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2 MEASURE AND INTEGRATION

INTRODUCTION

These notes have been created for the “Measure and integration theory” part of a course on
real analysis at the TU Delft. Sections 1-6 and 8-9 were mainly written by Mark and Section
7 by Emiel. Together with the first part of the course on metric spaces, these notes form the
mathematical basis for several bachelor and master courses in applied mathematics at TU Delft.

We would like to thank Zoe Nieraeth, Esmée Theewis, Gerrit Vos and Carel Wagenaar for their
support in the preparation of these notes. We would also like to thank the students of the course
on real analysis for pointing out the typos in the manuscript.

In Section 1 and 2 we introduce o-algebras and measures. The Lebesgue measure is constructed
in Section 3 and is based on Appendix B on Carathéodory’s theorem. Uniqueness questions are
addressed in Appendix A on Dynkin’s monotone class theorem. The amount of books on measure
theory is almost not measurable. The lecture notes are based on [1], [8], [15] and [16]. A very
complete treatment of measure theory is given in the impressive works [5].

In Sections 5, 6, 7 and 8 we introduce the integration theory and the Lebesgue spaces LP.
This theory is fundamental in modern (applied) mathematics. There are many excellent books
which give more detailed treatments on the subject. See for instance [1], [4], [6], [14] for detailed
treatments.

In Section 9 we give a brief introduction to the theory of Fourier series. More thorough treat-
ments can be found in for example [9], [10], [12], [13] and [18]. A full course on Fourier Analysis is
offered as a third year elective course based on the lecture notes [10]. The theory of Fourier series
will be used in the second year bachelor course on Partial Differential Equations [7], but also in
several other parts of Mathematical Physics and Numerical Analysis.

We end this brief introduction with a quote from a historical note of Zygmund [17]:

“The Lebesgue integral did not arise via the theory of Fourier series but was created through the
necessities of measuring geometric figures. But once it was introduced, it had an enormous impact
on analysis through Fourier series”
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1. 0-ALGEBRAS

We want to introduce a way to assign a size to subsets of a general set S, reflecting our intuition
about the size of subsets of R%. Before we can do so, we will first need to decide to which subsets
of S we would like to assign a size. In the upcoming sections, we will see that it is not always
possible or desirable to assign a size to all subsets of S. Therefore, in this first section, we introduce
collections of subsets of .S with some structure. We will assign a size to sets in these collections in
Section 2. We let P(S) denote the power set of S, i.e. the collection of all subsets of S.

Definition 1.1. Let S be a set. A collection R C P(S) is called a ring if
(i) @ €R;
(ii)) AABER = B\AER;
(iii) A,BER => AUB€R.
Remark 1.2. By induction, it follows from (iii) that for Ay, As, ..., A, € R we have | J;_, Ay € R.

If R C P(S) is a ring, then for all A, B € R one has AN B € R, which follows from the identity
ANB= A\ (A\ B). Moreover, defining the symmetric difference of A and B as
AAB :=(A\ B)U(B\ A),
we also have AAB € R.

Definition 1.3. Let S be a set. A collection A C P(S) is called a o-algebra® if
(i) @,5 € A;
(1)) Ac A= A€ A;

(’LZZ) Al,AQ,... ceA— U AL e A
k=1
The pair (S,.A) is called a measurable space. The sets A € A are called measurable sets.

If A C P(S) is a o-algebra, then for A, A, ... € A one has ;- Ay € A, which follows from

De Morgan’s law
Na=(U A;)c.
k=1 k=1

Every o-algebra is a ring. Indeed, (iii) in the definition of a ring follows by taking A = & for
all k£ > 3 in (iii) in the definition of a c-algebra and (ii) in the definition of a ring follows from the
identity B\ A = (B U A)°. Conversely, not every ring is a o-algebra. For example, R := {@} is
a ring, but not a o-algebra.

Next, let us turn to a some examples of rings and o-algebras.

Ezxample 1.4. Let S be a set.

(a) A:={S, o} is the smallest possible o-algebra on S.
(b) A:=P(S) is the largest possible o-algebra on S.

Ezample 1.5. Let S :={1,2,3}.

(a) Let A:={2,5,{1},{2,3}}. Then A is a o-algebra.
(b) Let A:={@,5,{1},{2},{1,2}}. Then A is a ring, but not a o-algebra.

Ezxample 1.6. Let S be a set.
(a) The collection R := {A C S: A is finite} is a ring.
(b) The collection A := {A C S : A is countable or A¢ is countable} is a o-algebra (see Ex-
ercise 1.4). It is called the countable-cocountable o-algebra and can be used to construct
counterexamples.

1Using A as addition with additive identity @ and N as multiplication with multiplicative identity S, one can
check that R is a ring in the algebraic sense.
’In part of the literature a o-algebra is also called a o-field.
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The following example will play a crucial role in the construction of the Lebesgue measure in
Section 3.

Example 1.7.

(a) Let S := R. For a,b € R with a < b we call (a,b] a half-open interval. Let Z' be the
collection of all half-open intervals. Then Z! is not a ring, since, for instance, (0, 3]\ (1,2] =
(0,1] U (2,3] is not in Z'.

(b) Let S :=R. Let F! be the collection of sets which can be written as a finite union of half-
open intervals. Then F?' is not a o-algebra, since, for instance (J;—;(0,1— 1] = (0,1) is not
an element of F'. We will check that F' is a ring. (i) follows from @ = (1,1] € F'. (iii) is
clear since a finite union of a finite union of intervals of the form (a, b] is again a finite union.
It remains to check (ii). For this we first note that it is simple to check that for A, B € F!
one has AN B € F! and by induction this extends to the intersections of finitely many sets.
For two intervals (a,b] and (¢, d] using B\ A= BN A° and R\ (a,b] = (=00, a] U (b, c0) we
find

(¢, d]\ (a,b] = (¢, d] N (R (a,b])
= ((¢,d] N (o0, a]) U ((¢,d] N (b, 00))
(e,aNdJU (bV e, d].
This is in F' again. Now if A =], (a;,b;] and B = {J;_, (cx,dx] are in F', then

U ek di] \ A= U m ek, di) \ (aj,bj].
k=1 k=1g7=1
and, by the previous observations, this is in F' again.
(c) Let S :=R% For a,b € R? with a = (a1,...,aq) and b = (B4, ..., Bq) with a; < g; for
j€{1,...,d} the half-open rectangle (a, b] is given by

(CL, b] = (ahﬁl] Xoeee X (ad7ﬁd}'
Let Z% be the collection of all half-open rectangles and let F% be the collection of sets which
can be written as a finite union of half-open rectangles. Then F¢ is a ring (see Exercise 1.9).

On a set S there can be various o-algebras. One may therefore wonder what happens when
we take the union or intersection of two or more o-algebras. It turns out that the union of two
o-algebras may not be a c-algebra. For the intersection of o-algebras things are much better.
Indeed, the intersection of arbitrarily many o-algebras is again a o-algebra, which we formalize in
the next proposition. We refer to Exercise 1.5 for a proof of both facts.

Proposition 1.8 (Intersection of o-algebras). Let I be an index set and suppose that A; is a
o-algebra on S for every i € I. Then (,c; A; is a o-algebra.
Using Proposition 1.8, we can construct the smallest o-algebra containing any collection F C S.

Definition 1.9. Let S be a set and let F C P(S). We write o(F) for the smallest o-algebra
containing F, i.e.

ﬂ{A CP(S): Ais ao-algebra on S and F C A}.
Then o(F) is called the a—algebm generated by F.

Note that Proposition 1.8 implies that o(F) is a o-algebra. Moreover, the intersection ensures
we obtain the smallest possible one. Since o(F) is a o-algebra, one way to show that A C S
is an element of o(F) is to write it as the countable union or intersection of sets in F or their
complements. However, in certain cases, not all elements of o(F) can be written in this way.
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Let us give a few elementary examples.

Ezample 1.10. Let S := {1,2,3}.

(a) For F := {{1,2}}, we have o(F) = {2, S, {1, 2},{3}}.

(b) For F := {{2,3},{1,2}} we have o(F) = P(S). Indeed, {2,3}¢ = {1}, {1,2}° = {3} and
{2,3} N {1,2} = {2}. Thus the singletons {1}, {2} and {3} are in o(F). Therefore, the
required result follows since we can form every subset of S by taking suitable finite unions.

Ezample 1.11. Let S := N and F := {{n} : n € N}. Then ¢(F) = P(N).
The following definition introduces some of the most important o-algebras.

Definition 1.12. Let (M,d) be a metric space. Let B(M) be the o-algebra generated by the open
sets in M. Thus

B(M):=0{O C M :0 is open}.
The o-algebra B(M) is called® the Borel o-algebra of M. The elements of B(M) are called Borel
sets.

We will mainly use Definition 1.12 with M = R or M = R? equipped with the Euclidean norm.
Taking Z¢ and F¢ be as in Example 1.7, we will see in Exercise 1.10 that
BRY) = o(1%) = o(F?).
Moreover, in Exercise 3.7 we will show that B(R) # P(R).
Wedend this section with a useful lemma for some of the exercises on the Borel o-algebra of R
and R®.

Lemma 1.13 (Lindelof). Let A C R%.  Assume that for each i € I, O; C R? is open. If
A C U;es O, then there exists a countable J C I such that A C |J;c; O;

Proof. Choose for each x € A, i,, € I and r, > 0 such that B(z,r,) C O, . For each x € A choose
a; € Q¥ and s, € QN (0, 00) such that € B(ay,,s,) C B(z,7,) C O;,. Let

F :={B(ay,sz) 1 x € A}
Then clearly A C (J, .4 B(as,s:). Moreover, F contains at most countably many sets, which
follows from the fact that it is a subset of the countable collection

{Bg,r) :q € Q%,r € QN (0,00)}.
Therefore, we can write F = {B(ay,,, Sz, ) : n € N} with z,, € A for each n € N.
Now let J := {i,, € I :n € N}. Then A C J,c; O;. Indeed, if € A, then x € B(a,, s,) and
choosing n € N such that a,, = a, and s;, = s, we find x € O;, C UieJ 0O;. ©

i€l

Exercises
Exercise 1.1. Let S=Rand F={ACR:ACI0,1] or A° C [0,1]}. Is F a ring?

Exercise* 1.2. Let S be a set. Suppose that R C P(S) is nonempty and
(i) ABER = ANBER.
(il) A, BeER = AAB€R.

Show that R is a ring.

Exercise 1.3. Let S be a set. Suppose that A C P(S) satisfies
(i) @,5 € A,
(i) Ac A= A° e A
(iii) A, As,... € Adisjoint* = |J Ay € A.
k=1
Show that A is a o-algebra.

3Named after the French mathematician Félix Borel 1871-1956
4Here we mean AjNA, =0
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Exercise 1.4. Prove that the collection in Example 1.6(b) is a o-algebra.
Hint: Use the following facts: The subset of a countable set is again countable and the countable
union of countable sets is again countable.

Exercise 1.5.

(a) Prove Proposition 1.8.
(b) Give an example of two o-algebras A and B on S := {1,2,3} such that AU B is not a
o-algebra.

