Let s € R and q € [1,00]. Letp € [2,00] and let p’ € [1,2] satisfy
1 1 _ s d 7s d ; _ s dy
5+ 5 = 1. Then By, (T%) < by ,(T%). Moreover, if p = 2, then Bj (T%) =

5;(1(1@) with equivalent norms.
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Let q/p\ 1/
Py o= (2( X 1wr)™)
§>0 20-1< k| <2+
where one has to use the supremum norm if ¢ = co. Then this also defines an
equivalent norm on IA);)q(']I‘d). Indeed, this follows from the fact that for 2/=1 <
|k| < 27%1 one has
129 < ([k|+1)<4-27.
In the calculations below we use this equivalent norm.
In [10] it has been proved that the Gaussian white noise as defined in Lemma
satisfies W € lA)Z’q("JI‘) almost surely as soon as sp < —1. The following result is
an extension of this result to the sharp exponent and to arbitrary dimensions d.

Theorem 4.3. Let W : Q — 2'(T%) be a Gaussian white noise.
(1) For allp € [1,00) one has P(W € E;%p('ﬂ‘d)) =1
(2) For allp € [1,00) there exists a constant ¢, q such that

IP([W] —~d/p (Ta) > Cp, d) =1

(3) For all p,q € [1,00] and s < —d/p one has P(W € IA)S (T ) =1.
(4) For any p € [1,00] and q € [1,00) one has P(W & b d/p Td ) =
(5) For any p,q € [1,00] and s > —d/p one has P(W € bs T4)) =
(6) One has P(W € l;gopo(’]rd)) =0.
Proof. As in the proof of Theorem it is sufficient to consider a Gaussian white

noise W' as defined in Proposition This follows again from Lemma and the
identity W (k) = W(ey).

1/p
For p < oo let wjp, = (22-7‘1S\k\ﬁ2-7+1 |’yk|p) . Then one has
(W5, _pay = 127" wj pll s
(1): By the above we can write

(W]

_ —Jd/py,,.
by 7 (pey = SUP 2T

720
Noting that
2wl =279 Nl
2071 k|<29 41
— 9do—(i+1)d Z Iyk|? — 9—dg—(j—1)d Z Ivkl?,
k| <2i+1 k| <271
from the strong law of large numbers we see that
lim 279 w; [P = (24 = 27 E|y |7,
j—oo
almost surely. Therefore, sup;~g 2774/, < oo almost surely and this proves (1).
(2): It follows from the proof of (1) that [W]; ~1/p(ray 2 (2% = 27N |1 || Lo ()
almost surely, and this proves the result.
(3): This follows from (1) in the same way as in Theorem
(4): This follows from (2) in the same way as in Theorem This time p € [1, 2)
does not have to be considered separately, because (2) holds for all p € [1, 00).
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(5): This follows from (2) in the same way as in Theorem [3.4
(6): In this case one has

W1, (Td) = SUp sup vkl = sup |kl
b.q >0 25-1< k<2941 kezd

It is well-known that the latter is infinite almost surely (see [9, equation (3.7)]). O

The following result characterizes for which exponents (s,p,q) one has W €
b5 ,(T%) almost surely.

Corollary 4.4. Let W : Q — 2'(T?%) be a Gaussian white noise. For exponents
(s,p,q9) € R x [1,00] x [1,00] the following are equivalent:

(1) We lA);q (T?) almost surely

(2) (s < —d/p and p,q € [1,00]) or (s =—d/p andp € [1,00) and q = oo)

Proof. This follows from Theorem (I

Another consequence is on the tail behavior of |[W|[;—a/» ()"
Corollary 4.5. Let W : Q — 2'(R"™) be a white noise and let p € [1,00). there
are constants M,o > 0 depending on p such that for every r > 0 the following
inequality holds:

(4.1) P(]||W||B;%p(w) — M| >r) < exp(—r?/(40?)).

Here for M one can take the median of |W ;- and for o one can take
P,

4P (Td)

o — 1 if p€2,00);
23d/po=3d/2 i € [1,2].

Again this result implies that W satisfies the exponential integrability result in
(B35) with B, %?(T4) replaced by b, %P (T4).

Proof. This can be proved in the same way as in Corollary To calculate the
oj’s in this case, let G; : Q@ — (P(Z9) be given by G; = 2774/p Z|k|<2j+1 Ve Uk,
where (uy)gcza is the standard unit basis of ¢7(Z?). Then for all @ = (ag)peze in
7 (Z%) with norm < 1, one has that

E|(Gj,a)* =271 Y Jaxl®.

k| <2741

Hence, if p € [2,00), then [lal[s2(za) < ||l g (z4) < 1, and therefore, o; < 2-74/p Tt
follows that 0 = max; o; < 1. If p € [1,2), then by Hélder’s inequality

> lal?)

k| <241

1/2 < 2(j+3)d/p27(j+3)d/2||(1Hep' () < 9(3+3)d/po—(3+3)d/2

Hence o < 234/P2=(+3)4/2 and it follows that o = max; o; < 234/P2734/2, O
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