Exercise* 1.6. Let S be a set and let F := {{s} : s € S}. Show that o(F) coincides with the
countable-cocountable o-algebra of Example 1.6.

Exercise 1.7. Show that N;Q,R\ Q € B(R). That is N, Q and R\ Q are Borel subsets of R.

Exercise* 1.8. Consider the following collection By := {(—o0, ) : © € R} of subsets of R.

(a) Show that o(By) contains all open intervals.

(b) Show that every open set in R can be written as the union of countably many open intervals.
Hint: Use Lindel6f’s Lemma 1.13.

(¢) Conclude that o(By) = B(R).

Exercise* 1.9. Let Z¢ and F¢ as in Example 1.7. Prove the following assertions.

(a) If I,J € Z% then INJ € 79

(b) If I, J € Z¢, then I\ J is the union of finitely many disjoint sets from Z¢, and thus I'\J € F¢.
Hint: Use induction on the dimension d. Use Example 1.7(b) for d = 1.

(c) Each A € F? can be written as union of finitely many disjoint sets in Z¢.
Hint: Use induction on n to prove this for all sets of the form A = UZ=1 I with I,...,I, €
7.

(d) F?is a ring.

Exercise* 1.10. Let Z¢ and F% as in Example 1.7. Show that B(R?) = o(Z%) = o(F?).
Hint: Use Lindelof’s Lemma 1.13.

Exercise** 1.11. Prove that a o-algebra is either finite or uncountable.’
Hint: Recall that P(N) is uncountable.

5This shows that o-algebras are either easy finite collections of sets or quite complicated.
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2. MEASURES

Having introduced the notion of a measurable space, i.e. a set S with a o-algebra A C P(5),
we will now assign a size to each set in A. That means that we will need a map from A to [0, o],
since sizes should be positive and could be infinite (think of the size of R). Such a map will be
called a measure if it satisfies a few properties that model our intuition about the size of sets in
R?. For instance, the empty set should have size 0. Moreover, the size of a (possibly infinite)
union of disjoint sets should be equal to the sum of the sizes of the individual sets, which we will
call (o-)-additivity:

Definition 2.1. Let S be a set and let R C P(S) be a ring. Let p: R — [0,00] be a function with
n(@) = 0.
(i) w is called additive if for A, B € R with AN B = & one has

u(AU B) = pu(A) + pu(B).
(ii) p is called o-additive if for all disjoint® Ay, Ao, ... R which satisfy | J>—, A, € R, one has

n=1
u( U An> => (A,
n=1 n=1
Note that any o-additive map is additive, as follows by taking A,, = @ for m > 3. Moreover, if

R a o-algebra, the assumption (J;2 ; A, € R in the definition of o-additivity is always satisfied.

Remark 2.2. By Remark 1.2 and an induction argument, for an additive map R — [0, 00] and

disjoint Aq,..., A, € R one has
N(U Ak) = ZM(Ak),
k=1 k=1

see Exercise 2.1.

Let us give a few basic properties of (o-)additive maps. Further properties can be found in
Exercise 2.2.

Proposition 2.3. Let S be a set and let R C P(S) be a ring. Let pn: R — [0, 00] be additive with
w(@) =0. The following assertions hold:

(i) (Monotonicity) If A, B € R with A C B, then u(A) < p(B).

(ii) (Subadditivity) If A, B € R, then u(AU B) < u(A) 4+ u(B).
(iii) (o-subadditivity) If Ay, As,... € R with Jre; A € R and p is o-additive, then

u( U Ak) <> u(Ag).
k=1 k=1
Proof. (i): Using A C B, we can write B =AU (B \ A). Then
w(B) = p(AU (B\ A)) = p(A) + w(B\ A) = p(A).
(ii): Using (i) we have
WAU B) = j(A) + u(B\ A) < p(A) + u(B).
(iii): For n > 1 define

(2.1) By = Ay \ (U Ak).

Then (By)n>1 is a disjoint sequence in R and | J7—, B, = ;- ; An. Therefore, by the o-additivity
of p and (i), we have

(Ua)=u(UB) =D b €S utan) ®

6Here we mean A;NA,=2if j #Ek.
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We are now ready to define the size of the sets in a o-algebra, which is a map that we will call
a measure.

Definition 2.4. Let (S,.A) be a measurable space. A function p : A — [0,00] is called a mea-
sure if

(i) u(@) =0.

(ii) w is o-additive.
In this case the triple (S, A, ) is called a measure space. If additionally u(S) = 1, then p is
called a probability measure and (S, A, 1) is called a probability space.”

Let us give some examples of measures.

Ezample 2.5 (Counting measure). Let S be a set and A = P(N). We write #A for the number
of elements of a finite set A, and we set #A4 = oo if A is infinite. Let p: A — [0, 00] be given by
w(A) = #A. Then p is a measure. Often u is denoted by 7 and is called the counting measure.

Ezample 2.6 (Dirac measure). Let S =R, A= P(R). Let z € R. Let §, : A — [0, 0] be given by
d:(A)=1if x € A and §,(A) =0 if ¢ A. Then 0, is a measure. It is usually called the Dirac
measure® at .

Ezample 2.7 (Lebesgue measure). For a half-open interval (a,b] with a < b, we could define
A((a,b]) = b — a (length or size of the interval). This definition can be extended to unions of
disjoint half-open intervals, i.e. to all sets in F! as in Example 1.7. In Section 3 we will see that
A F1 — [0, 00] is o-additive and has an extension to a measure on o(F') = B(R). This measure
will be called the Lebesgue measure’ on R.

Let (an)n>1 be a sequence of real numbers and a € R. We write a, 1T a if (an)n>1 is an
increasing sequence which converges to a. Similarly, we write a,, | a if it decreases and converges
to a. This notation can be extended to sets as follows.

Definition 2.8. Let S be a set.
(1) A sequence (A,)n>1 of subsets of S will be called increasing if A, C A,11 for alln € N.
In this case we write A, T A, where A =] | A,.
(i1) A sequence (A,)n>1 of subsets of S will be called decreasing if A, O Apt1 for alln € N.
In this case we write A, | A, where A = mnoo:1 A,.

Note that we have not given a meaning to A, — A for a sequence (A4,,),>1 of subsets of S.

Theorem 2.9. Let (S, A, 1) be a measure space and let (A,)n>1 be a sequence in A.

(i) If An T A, then pu(Ayn) T p(A).
(ii) If Ap, L A and p1(Ar) < oo, then u(Ayp) 1 n(A).

Proof. (i): Define (By,)n>1 as in (2.1). Then (B,),>1 is a disjoint sequence and the following
identities hold: (J;—, Br = A and |J;_, Bx = A,,. Therefore, the o-additivity of x gives

p(A) = u(By) = lim > u(By) = lim u(Ay).
k=1 k=1

(ii): See Exercise 2.4. @)

The following result will help us to check o-additivity on rings. It will be used in the construction
of the Lebesgue measure in Lemma 3.8.

Lemma 2.10 (Sufficient condition for o-additivity). Let S be a set and let R C P(S) be a ring.
Let 1 : R — [0, 00] be additive with (@) = 0. Suppose that for each sequence (A,)n>1 in R with
Ay, | @ one has u(Ay,) — 0. Then p is o-additive on R.

"Measure theory is at the very heart of probability theory.

8Named after the English theoretical physicist Paul Dirac 1902-1984. Physicists often call it the Dirac delta
function, although it is actually not a function.

9n the literature also sometimes called the Borel-Lebesgue measure
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Proof. Let (Bj)k>1 be a disjoint sequence in R with B := U;‘;l By, € R. We need to show that
(22) w(B) = u(By).
k=1

Let A, = Up—,, B = B\ (B1U...UB,_1). Then A, € R and A4,, | @. Now the assumption
yields u(Ay,) — 0. Since p is additive, we have

n—1
u(B) = p(An UB1UByU...UBy 1) = pu(An) + Y u(By).
k=1
Taking the limit n — oo, (2.2) follows. ©)

Exercises

Exercise 2.1. Let R be a ring on a set S. Let 1 : R — [0, 00] be additive with u(@) = 0. Show
that for disjoint Aq,..., A4, € R we have

M(}Ql Ak) = ;M(Ak)-

Exercise 2.2. Let R be a ring on a set S. Let u: R — [0, 00] be additive with u(@) = 0.
(a) Prove that for A, B € R with pu(A4) < co and A C B one has
W(B\A) = u(B) — p(A).
(b) Prove that for A, B € R with u(A) < oo one has
n(AU B) = p(A) + u(B) — p(AN B).
(¢) Proof that for disjoint Ay, As,... € R with J,., A, € R one has

S i) < U Ad).

Exercise 2.3. Let (a,)n>1 be numbers in [0, 00). Define pu: P(N) — [0, 00] by pu(A) =3, c 4 @n.
Prove that p is a measure.

Exercise* 2.4.

(a) Prove Theorem 2.9(ii).

(b) Give an example of a measure space (5,4, p) and sets A, € A such that 4, | @ and
#(Ap) = oo for all n € N.
Hint: Use the counting measure.

Exercise* 2.5. Let (5, A, 1) be a measure space. For A, Ag,... C S define

limsup 4,, = ﬁ fj A,.

nreo k=1n=k

(a) Show that s € limsup 4, if and only if there are infinitely many n € N such that s € A,,.
n—oo
(b) Assume A, As,... € A. Show that limsup 4,, € A.

n—oo

oo
(c) Assume Ay, A, ... € A satisfy Z u(Ay) < oo. Show that p(limsup 4,) = 0.°
el n—o00

Exercise* 2.6. Let A be the o-algebra from Example 1.6(b) with S = R. Define p : A — [0, 0]
by u(A) =0 if A is countable and u(A) = 1 if A® is countable. Show that p is a measure.

10T his is called the Borel-Cantelli lemma in probability theory.
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3. CONSTRUCTION OF MEASURES

It is not a simple task to construct a measure. In this section we will construct the Lebesgue
measure on RY, which we already briefly encountered in Example 2.7. To extend it from F¢ to
the Borel o-algebra, we will use a deep result of Carathéodory.'! His result basically says that
it is enough to check that a measure is o-additive on a ring generating the desired o-algebra. A
detailed proof can be found in Theorem B.4 in the appendix, but it will do no harm if one takes
the result for granted.

Theorem 3.1 (Carathéodory’s extension theorem). Let S be a set and let R C P(S) be a ring.
Suppose that (&) =0 and p: R — [0,00] is o-additive. Then there exists a measure fi: o(R) —
[0, 00] such that Ti(A) = u(A) for all A€ R.

Remark 3.2. The measure i is often unique.'?> When there is no danger of confusion we will write
u again for the extension to o(R). However, in general one has to be careful about uniqueness.
For instance if we define x4 on the ring F! by pu(@) = 0 and u(A) = oo if A € F! is nonempty,
then p has at least two extensions: the counting measure on B(R) is an extension of p, but also
the measure v : B(R) — [0, 00] given by v(A) = oo if A # & is an extension of p.

We continue with a uniqueness result. For the statement we need collections of subsets of S
that are closed under taking intersections.

Definition 3.3 (w-system). A collection & C P(S) is called a w-system if for all A,B € £ one
has ANB€€.

Ezxample 3.4.
(a) Every ring is a m-system.
(b) The half-open rectangles Z¢ are a 7-system on R<.

The following result will be proved in Proposition A.7 in the appendix, but it will once again
do no harm if one takes the result for granted. It is based on a so-called monotone class argument.

Proposition 3.5 (Uniqueness). Let py and pg both be measures on a measurable space (S,.A).
Assume the following conditions:

(i) € C A is a m-system with o(€) = A;

(ii) p1(S) = pa(S) < oo and 1 (E) = ua(E) for all E € £.

Then p1 = ps on A.

3.1. The Lebesgue measure. With Theorem 3.1 and Proposition 3.5 at our disposal, we are now
ready to construct the Lebesgue measure \.'* In Example 1.7(a) we introduced the half-open
intervals Z!. For a half-open interval (a,b] € Z! with a < b we define

A(a,b]) :==b—a,

which is the length of (a,b]. Note that A(&) = 0.

Next we extend A to the collection of all finite unions of half-open intervals F'. We have seen
that F! is a ring and that every set in F! can be written as a finite union of disjoint half-open
intervals (see Example 1.7(b)).

Definition 3.6 (Lebesgue measure on F1). For A € F! of the form A = I, U---UI, with disjoint
(Ix)p_, in I', define X : F* — [0,00) as

n

AA) = AIy).

k=

1

HConstantin Carathéodory 1873-1950 was a Greek mathematician working in Analysis, but also on
Thermodynamics.

12For instance when 1 is a finite measure. See Proposition A.7.

13Henri Lebesgue 1875-1941 was a French mathematician well-known for his integration theory. See Section 5.
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The map A\: F! — [0, 00) is well-defined. Indeed, \ clearly takes valued in [0, o), so it remains
to prove that the definition of A(A) does not depend on the choice of I1,...,I,. We first prove
this for A = (a,b] € Z*. Suppose that (a,b] = (a1,b1] U ... U (an,b,] is a disjoint union with
ar, < by for all k € {1,...,n}. Without loss of generality we can assume b, < ajy; for each
ke {1,...,n—1}. Since (bg,ar+1] N (a,d] is nonempty if by < ary1, we find that by = ayq;1 for
each k € {1,...,n— 1}, a1 = a and b,, = b. Therefore

(3.1) )\((a,b]) Zb—(I:ibk—ak Zi)\«ak,bk]),
k=1 k=1

so A is well defined on Z1.
Next, let A € F' and write

A=LU---UIL,=LjU---UI,

with I1,...,I, € Z" disjoint and I{,...,I/ € Z' disjoint. Let I, = IJ’- N 1. Then each I is a
half open interval, U;”Zl Ij, = I and J;_; Ljx = I}. From (3.1) we therefore obtain

NE

—

Zn:)‘(fk) -y A( 6 fjk) ) Ajk)

k=1 k=1

=~
Il
—
<
3 |l

I
NE

M) () i/\( 0 Ijk) = Zm:)‘(lg/‘),
k=1 j=1

j=1

<

Il
_

Il
—

which proves the well-definedness.!* Moreover, it is clear from the definition that X is additive.

Next we do the same construction in higher dimensions, i.e. for d > 2. In Example 1.7(c) we
introduced the half-open rectangles (a,b] € Z¢. Also recall that F¢ denotes the collection of all
finite unions of half-open rectangles. By Exercise 1.9(d), F¢ is a ring. Moreover, in Exercise 1.9(c)
it was shown that every set in % can be written as a finite union of disjoint half-open rectangles.

Definition 3.7 (Lebesgue measure on F%). For a half-open rectangle I = (a,b] € I% with a =
(a1,...,aq) and b= (B1,...,Bq) and oj < B; for j € {1,...,d} we define its volume by
d

=118 — ).

j=1

For A € F¢ of the form A =1, U...U I, with disjoint I,..., I, € I% define X : F% — [0, 0] by

AA) =Y | L.
k=1

The map A: F¢ — [0, 00] is well-defined and additive, which can be proven analogously to the
case d = 1 above. We want to extend \ to o(F?) = B(R?). To be able to apply Theorem 3.1, we
first need to check the o-additivity of A on F¢. This will be done via Lemma 2.10.

Lemma 3.8. The map \: F% — [0, 00| is o-additive on F°.

Proof. By Lemma 2.10 it suffices to take a sequence (4,),>1 in F¢ with A, | @ and prove
A(A;) — 0. Fix e > 0. We have to find N € N such that A(4,) <e for alln > N.
For each n € N choose a B,, € F? such that B, C A,, and A\(4, \ B,) < 27"¢.'®> Then

NBi=Au=o
n=1 n=1

Note that A; is compact by the Heine-Borel theorem and thus has the finite intersection property.
Since B,, C A; for all n > 1, we can find an N > 1 such that 02,2137“ =g.

14Alternatively7 one can observe that A(A) coincides with the Riemann integral of 14 and use the linearity of
the Riemann integral.
1536 we choose a set By, which is slightly smaller than A,,.
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. . n N
Fix n > N. Since (\,_; Brx € (),—, Br = @, we have

Ap=A\ (B = J A0\ Bx € | J 4k \ B
k=1

k=1 k=1
Therefore, using Proposition 2.3(i) and Exercise 2.2(c), we find

k=1 k=1

k=1
which finishes the proof. &)

We can now deduce the main result of this section, which is the extension of the Lebesgue
measure to the Borel o-algebra B(R?).

Theorem 3.9 (Lebesgue measure on B(R?)). There erists a unique measure A on (R, B(R?))
such that X(I) = |I| for all half-open rectangles I € IT%. Moreover, for all h € R and A € B(R?),
AMA+h) = A(A).1°

In the above A+ h:={z+h:x € A} for A CR? and h € R™.

Proof. Step 1: FExistence. In Lemma 3.8 we have shown that )\ is o-additive on the ring F¢.
Therefore, by Theorem 3.1, A extends to a measure on o(F?). Since o(F?) = B(R?) by Exercise
1.10, the existence follows.

Step 2: Uniqueness. Let p be another measure such that p(I) = |I| for half-open rectangles
I 7% Fix n € N and let S,, = (—n,n]% Define A(™ and u(™ on B(R?) by
AP (A) = MNANS,) and p™(A) = pu(ANS,).

Then A(™ and (™ are measures and A" (R%) = \(S,,) = |S,,| and similarly (™) (R%) = |S,,|. Since
A and p(™) coincide on Z¢, it follows from Example 3.4(b) and Proposition 3.5 that A(™) = (")
on B(RY). Therefore, for any A € B(R?), since AN S, T A, Theorem 2.9 yields

AP (A) = NANS,) = AMA) and p™(A) = u(ANS,) — u(A).
Thus A(A) = p(A).

Step 3: Translation invariance: Let h € RY. We claim that for every A € B(R?Y) one has
A+ h € B(R?). For this let Aj, := {A € B(RY) : A+ h € B(RY)}. By definition A;, C B(R?). One
can easily check that Aj, is a o-algebra. Moreover, for each open set A one has A + h is open and
hence A+ h € B(R?). Thus, B(R?) = ¢{O C R?: O is open} C Ay, from which the claim follows.

Define pj, on B(R?) by un(A) := A(A + h). Then uy is a measure and for any half-open
rectangle I, pup(I) = |I + h| = |I| = A(I). By the uniqueness of step 2, we find up(A) = A(A) for
all A € B(R%) and this proves the result. @)

Remark 3.10. From Theorem B.4 one can actually see that for any A € B(R?),
oo o0
A(A) = inf{z LI:AC I for I, I, ezd},
j=1 j=1
but we will not use this formula.

Exercises on the Lebesgue measure

Exercise 3.1.

(a) Show that any countable subset A C R? is in B(R?).
Hint: First show that {z} € B(R?) for every z € R,

(b) Show that any countable subset A C R? satisfies A\(A4) = 0. In particular, A(Q¢) = 0.
Hint: First show that A({z}) = 0.

16This is called translation invariance. Up to a scaling factor A is the only measure on B(R%) which satisfies
this property. See Exercise 3.5.
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Exercise* 3.2. For a,b € R? with a = (a1,...,aq) and b = (B1,...,8q4) with a; < B; for
je{l,...,d} let

(a,b) := (a1, 51) X ... X (ag, Bq) and [a, ] := [aq, B1] X ... X [avg, Bd]

be the open and closed rectangle, respectively. Prove that

A(a,b)) = A(la,b]) = A((a,0])
and thus all coincide with the volume of the rectangle.
Hint: Use Theorem 2.9.

Exercise* 3.3 (Uncountable sets can have measure zero). Read the construction of the Cantor
set in [4, p25-26]. Show that the Cantor set A is in B(R) and satisfies A\(A) = 0.

Exercise* 3.4. For A C R and ¢t > 0 let tA := {tz : + € A}. Show that for each A € B(R),
A(tA) = tA(A).
Hint: Use the same method as in the proof of Theorem 3.9.

Exercise* 3.5. Let p: B(R) — [0,00] be a measure such that for all h € R and A € B(R),
w(A+h) = p(A). Let ¢ := p((0,1]) and assume ¢ € (0,00). Prove the following assertions:'”

For eachp,qu ,u( , )
For each = > 0, (0, ]) =cx

(d) For each a < b, pu((a,b]) = ( a).
(e) For each A € B(R), u(A) = cA(A).

Exercise™ 3.6 (Lebesgue-Stieltjes measure'®). Let a < b and let F': R — R be right-continuous
and increasing. Show that p((a,b]) = F(b) — F(a) for a < b extends to a measure on B(R).

Exercise** 3.7 (A non-Borel set). For x,y € [0, 1] define z ~ y if z—y € Q, which is an equivalence
relation on [0,1]. Let A C [0,1] contain exactly one representative of each equivalence class in
[0,1]/ ~.
(a) Show that
oic |J “A+aci-12
z€[—1,1]NQ
(b) Show that A ¢ B(R).

Exercises on general measures

Exercise* 3.8. Let A be a o-algebra on S and let T'C S. Define the restricted o-algebra Az on
Tby Ar :={ANT:Aec A}

(a) Show that Ar is a o-algebra.

(b) For T € A, show that Ap = {ACT:Ae A}

(¢) Let u be a measure on (S, .A). For T € A show that the restriction of u to Az is a measure.

Exercise 3.9 (Non-uniqueness of extensions I). Let S :={1,2,3,4} and let F := {{1,2},{1,3}}.
Define p1 : F — [0,00] by p({1,2}) = u({1,3}) = i. Find two different extensions of x to
o(F) =P(S). Why does this not contradict Proposition 3.5?

Exercise* 3.10 (Non-uniqueness of extensions II). Let S := N and let F := {{n,n+1,...} :n €
NY.
(a) Show that F is a m-system.
(b) Show that o(F) = P(N).
(c¢) Let 7 be the counting measure and let p : P(N) — [0, 00] be defined by p1(A) = 27(A). Show
that 7 = g on F. Why does this not contradict Proposition 3.57

17From this exercise we see that up to a scaling factor, X is the only translation invariant measure on B(R). The
case for dimensions d > 2 holds as well and can be proved in a similar way.
18 Thomas Stieltjes 1856-1894 was a Dutch mathematician working in Analysis. He has even worked in Delft.
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4. MEASURABLE FUNCTIONS

Let (S, A, u) be a measure space. One of our main goals is to integrate functions f : S — R.
To accomplish this, we will use discretization in the range of f.'” Therefore, we are interested in
determining the measure of sets such as

Azy:{SGSf(S)G[I,y]}:fil([I’7y])7 xvyER
For this to make sense, we will need that these sets are elements of A. This motivates the following
definition.

Definition 4.1. Let (S,.A) and (T,B) be two measurable spaces. A function f : S — T is called
measurable if for each B € B, one has f~1(B) € A.

Recall that f~1(B) = {s € S : f(s) € B} is called the inverse image of B by f. One sometimes
writes {f € B} for the same set.

The following functions will play an important role in our integration theory.
Ezample 4.2. Let (S,.A) be a measurable space and for A C S define 14: S — R as

1, sEA,
Lals) = {0 s¢ A

Then 14 is measurable if and only if A € A, see Exercise 4.4(a).

Let us examine some properties of measurable functions. To begin, we can note that the
composition of two measurable functions is also measurable. The proof of this fact is Exercise 4.1.

Lemma 4.3. Let (Sj,A;) be measurable spaces for j =1,2,3. If f : S1 — Sy and g : So — S3
are both measurable, then their composition go f : S1 — S3 is measurable.

It can be challenging to verify that f~1(B) € A for all B € B. Fortunately, it is sufficient to
confirm this for B in a generating collection F C B. When (T, B) = (R¢, B(R?)), common choices
of F include F = F¢ and F = {O C R?: O is open}.

Lemma 4.4. Let (S, A) and (T,B) be two measurable spaces and let f : S — T. Suppose F C B
is such that o(F) = B. If f7(F) € A for all F € F, then f is measurable.

Proof. Define B := {B € B: f~'(B) € A}. Our aim is to show that B = B. We claim that B
is a o-algebra. Indeed, since f~1(@) = @ € A also @ € B. Similarly, since f~1(T) = S € A,
we find T € B. If B € B, then f~*(T\ B) = S\ f~}(B) € A, which implies that B¢ € B. If
Bi1,Bs,... € g, then

I (UB) =Urieoea
n=1 n=1
Therefore, the claim follows. Since F C B, the claim yields B = o(F) C B C B, which implies
B=B. @)

In the sequel, a metric space (M,d) will always be equipped with its Borel o-algebra B(M),
unless otherwise stated.

Proposition 4.5 (Continuous mappings are measurable). Let (M, d) and (N, p) be metric spaces.
If f: M — N is continuous, then f is measurable.”’

Proof. By the continuity of f, we find that for all open O C Y the inverse image is f~1(O) open
in (M,d) and hence f~1(O) € B(M). Since the open sets of N generate the Borel o-algebra, the
result follows from Lemma 4.4 with F = {O C N : O is open}. ©

191n Riemann integration of functions f : R* — R the discretization is always done in the domain of the function.
This is one of the major differences with Lebesgue integration.
2011 the setting of Borel-o-algebras, measurable functions are often called Borel measurable.
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Ezample 4.6. Let a < b and suppose that f: [a,b] — R is continuous. Then ¢g: R — R given by

_Jf@), =xelal]
9le) = {o, z ¢ [a,b],

is measurable, see Exercise 4.4(b).

4.1. Real-valued functions. The most frequent case we will encounter is when f: S — R, where
(S, A) is a measurable space and R is equipped with the Borel o-algebra B(R). The following
characterization of measurability will prove useful in this context.

Proposition 4.7 (Real-valued functions). Let (S,.A) be a measurable space. For f: S — R the
following are equivalent:

(i) [ is measurable.
(ii) For all a,b € R, one has f~'((a,b)) € A.
(iii) For allr € R, one has f~1((—oo,r)) € A.

Proof. (i) = (ii) is trivial. For (ii) = (iii) we note that
FH(=o0,m)) = |J f7H(=r = 1)),
n=1

For (iii) = (i), let F := {(—o0,r) : r € R}. In Exercise 1.8 we have seen that o(F) = B(R).
Therefore, f is measurable by Lemma 4.4. ©)

Measurability is preserved under operations like addition, (scalar) multiplication and division,
as we will demonstrate in the following theorem. For x,y € R we define

x Vy:=max{z,y},
x Ay = min{z, y}.

Theorem 4.8. Let (S, A) be a measurable space. Let f,g: S — R be measurable functions and
let a € R. Then the following functions are measurable as well:

_ 1.
f+g7 f_ga f97 f\/g7 f/\97 f+ IZf\/O, f = (—f)\/07 |f|a Oé'f, ? (fo#o OnS)
Proof. We first claim that h : S — R? given by h(s) := (f(s), g(s)) is measurable. To prove this,
observe that for all half-open rectangles I = I; x I, C R?, one has

R iI)={seS:f(s)el; and g(s) € L} = f (1) Ng (L) € A

By Exercise 1.10 we have o(Z?) = B(R?), so we can use Lemma 4.4 to deduce that h is measurable.

To prove the statements, we use that continuous functions are measurable by Proposition 4.5
and that the composition of measurable functions is measurable by Lemma 4.3. For instance let
¢ : R? = R be given by ¢(x,y) := x +y. Then ¢ is continuous and f + g = ¢ o h, from which the
claimed measurability of f + g follows.

The proofs for the difference, product, maximum and minimum are similar. The measurability
of f*, |f| and - f follow in the same way by rewriting them as ¢ o f for a suitable continuous
function ¢: R — R.

The statement for % requires some comment. Let ¢ : R\ {0} — R be given by ¢(z) := 1.
Note that R\ {0} is a metric space on which ¢ is continuous. Now, for all open sets B € B(R),
C = ¢~ 1(B) is open in R\ {0} and hence in B(R). Thus (¢ o f)~1(B) = f~1(C) € A. Therefore,
the measurability of ¢ o f follows from Lemma 4.4. ©

In applications it will be useful to work with functions f : S — R, where
R := [-00,00] := RU {00} U {—0o0}.
For this, we introduce an analogue of the Borel o-algebra on R.

Definition 4.9. Let B(R) be the o-algebra generated by the sets {oc}, {—occ} and B(R). Similarly,
let B([0,00]) be the o-algebra generated by the set {oo} and B([0,0)).
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We will always equip R and [0, 0o] with their Borel o-algebras B (R) and B(]0, o0]) respectively.
From Lemma 4.4 we see that a function f : S — R is measurable if and only if

{seS:f(s)=o0},{s€S5:f(s)=—-x}ecA
and f~1(B) € A for each B € B(R).
Remark 4.10. One could view R as a metric space with metric

d(x,y) := |arctan(z) — arctany|, z,y €R,

where arctan(+o00) = £%. Then B(R) defined in Definition 4.9 coincides with the Borel o-algebra
of the metric space (R, d).

We extend addition, multiplication, and division to R in the following way:

00+ a=a+ oo =00, for all @ € (—o0, 0]
—o0t+a=a—00=—00, for all a € [—o0, 00)
00-a=a-00 =00, for all a € (0, 0]
00-a=a-00=—00, for all a € [—00,0)
0 0=000=—=-""2 —9 for all a € (—o00, )

o —0

Moreover, for a sequence (2, )n_so0 in R we say that lim,, ., , = +o0 if it either diverges to 00
or is eventually equal to +00. In this setting Theorem 4.8 remains true®! for functions f,g: S — R.

The next result will show that measurability is preserved under taking countable suprema,
countable infima and limits of sequences. For a sequence of numbers (x,),>1 in R, let

limsup z,, := lim supx, and liminf z,, := lim inf z,.
n— 00 k—oc0 n>k n— 00 k—ocon>k

The limit of yx := sup,,> ), , exists since (yx)x>1 is decreasing. Moreover,
4.1 limsup z,, = lim y; = inf y; = inf sup x,,.
(4-1) P = e T R k21n21,2 "

Similar formulas hold for the liminf,,_, ©,. Therefore limsup,,_, ., x, and liminf,,_, x,, always
exist and

liminf x,, < limsup z,,.
n—oo n— oo

Moreover they both coincide with lim,,_, 2, if and only if (z,),>1 converges in R.

Theorem 4.11. Let (S,.A) be a measurable space. For eachn € N let f,, : S — R be a measurable
function. Then each of the following functions is measurable as well:*

sup fn, inf f,, limsup f,, liminf f,.
n>1 n>1 n—00 n—00

Moreover, if f, — f pointwise®, then f is measurable again.

Proof. Let g =sup,,>; fn. Then for each r € R,

g ([~oo,r]) ={s€S:g(s)<ry={s€S: fu(s) <rforalln e N} = m 7 ([~o0,7]) € A.

n=1

Using a similar argument as in Exercise 1.8, one can show that o({[—oco,7] : r € R}) = B(R).
Therefore, the measurability of g follows from Lemma 4.4. The case of infima follows from

inf'nZl Jn = —supn21(—fn).

21We do not define oo — o0, so some cases need to be excluded. For the proof one additionally needs to check
in each of the cases that inverse images of {oco} and {—oo} are measurable. We leave this to the reader.

22Here it is important what we work with countable suprema and infima.

23Here we allow divergence to Foo.
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By (4.1), we can write limsup,, .. fn = infg>15sup,,>;. fx. Therefore, the measurability follows
from the previous cases. The remaining cases follow from liminf, . fn = —limsup,,_, . (—fn)
and lim, oo fr, = limsup,,_, o fn- ©

4.2. Simple functions. In Section 5, the Lebesgue integral will first be defined for linear combi-
nations of indicator functions, which were defined in Example 4.2. Then, we will approximate any
measurable function by using linear combinations of indicator functions. For ease of reference, we
will give such functions a descriptive name.

Definition 4.12. A function f : S — R is called a simple function® if f is measurable and
takes only finitely many values.

Letting z1,...,z, € R denote the distinct values of f and A = {s € S : f(s) = x}, we can
always represent a simple function as

n
f:Zxk'lAjz
k=1

i.e. as a linear combination of indicator functions. Of course, if 2 = 0 for some k € {1,...,n},
we can leave it out from the sum.
Ezample 4.13. Let S = R and A = B(R). The following functions are simple functions:

(@) f=m-11)—4-1az14 +5 1zn(=c0,0)-

(b) f=1q.

As a preparation for the Lebesgue integral in Section 5, we show that measurable functions can
be written as pointwise limits of simple functions. For this we discretize in the range space in a
suitable way.

In the sequel, we write f, T f if (fn(8))n>1 is increasing and lim,,_,o fn(s) = f(s) forall s € S.
Theorem 4.14. Let (S, A) be a measurable space.

(i) Let f:S — [0,00] be measurable. Then there exists a sequence of simple functions (fn)n>1
such that 0 < f, 1 f.

(ii) Let f : S — R be measurable. Then there exists a sequence of simple functions (fn)n>1 such
that f,, — f pointwise.

Proof. (i):*° For each n € N and j € {0,1,...,4" — 1}, let
Apmi={s€ S m27™" < f(s) < (m+1)27"} = ffl((%, 7"2+1])7
A, ={se€S: f(s)>2"} = f_l((z%,oo]).
Then for each n, m one has A, m, Ay € A. Define?®

4n—1
n m
foi=2"14 + mzz:o o L
It is clear that each f,, takes finitely many values. Moreover, by Example 4.2 and Theorem 4.8,
each f, is measurable. Thus each f, is a simple function.

Now fix s € S. We first prove 0 < f,,(s) < fny1(s) for each n € N. First assume f(s) < 2™.
Then selecting the unique m € {0,...,4™ — 1} such that s € A, ,,, we find that f,(s) = m27".
Similarly, we can select k € {0,...,4"t! — 1} such that s € A, 41 and thus f,,41(s) = k27D,
Since s € Apnm, we know that f(s) > m2™" = 2m2~ (D) Since s € Apt1k, we also have
f(s) < (k+1)2=(™+D_ This implies that 2m < k + 1, which is equivalent to 2m < k. We conclude
that

fals) =m27" < k270D = £ (s).

241 part of the literature this is called a step function, but we will use this name for a different class of functions.

25To visualize the proof, you could make a picture where put the set S on the z-axis and partition the y-axis
into intervals of length 27 ™.

26The idea is that for each n € N we approximate f up to 27" on the set {f < 2"}.
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The case f(s) > 2™ can be treated similarly and is left to the reader.

To prove that f,(s) — f(s), first assume f(s) < oo. Let ¢ > 0. Choose N € N so large that
f(s) <2V and 27V < e. Let n > N. Selecting m € {0,...,4" — 1} such that s € A, ,,,, we find
that

[f(s) = fals) <27 <27 <.
Therefore, f,(s) — f(s) in this case. If f(s) = oo, then f,(s) = 2" for every n € N and thus
fuls) = 00 = f(s).

(ii): Write f = f* — f~. By (i) we can find simple functions f, +, fn,— : S — R such that

fot+ — fTand fr,— — f7. Let f, = fn4+ — fn,— for n € N. For s € S we have

F(8) = FH(s) = F(s) = lim fu ()~ lim fo_(s) = lim fu(s),

proving the statement. ©

Exercises
Exercise 4.1. Prove Lemma 4.3.

Exercise 4.2. Let (S,.A) be a measurable space. Let f,g: S — R be measurable functions. Show
that {s€ S: f(s) =g(s)} € Aand {s€ S: f(s) < g(s)} € A

Exercise 4.3. Let (5,.4) be a measurable space. Let f : S — R be a measurable function and
p € (0,00). Show that the function |f|” is measurable.

Exercise 4.4.

(a) Prove Example 4.2.
(b) Prove Example 4.6.
Hint: B([a,b]) C B(R).

Exercise 4.5. Let (5,.A) be a measurable space. Let f1, fa,...: S — R be measurable functions
and Ay, Ay, ... € A be disjoint. Show that the function f = >°7 14, f, is measurable.

Exercise* 4.6 (Vector-valued functions). Let (.59,.4) be a measurable space. Foreach j € {1,...,d}
let f; : S — R be a function and let f : S — R? be given by f := (f1,..., fa). Prove that f is
measurable if and only if f; is measurable for each j € {1,...,d}.

Hint: For the “if part” one can use the same technique as in Theorem 4.8.

Exercise* 4.7 (Monotone functions). Assume that f : R — R is increasing. Show that f is
measurable, where as usually on R we consider the Borel o-algebra.
Hint: Use Proposition 4.7.

Exercise* 4.8 (Set of convergence). Let (5,.4) be a measurable space. Let f1, fa,...:S — R be
measurable functions. Define

A:={s€8:(fn(s))n>1 is convergent}.

(a) Explain why A = {s € S : (fn(s))n>1 is a Cauchy sequence}.
(b) Show that for each k,n,m € N the set A(k,n,m) :={s € S :|f(s) — fm(s)| < £} isin A
(¢) Showthat A= U N N A(k,n,m).
k=1 N=1m=N n=N
Hint: s € Aif and only if Vk € N,GN € N:Vn € N,Ym € N : |f,(s) — fu(s)| < + and
connect the universal quantifier with an intersection and the existential quantifier with a
union.

(d) Conclude that A € A.

Exercise*™* 4.9 (Pointwise convergence to uniform convergence). Let (S, .A, 1) be a measure space
and suppose p(S) < co. Let f,, f: S — R be measurable functions for n > 1 such that f,, — f
pointwise. For n,m > 1 define

Apom = {s €S fi(s)— f(s)| < % for all £ > n}
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(a) Show that A, ., € A for all n,m > 1.
(b) Prove that for any m > 1 we have

lim H(An,m) = :LL(S)

n— 00
Now fix € > 0.
(¢) Show that for any m > 1 there exists an n,, > 1 such that
€

P(S\ An,,m) < om”
(d) Let A=(\>_; An,. m, where n,, is as in (c). Show that u(S\ A) <.
(e) Prove that

lim sup [f,(s) — f(s)| =0,

n—oo s€A

i.e. f, — f uniformly on A.
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5. CONSTRUCTION OF THE LEBESGUE INTEGRAL

Throughout this section, (S,.4, 1) is a measure space. Oul; goal is to construct an integral,
called the Lebesgue integral, for measurable functions f : S — R. We will denote this integral by

[3 fdu or /S £(5) dp(s).

The Lebesgue integral will be built in three steps:
(1) For simple functions f : S — [0, 00);
(2) For measurable functions f : S — [0, o0];
(3) For (certain) measurable functions f : S — R.

The advantage of this setting is that it works for any measure space (S, A, 1). Moreover, in the
special case of the Lebesgue measure, we will show that it extends the Riemann integral.
Before we begin our construction, we introduce the following convenient terminology.

Definition 5.1. For measurable functions f,g: S — R we say that f = g almost everywhere
if u({s € S: f(s) # g(s)}) = 0, which is denoted as f = g a.e.’” Similarly, one can define f < g
a.e. and f < g a.e.

5.1. Lebesgue integral for simple functions.

Definition 5.2 (Lebesgue integral for simple functions). Let f : S — [0,00) be a simple function.
Let z1,...,2, € [0,00) and let (Ag)y_, be disjoint sets in A such that

(51) f= Zxk : ]-Ak'

For E € A we define

which is called the Lebesgue integral of f over the set E.

If f asin (5.1) is represented in a different way as f = >0, y;- 1, with (y1,...,ym) € [0,00)
and (B;)jL, disjoint, one can check that

Zl‘k pu(AgNE) = Zyj '/J,(Bj NE),
k=1 j=1
see the proof of Lemma 5.3(ii) below. Thus, the Lebesgue integral of f is well-defined.

Clearly f r fdp €0,00] for every E € A. We continue with some other basic properties of the
Lebesgue integral for simple functions

Lemma 5.3. Let f,g: S — [0,00) be simple functions. Then the following hold:
(i) ForallE€ A, [, fdu= [¢1pfdpu.
(i) (Monotonicity I) If E € A and f < g on E, then [, fdu < [, gdp.
(i) (Monotonicity II) If E,F € A satisfy E C F, then [, fdu < [, fdpu.
() (Linearity) For all E € A and o, 8 € [0,00), [ af +Bgdp=o [, fdu+ B [, gdp.
(v) (Additivity) For all disjoint sets E,F € A, [ pfdu= [pfdu+ [p fdu.
(vi) fS fdp =0 if and only if f =0 almost everywhere.

Proof. Write

m

f:Zacj-lAj, X1y, Tm € [0, 00), Ay, ..., A, € A disjoint,
j=1
n

9=> ur-1g, Yl Yn € [0,00), Bi,...,B, € A disjoint.
k=1

27 probability theory this is usually called almost surely and this is abbreviated as a.s.
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Assume without loss of generality that U;nzl Aj=Sand J,_,Br = S. Let Cj, = A; N By, for
k=1,...,nand j =1,...,m. Then (C’j,k);n,;il are disjoint sets in A with | J;_, Cjx = A4; and

UjZ: Cjx = Bs.

(i): Note that 1gna = 1g - 14 and thus 1gf = Z;":l 7 - 1pna,;. Therefore

/EfdM:;xj.u(EmAk):/lefdu.

(ii): Note that by the additivity of u

(5.2) /fd,u Zx] w(ENA;) ZZ(EJ w(ENC;)

j=1k=1
(5.3) /gdu Zyk w(ENBy) = ZZyk w(ENCj).
E k=1 k=1 ;=1

Therefore, we need to show x; < y; for all j, k such that ENCj, # &. But this is immediate.
Indeed, for s € ENCj we have

zj = f(s) < g(s) = yk-

(iii): This follows from p(E N A;) < p(F N A;) for 5 =1,...,m, which is immediate from the
monotonicity of .
(iv): For disjoint sets A, B C S one has 14u5 = 14 + 15, so we can write

m n
af +Bg =Y (ax; + Buyx) - 1¢, ,-

j=1k=1

Therefore,

/E of +Bgdu =33 (az; + By )u(E N Cy)

j=1k=1
=ad Y ;- w(ENCjy) +BZZyk w(ENCjy) —a/fdwrﬂ/gdu,
j=1k=1 k=1j=1

where we used (5.2) and (5.3).
(v): Since 1gupf =1gf + 1pf, we have

| s “/1EIUE2fdu rmsans [1mnsan® [ paus [ e
FE1UE> S S Eq Eo

(vi): By leaving out some of those ¢ for which z; = 0, we can assume z; > 0 for j = 1,...,m.
Let A = {s € S: f(s) > 0} and observe that A = (J/_; A;. Now [o fdu = 37", z;u(A;).
Noting that z; > and u(A4;) > 0 for j = 1,...,m, we deduce that fsfd,u = 0 if and only if
u(A) =320 w(4;) = 0. ©

Ezample 5.4. Let A be the Lebesgue measure on R. Since Q € B(R) by Exercise 1.7, it follows
from Example 4.2 that 1g is measurable and for any E € B(R) we have

/1@d>\:)\(EﬂQ):O
E

by Exercise 3.1. Note that 1g is not Riemann integrable on any interval [a,b] with a < b. More
on the Riemann integral can be found in Theorem 5.17.
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5.2. Lebesgue integral for positive measurable functions. In order to extend the definition
of the Lebesgue integral to arbitrary measurable functions f: S — [0, 00], we need the following
lemma.

Lemma 5.5 (Consistency). Let f : .S — [0,00] be a measurable function. Suppose that (fn)n>1
is sequence of simple functions such that 0 < f,, 1+ f. Suppose g : S — [0,00) is a simple function

such that 0 < g < f. Then / gdp < lim / fndp for every E € A.
E n—oo E

Observe that lim,, f g Jfn dp exists in [0, 00], as it is an increasing sequence of real numbers.

Proof. Let € € (0,1) and set B, = {s € E : (1 —¢)g(s) < fn(s)} for n € N. Then using the
indicated parts of Lemma 5.3 in the estimates below, we find

iv (iii)
(5.4) (175)/ gdu Q/ (1—¢)gdp </ fadp < /fnd,u < lim fndu
E E,

n

We still need to get rid of n and € on the left-hand side.
We claim that E,, T E. Indeed, E, C E,;; for all n > 1 since f, < fn4+1. Moreover, by
definition, we have |J;~; E,, C E. For the converse inclusion, take s € E. We consider two cases

o If f(s) < o0, since f,(s) T f(s) and € > 0, we can find a k > 1 such that
fr(s) =2 (1=2)f(s) = (1 —&)g(s).
o If f(s) = oo, since f,(s) = oo and g(s) < oo, we can find a k > 1 such that
fr(s) = g(s) = (1 —e)g(s).
Thus, in both cases, s € Ej C UZO=1 E,,. This proves the claim.

Now write g = Z;”:l xj - 1a; with x1,...,2, € [0,00) and (4;)7L; in A disjoint. For j =
1,...,m we have £, N A; T EN A; as n — 0o, so Theorem 2.9 yields

(5.5) /gdu Zl‘] (E,NA)) —>Zx] (ENA)) = /Egdu.

i=1

Combined with (5.4), this shows

(1 *6)/ gdu < lim / fndp.
E n—oo E
Since € > 0 was arbitrary, this finishes the proof. ©

Definition 5.6 (Lebesgue integral for positive functions). Let f : S — [0,00] be a measurable
function. Let (fn)n>1 be a sequence of simple functions with 0 < f, T f. We define the Lebesgue
integral of f over E € A as

/fd/,t:: lim/fndu in [0, 00].
E n—oo E

The above limit exists in [0, oo] since the numbers a,, := [ g fn dp form an increasing sequence
(an)n>1 in [0, 00]. Note that, by Theorem 4.14, we can always find a sequence of simple functions
fn 1S = [0,00) such that 0 < f,, 1 f. However, we need to check that the above definition does not
depend on the choice of the sequence (fy,)n>1. Let (¢m)m>1 be another sequence of simple functions
such that 0 < ¢g,, T f and let b,,, = fE gm dp. It suffices to show that lim, o a, = limy,—co by
By Lemma 5.5, for each m > 1, we have

bm:/gmdug lim / fodp = lim a,.
E n—oo | @m n—oo

From this we obtain lim,, s by, < lim,_ .~ a,. Reversing the roles of g, and f,, one sees that
the converse holds as well.

We can extend the properties of the Lebesgue integral in Lemma 5.3 to positive measurable
functions.
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Proposition 5.7. Let f,g:S — [0,00] be measurable functions. Then the following hold:
(i) ForallE€ A, [, fdu= [¢1pfdu.
(i) (Monotonicity I) If E € A and f < g on E, then [, fdu < [, gdu.

(ii) (Monotonicity II) If E,F € A satisfy E C F, then [, fdu < [, fdu.

(w) (Linearity) For all E € A and o, B € [0,00), [pof+Bgdp=a [, fdu+ B [,g9dp.
(v) (Additivity) For all disjoint sets E1,Eq € A, fEluEz fdu= fEl fdu+ sz fdu.

(vi) [gfdu =0 if and only if f =0 almost everywhere.

Proof. (i): Let (fn)n>1 be simple functions such that 0 < f,, T f. Then by Lemma 5.3(i),

/fdu— lim / fudu= lim /1Efndu /SlEfdu.

(ii)-(v): See Exercise 5.2.
(vi): Assume f = 0 a.e. Choose a sequence of simple functions (f,)n>1 such that 0 < f,, T f.
Then f, =0 a.e. for each n € N and thus by Lemma 5.3 (vi),

fdp= lim [ f,du=0.
S n—oo S

For the converse we use contraposition. Assume one does not have f = 0 a.e., which means
that £ = {s € S: f(s) > 0} satisfies u(E) > 0. Letting E, = {s € S: f(s) > 1} we find E, 1 E,
so by Theorem 2.9, u(E,) — u(E). Therefore, there exists an n € N such that u(F,) > 0 and
thus

- p(En) > 0. ©)

3=

(iif) (ii) .
fdu > fduz/ Ly =
S E’n, n

Ezample 5.8 (Series are integrals). Let S = N and A = P(N). Let 7 : P(N) — [0, 00] denote the
counting measure. Let f: N — [0,00) be arbitrary. Then f is clearly measurable. Now define for
eachn>1, f,=>,_, f(k)1ygy. Since each f, is a simple function and 0 < f,, 1 f we find

de—hm fndT—hm Zf :if
k=1

n—oo n—oo

5.3. Lebesgue integral for measurable functions. The final step is to define the Lebesgue
integral for measurable functions f : S — R by using the splitting f = f+ — f~. Recall that
* =max{f,0} and f~ = max{—f,0}.

Definition 5.9. A measurable function f : S — R is called integrable when both fs fTdu and
fs f~ du are finite. In this case, the Lebesgue integral of f over E € A is defined as

/fdur=/f+du—/f_du~
E E E
Remark 5.10.

(1) If f : S — R is integrable, then by monotonicity fE fTdu and fE f~ dp are finite for every
E € A. Therefore, [, fdp is a number in R.

(2) A measurable function f : S — [0, 0] is integrable if and only if fs fdp < oo.

(3) If f: S — R is integrable, then f is finite a.e. (see Exercise 5.1).

To check integrability, the following characterization is very useful.

Proposition 5.11. For a measurable function f : S — R the following are equivalent:
(i) f is integrable.
(i) |f]| is integrable.

Moreover, in this case for each E € A,

(triangle inequality) ‘/ fd/i’ S/ | f[ dp.
E E
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Proof. First observe that |f| = f* + f~. Therefore, both assertions are equivalent to I, I~ < oo,
where I+ = /. g f*dp and hence the result follows. To prove the required estimate note that by
the triangle inequality and linearity of the Lebesgue integral for positive functions:

‘/Efdu‘=|]+_[—|§[++1—:/Ef++f_dM:/E|f|dM_ o

By considering the positive and negative part separately one can check Proposition 5.7(i), (ii)
and (v) hold for all integrable functions f,g : S — R again (see Exercise 5.3). The following
example shows that (iii) and (vi) do not extend to this setting.

Ezample 5.12. Let S = R and A the Lebesgue measure. Let f = 1(g1) — 1(1,2). Then f* =1
and f7 =1 9 and

fdx = Frax=A((0,1)) =1,
(0,1] (0,1]

fdx= frdx— fdA=X((0,1)) = A((1,2)) =1—-1=0.
(0,2] (0,2] (0,2]

The extension of the linearity in Proposition 5.7(iv) is more difficult and proved below.

Proposition 5.13. Let f,g : S — R be integrable functions and o, 3 € R. Then*® of + Bg is
integrable, and for all E € A

/Eaf+5gdu=a/Efdu+ﬁ/Egdu~

Proof. Note that, by Proposition 5.11, each of the following functions is integrable f*, g%, |f|,|g|-
Therefore, |a||f| + |B]|g| is integrable by Proposition 5.7(iv). Since |af + Bg| < |a||f] + |8] 9],
the function af + B¢ is integrable as well (see Exercise 5.6(a)).

Next, we prove the identity for each E € A. To do this, we first consider the case « = 8 = 1.
Write h:= f+g = ¢ —, where ¢ := fT + g+ and ¢ := (f~ + ¢~ ). Then, by Proposition 5.7(iv),
¢ and v are integrable. Moreover, since ht 4+ = (f + g)~ + ¢, we have

/Eh+du:/Eh++wdu—/Ewdﬂ
:/Eh—+¢du—/Ewdu
:/Eh—dqu[Eﬁdqu/Eg*du—/Ef‘du—/Eg‘du.

Rearranging the terms yields

/Iﬂergdu:/Ehdu:/Efdqu/Egdu.

It remains to show that for all a € R,

(5.6) /ozfduzoz/ fdu.
E E
Note that af = (af)™ — (af)” = aft — af~. Thus, Proposition 5.7(iv) yields

/Eafduz/Eaf+du—[Eaf—duza/Eﬁdu—a/Ef—du,

which proves (5.6). @)

We give a few examples of integrable functions.

280f course, we only consider those functions for which af + Bg is well-defined.
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Ezxample 5.14. Every simple function f : S — R given by f = ZZ=1 2kla, with 1,...,2z, € R,
A,..., A, € Aand pu(Ag) < oo for k=1,...,n, is integrable and by Proposition 5.13,

/fd,u:Z:Ek/lAkdﬂ:Zxk-u(EﬂAk).
E k=1 E k=1

Ezample 5.15. Let S =R, A ="P(R). Let € R and let d, be the Dirac measure from Example
2.6. Then any f : R — R is integrable and

[ £, = 5o
see Exercise 5.7.

Ezample 5.16. Let S = N, A = P(N) and let 7: P(N) — [0, 00] denote the counting measure. A
function f : N — R is integrable if and only if >~ ; | f(n)| < co. In that case

/Nfd7=§:1f(n),

see Exercise 5.8.

In the next theorem, we will show that, for continuous functions, the Lebesgue integral with
respect to the Lebesgue measure coincides with the Riemann integral. It is even known that every
Riemann integrable function f is integrable with respect to the Lebesgue measure and the integrals
coincide (see [1, Theorem 23.6]). The proof uses a similar method. However, one should be aware
that this breaks down for improper Riemann integrals. See Theorem 6.11 and Exercise 6.10 for
more details on improper Riemann integrals.

Theorem 5.17 (Lebegue and Riemann integrals coincide). Let a,b € R with a < b. Let X be the

restriction of the Lebesque measure to B([a,b]) and let f : [a,b] — R be a continuous function.
Then

b
d\ = z)dx.
] / f(@)

Proof. Note that f is measurable by Proposition 4.5 and, since there is a constant M > 0 such
that |f| < M, f is integrable by Exercise 5.6. Moreover, since f is continuous, f is Riemann
integrable.

To prove the identity, let € > 0. Since f is uniformly continuous we can find a § > 0 such that
for all z,y € [a,b], |z — y| < & implies |f(z) — f(y)| < 3=. Let n € N be such that =% < § and

1etxk:a+kb_7“ for k=0,...,n. Set

my = min{ f(z) : x € [zr_1, 2]},

My, := max{f(z) : z € [xx_1, 7k},

and let
g(m) = l{a}f(a) + Z l(xk,l,a:k]mkv T e [av b},
k=1
G(ZZ?) = l{a}f(a) + Z l(wk,l,xk]Mky T e [a7 b}
k=1

Then we have

Mz

(T — Tp—1)myp, =:

b

/ gd)\:/ g(z)dx =
la,b] a
b

/ Gd)\:/ G(z)dzr =
la,b] a

b
Il
—

NE

(g — xp—1) My, =: B.

ES
Il

1
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Since g < f < G, by monotonicity of both the Lebesgue and Riemann integral we find that

b n n
b—a ¢
[ ran [ @] <50 =Y (o - )0t - <300S
[a.b] a k=1 k=1
Since € > 0 was arbitrary, the claimed identity follows. ©)

To conclude this section, we briefly indicate how one can extend the Lebesgue integral to
complex functions f: § — C. On the complex numbers C we consider its Borel o-algebra. If
f S — C is measurable, we write f = u + v with w,v : S — R. Then u and v are measurable
(see Exercise 5.11).

Definition 5.18. A measurable function f : S — C given by f = u + iv with u,v : S — R is
called integrable if both u and v are integrable. In this case, the Lebesgue integral of f over

E € A is defined as
/fdu:/ud,u—&—i/vdu.
E E E

Exercise 5.11 yields that Propositions 5.11 and 5.13 extend to the complex setting.

Exercises
Exercise 5.1. Let f: .S — R be an integrable function. Show that u({s € S: f(s) = oo}} = 0.

Exercise 5.2.

(a) Prove Proposition 5.7(ii).
Hint: Approximate by simple functions as in the definition of the Lebesgue integral. Make
sure that the approximating sequence for f is less than or equal to the approximating se-
quence for g.

(b) Prove Proposition 5.7(iii).

(¢) Prove Proposition 5.7(iv).

(d) Prove Proposition 5.7(v).

Exercise 5.3. Extend the following results to integrable functions f,g: S — R:

(a) Proposition 5.7(i).

Hint: First show that 1gf is integrable for E € A.
(b) Proposition 5.7(ii).
(c¢) Proposition 5.7(v).

Exercise* 5.4. Let f,g: S — R both be measurable functions. Assume f is integrable and f = g
a.e. Show that g is integrable and

/fd,u:/gdu, EeA
E E

Hint: Define A* = {s € E: fT(s) = g™ (s)}, split 1z = 14+ + 1p 4= and use Proposition
5.7(vi).

Exercise 5.5. Let A\ denote the Lebesgue measure on (R, B(R)). Let f : R — R be an integrable
function. Show that for all —co < a < b < o0

fdx= [ fan
[a,b] (a,b)

Does this also hold if we replace A by an arbitrary measure p on B(R)?

Exercise* 5.6 (Domination). Let f,g:S — R be measurable functions.

(a) Assume |f| < g and g is integrable. Prove that f is integrable.
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(b) Show that f is integrable if and only if

o0

Z 2"u({s € S :2" < |f(s)| < 2"}) < o0

Hint: Use (a) for a suitable function g : S — [0, cc].
In the next exercises, you are asked to give the details of Examples 5.15 and 5.16.

Exercise 5.7. Let S =R, A = P(R). Let « € R and let 0, be the Dirac measure from Example 2.6.
(a) For a simple function f: R — [0,00), show that [, fdd, = f(x).
(b) For a function f: R — [0,00], show that f is measurable and [, f dd, = f(z).
(¢) For a function f: R — R, show that f is integrable and [, f dd, = f(z).

Exercise* 5.8. Let S =N, A =P(N) and let 7: P(N) — [0, 0] denote the counting measure.

(a) Show that a function f : N — R is integrable if and only if >~ 7, [ f(n)] < co.
(b) Assume Y7, |f(n)| < co. Show that

Afw=§ym>

Exercise* 5.9 (Chebyshev’s inequality). Let f : S — [0, 00] be a measurable function. Prove that
for every t > 0,

1
pses:fo =< [ ran
Hint: Let Ay ={s € S: f(s) >t} and write u(A¢) = [4 14, dp.
Exercise* 5.10. Let A be the Lebesgue measure on (R?, B(R?)). Let f : RY — R be a measurable
function. For h € R? define the translation f;, : R? — R by fi(z) = f(x — h).
(a) Show that fj, is measurable.
(b) Assume that f is integrable. Show that f, is integrable and

/Rdfhd)\:/Rdfd)\.

Exercise** 5.11 (Complex-valued functions).
(a) Let f: S — C be a measurable function and write f = w + iv with uw,v : S — R. Show that
u and v are measurable.
(b) Prove Proposition 5.13 for integrable functions f,g: S — C and «, 8 € C.
(¢) Prove Proposition 5.11 for integrable functions f : S — C.
(d) Which parts of Proposition 5.7 remain true for integrable functions f,g: S — C?
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6. CONVERGENCE THEOREMS AND APPLICATIONS

One of the problems with the Riemann integral is that the cases where limit and integral can
be interchanged are rather limited. Indeed, we have seen that we can interchange limit and the
Riemann integral if we have uniform continuity, which is a quite strong assumption. In modern
mathematics it is crucial to have better “tools” for this. We use the integration theory developed
so far in order to obtain these tools. In Section 6.1 we prove three famous convergence results. In
Section 6.2 we give several consequences and applications. Throughout this section, (S,.4, i) is a
measure space.

We start with a simple example, which illustrates some difficulties.

Example 6.1. Let f, : R — R be defined by one of the following nlg 1y, %1(7172”) or 1(, ) for
n > 1. Then f, — 0, but in each case [, fndX # 0.

Example 6.1 shows that, even with the Lebesgue integral in our arsenal, we should be careful
when interchanging limits and integrals.

6.1. The three main convergence results. In this section we prove the three most famous
convergence results of integration theory.

e Monotone Convergence Theorem (MCT).?

e Fatou’s lemma.*’

e Dominated Convergence Theorem (DCT).*!

We start with the monotone convergence theorem, which is a statement about a an increasing
sequence of positive-valued measurable functions.

Theorem 6.2 (Monotone Convergence Theorem (MCT)). Let f,: S — [0,00] be measurable
functions for n > 1 such that 0 < f, T f. Then f is measurable and

lim fondu= / fdu.

If (fn)n>1 would be a sequence of simple functions, the monotone convergence theorem is just
the definition of the Lebesgue integral of f. To prove the statement for a sequence of measurable
functions, we will of course approximate the measurable functions by simple functions.

Proof of Theorem 6.2. By Theorem 4.11, f: S — [0,00] is measurable. For each fixed n > 1
choose a sequence of simple functions 0 < f;, p, T f. For n,m > 1 set

9n,m ‘= max{fl,rrH LR fn,m}
and note that

In,n < max{fl, ce. 7fn} = fn

We claim that g, is a simple function for all n > 1 and 0 < g, , T f. Assuming this claim for
the moment, it follows from Proposition 5.7(ii) that

[rau=tw [ gundp< tim [ goaus [ ra

which proves the theorem.
To prove the claim, note that the maximum of a finite number of simple functions is simple.
Moreover, since fr,m < fn,m41 for all n,m > 1, we have
9n,n = maX{an, ceey fn,n} < maX{anJrl, ceey fn,n+1> fn+1,n+1} = 9n+1,n+1;

SO (gn,n)n>1 is increasing. Furthermore, we have

fn = lim In,m = lim In,m+n S lim Im4n,m+n = lim 9m,m S f;
m—»00 m— o0 m—00 m— o0

so since f,, T f, we obtain that g, , — f. This finishes the proof of the claim. ©

29This result is due to Beppo Levi 1875-1961, who was an Italian mathematician.
30This result is named after the French mathematician Pierre Fatou 1878-1929.
31This is due to Lebesgue (see footnote 13).
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We continue with a statement for a, not necessarily increasing, sequence of positive-valued
measurable functions. In this case, we can only prove an inequality.

Lemma 6.3 (Fatou’s Lemma). Let f,,: S — [0,00] be measurable functions for n > 1. Then

/ liminf f, dp <lim inf/ fndp.
s S

n— oo n—oo

Proof. Note that f = liminf, .. f, is a measurable function by Theorem 4.11. Fix n € N and let
gn = égf fx. For all m > n, we have g, < f;, and by the monotonicity of the Lebesgue integral
n

this giv_es /. ggndp < /. g Jm du. Therefore, taking the infimum over all m > n, we find

(6.1) / gndp < inf / S dps.
S mzn Jg
Note that 0 < g, T f and thus

_ . (MCT) ©n .. L
fdu= lim g,dpg =" lim gndp < lim  inf fmdp =liminf [ f,du.
S g n—o0 n—oo g n—oom2n g n—oo  fg

Our final convergence theorem is for real-valued functions.

Theorem 6.4 (Dominated Convergence Theorem (DCT)). Let f,: S — R be measurable func-
tions for n > 1 such that f, — [ pointwise. If there exists an integrable function g : S — [0, 00)
such that | f,| < g for alln > 1, then f, and f are integrable and

(6.2) lim fndu:/fd,u.
Proof. Since |f,| < g, we see that f, is integrable for each n > 1. Moreover, f: S — R is

measurable by Theorem 4.11 and integrable since |f| < g. Let z, := fs frndp and x = fs fdu.
It suffices to show that limsup z, < x < liminf z,,. It follows that

n—00 n—0o0
/ gdutx = / gE fdu= / lim (g + f,)du (linearity)

< lim inf/ g+ fndu (Fatou’s lemma with g + f,, > 0)
n—oo S

= lim inf (/ gdu + xn) (linearity).
n—oo S

= / gdp + liminf(£a,).
S n—oo

Since [4gdp < oo, we find that £ < liminf(£x, ). This implies the estimates

n—oo

r <liminfz, and limsupz, <=z,

n—roo n— 00
where for the second part we used lim inf(—z,) = — limsup x,,. @)
n—o0o n—00

For functions f, fi, fo : S — R we say that f, — f a.e. if there exists a set A € A such that
u(A) =0 and fo(s) = f(s) for all s € S\ A. For the details of the following remark we refer to
Exercise 6.5.

Remark 6.5. Let f, g, fi, fa,...: S — R be measurable functions.

(a) Theorem 6.2 also holds under the weaker assumption that 0 < f,, T f a.e.
(b) Theorem 6.4 also holds under the weaker assumptions that f, — f a.e. and |f,| < g a.e. for
all n > 1.
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Ezample 6.6. Let f : R — R be integrable with respect to the Lebesgue measure and let F' :
R — R be given by F(z) = f(_oo 2] fdA. Then F is continuous on R. Indeed, if x,, — x, then

1(—ooen)(¥) = 1(—ooq)(y) for all y € R\ {x} and thus by Remark 6.5

F(a:n)z/Rl(,oc’wn]fd)\ (]£T>)/Rl(,oo@]fd/\:F(x).

One can show that F' is actually differentiable a.e and F’ = f a.e., which is a Lebesgue integral
version of the Fundamental theorem of calculus. The proof requires some knowledge of Harmonic
Analysis, a master elective course.

6.2. Consequences and applications. We continue with several consequences and applications
of the three main convergence theorems. We start with a result on integration of series of positive
functions. The proof is Exercise 6.4.

Corollary 6.7 (Series and integrals). Let fi, fa,...: S — [0,00] be measurable functions. Then

(63) / i fun=3" [ o

n=1
Next, we note that from a measure p one can build many other measures in the following way:

Theorem 6.8 (Density). Let f : .S — [0,00] be a measurable function. Define v : A — [0,00] by
v(A) :/ fdu.
A

Then v is a measure.>* Moreover, g : S — R is integrable with respect to v if and only if fg is
integrable with respect to u. In this case

(6.4) /Sgdyz/sfgdp.

oo
Proof. Step 1: Clearly, v(@) = 0. For (A,)n>1 a disjoint sequence in A, and A := |J Ay,
n=1

v(4) = /S 14fdp = /5 >t S €2 )3 /S La, fdu= S v(An).

n=1

32

Step 2: First we show that (6.4) holds for all measurable g : S — [0,00]. For g = 14 this is
immediate from [¢14dv = v(A) = [¢14fdp. For simple functions g : S — [0,00) this follows
by linearity. For a measurable function g : S — [0, 0], by Theorem 4.14 we can find a sequence
of simple functions (g )n>1 such that 0 < g,, 1 ¢g. By the previous case, we obtain

/ng: lim gndv = lim /fgndu (MET)/fgd,u.
g n—oo Jg n—oo Jg S

Step 3: To prove the “if and only if” assertion and (6.4), let g : S — R be a measurable

function. Since step 2 yields that
/gi dv = / fg* dp,
s s

both the equivalence and (6.4) follows by writing g = g™ — g™ ©

Ezample 6.9. Let f: R — [0,00] be given by f(z) = \/%e_é, which is continuous and therefore

measurable by Proposition 4.5. Define v : B(R) — [0, 00) by

v(A) = / fd\, A€ BR),
A
which is the standard Gaussian measure on R.

32The function f is usually called the density of v and plays an important role in probability theory.
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To show that R with the Gaussian measure from Example 6.9 is a probability space, we need
to prove that v¥(R) = 1, i.e. we need to calculate fR fdA. To do so, we would like to relate this
Lebesgue integral to the improper Riemann integral

o ]. 22
ez dx=1.
/—oo \/277

However, Theorem 5.17 only relates Riemann and Lebesgue integrals on closed and bounded
intervals [a,b], for a < b. Using the monotone convergence theorem, we will extend this to
theorem to improper Riemann integrals. We start with the definition of an improper Riemann
integral.

Definition 6.10. Let —oo < a < b < oo and let f: (a,b) = R be a continuous function. We
say that foo f(z)dx exists as an improper Riemann integml if the limits limyqpq ft f(z)dx and
limy, [ f(z) da exzst in R for some (equivalently all) ¢ € (a,b). In that case define

/af(:v)dx ::51%311/6 f(:v)+1tig3/ Ut

Note that Definition 6.10 includes both the improper Riemann integral of continuous functions
f+ R — R and the improper Riemann integral of continuous functions f: (a,b) — R with a < b
for which limy 4 f(¢) or limyy f(¢) diverges to £oo.

Theorem 6.11 (Improper Lebesgue and Riemann integrals coincide). Let —oco < a < b < oo and
let f: (a,b) = R be a continuous function. The following are equivalent:

(i) [ is integrable;

(ii) f; |f(z)|dx exists as an improper Riemann integral.

. . b . . . .
Moreover, in this case fa f(z)dx exists as an improper Riemann integral and

(6.5) /(a’b) Fd) = / () da

It may happen that ffooo f(z)dz exists as an improper Riemann integral without f being
integrable, see Exercise 6.10.

Proof. (i)=-(ii): First we make a general observation. Let g: (a,b) — R be a continuous and
integrable function and ¢ € (a,b). In Theorem 5.17, we have seen that fct g(x)dx = f[c 4 9 dA for
€ (¢, b). We find

‘/ gd\ — / (a:)d:r‘ :‘/ 1[c,b)9d)\*/ 1[c,t]gd)\‘ S/ 1ilgl dA.
[c,b) ¢ (a,b) (a,b) (a,b)

3

Now the DCT yields that f(a » LieplgldA — 0 as t — b, and we may conclude that fcbg(x) dz
exists. The part on (a,c] goes similarly. Now (i)=-(ii) follows by letting g = |f|. Moreover, (6.5)
follows by taking g = f.

(ii)=(i): Let (an)n>1 and (b, )n>1 be sequences in (a,b) with a,, | a and b,, 1 b. By Theorem
5.17 we have for n > 1

by b
/( o alf1d)= / (@) dz < / (@) de = M < oo.

Therefore, by the MCT, f(a py [f1dA = limy oo f 14, b1 f1AN < M, so f is integrable. )

(a,b)

Ezample 6.12. Let f, : [0,00) — R be defined by fn(z) = (1+ %)ne_h. Below we show that
lim;, 00 fon fn(xz)dz = 1. Recall the standard limit 0 < (1 + %)" 1 e for every x € [0,00) and
thus 0 < 1jg n)fn T f, where f(x) = e™*. Therefore, by Theorem 5.17 and Theorem 6.11

. S
/ fula dsc—/ 1o fo X 5 CT)/ FAAY [ fa)de=lim(1-et)=1.
[0,00) [0,00) t—o0
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We end this section with a standard application of the DCT to calculus.

Theorem 6.13 (Differentiating under the integral sign). Suppose f: R x S — R is such that the
following hold:

(i) f is continuous and differentiable with respect to its first coordinate and for each yo € R
there exists a 6 > 0 and integrable function g : S — [0,00) such that

15L(y.5)| < g(s),  y€(yo—0yo+0), s€S.
(i) s+ f(y,s) is integrable with respect to .

Then for all y € R,
/fy, dp(s /a% ) du(s).

Proof. Fix yo € R and let § and g be as in (i). Let h,, € (0,0) for n > 1 be such that h, — 0. Let
Ot (Yo — 0,50 +0) x S = Rand F: (yo — d,yo + §) = R be given by

outye) = LD ZL0D g ) = [ 09 ante)

Then ¢,(y,s) — g—i(y,s) for each y € R and s € S. Therefore, Theorem 4.14 yields that

5 = ¢n(y,s) is measurable. From the mean value theorem®* we obtain ¢, (yo,s) = g—Jy"(yn7 s) for
some ¥, € (Yo, Yo + 9), and hence |¢,(yo, s)| < g(s) for all s € S. It follows that

F(yo) = lim TW0 ) = Flyo) _ [ 60t auts) =" / O (o, 5)dp(s).  ©

n—c0 B n—eo s Oy

Exercises

Exercise 6.1. Let f,: R — R be functions for n > 1. Calculate lim,, ., fR fndX in each of the
following cases:
(a) fol(z) =1pas(z)(1+ 10g(2x)) (use MCT; answer is 2021).
(b) fn(z) = 1(1100)(!%)5111(7129:) (use DCT; answer is 0).
nx

(©) fulz) = 1y ()2 S0002) ~n

v + 2n?
1

Exercise 6.2. Compute lim,, oo Zm L e
Hint: Use the counting measure and the DCT.

(use DCT; answer is —3v/2).

Exercise 6.3. Assume f, f1, f2,...: S — R are measurable functions such that
(i) There is a constant M > 0 such that [ |f,|du < M for all n € N.
(ii) fn — f pointwise.

Show that [ |f|du < M.

Exercise 6.4. Deduce Corollary 6.7.

Hint: Apply the MCT to g, = > ,_; fx for n > 1.

Exercise* 6.5.

(a) Prove Remark 6.5(a).
Hint: Use Exercise 5.4.

(b) Prove Remark 6.5(b).
Hint: Use Exercise 5.1.

Exercise* 6.6. Let f : S — R be measurable. Define v : B(R) — [0,00] by v(B) = u(f~1(B)).
Prove the following:
(a) v is a measure.

33If g : [a,b] — R is continuous on [a, b] and differentiable on (a, b), then there exists a point ¢ € (a, b) such that

g'(c) = g(bz),:g(a) .
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(b) For every measurable g : R — [0, co] one has
[ a®ar® = [ ors) ants).
R 5

(c) A function g : R — R is integrable with respect to v if and only if g o f is integrable with
respect to p. Moreover, in this case

oty = [ st ans)
Exercise* 6.7. Assume f:R — R is integrable with respect to A.
(a) Show that for each y € R the function z — sin(xy) f(z) is integrable with respect to A.
Define g : R — R by

o(y) = / sin(zy) () dA(z).

(b) Show that g is continuous.
Hint: Use the sequential characterization of continuity.

Exercise* 6.8 (DCT for complex-valued functions). Let f,: S — C be measurable functions for
n > 1 such that f, — f pointwise. Assume there exists an integrable function g : S — [0, c0) such
that |f.] < g.
(a) Show that [¢|f, — f|du — 0 as n — oo.
(b) Prove that [¢ frndp — [o fdp.
Hint: Use Exercise 5.11(c).

Exercise** 6.9. Use induction and Theorem 6.13 to show that for each integer n > 0,
< —yz n!
/0 e Y dx = W, y > 0.
In particular, setting y = 1, one obtains fooo e *dx = nl.

Exercise™ 6.10. Let f:[0,00) — R be given by f(z) = w if x # 0 and f(0) = 1.
(a) Show that f is not integrable with respect to A.
Hint: Use that |sin(z)| > 1 on [rn + $m,mn + 27] for all integers n > 0.
(b) Show that [;° f(z)da exists as an improper Riemann integral.**

34Using some smart tricks one can actually show that the integral equals §.
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7. PRODUCT MEASURES AND ITERATED INTEGRALS

In a multivariate calculus course, you may have learned that for a rectangle R := [a, b] X [¢,d] C
R? and a continuous function f: R — R, we can compute the Riemann integral of f over R in
different ways as an iterated integral

(7.1) mem@mzflﬁmwmwzflﬂwm@m

In this section, we will prove an analogous result for measurable functions and the Lebesgue
integral. However, we should be careful. For example, the continuous function f: [0, 1]%\{(0,0)} —
R given by

22 — o2 2

0
f((l?, y) = ($2 ¥ yg)g = 781,8?; arctan(y/x)

Aléfﬂ%yﬁmdy:_z,
[ [ senaa=T,

7.1. The product measure. Let (S, A, ) and (T, B,v) be measure spaces. In order to make
sense of measurable and integrable functions f: .S x T'— R, we need to define a o-algebra and a
measure on the product S x T'. In the specific case

(Sv Av:u) = (TvB7V) = (RvB(R)a/\)a

our construction should yield (R?, B(R?), \).
Our first hurdle is the fact that

{AxB:AcAand B € B}

satisfies

see Exercise 7.1.

is not a o-algebra in general (see Exercise 7.4). Luckily, this is easily solved by defining the product
o-algebra
AxB:=c({AxB:Aec Aand B € B}).

In the rest of this section, we will always equip S x T" with this o-algebra, yielding the measurable
space (S x T, A x B).

To familiarize ourselves with the typical proof method that we will use throughout this section,
we will prove that measurability of a function f: .S x T"— R directly implies that the “coordinate
functions”, obtained by fixing one of the variables, are measurable.

Proposition 7.1. Let (S, A) and (T, B) be measurable spaces and let f: SXT — R be measurable.
Then

(i) Fort e T the function s — f(s,t) is measurable;
(ii) For s € S the function t — f(s,t) is measurable.

Proof. The collection
C:={CeAxB:(i)and (i) hold for f=1c} CAxB

is a o-algebra, see Exercise 7.3. Moreover, A x B € C for all A € A and B € B. Since A x B
is the smallest o-algebra containing A x B for all A € A and B € B, it follows that A x B =C.
Therefore, the proposition holds for all indicator functions 1¢ with C € A x B. By linearity, this
extends to all simple functions f: S x T"— R.

For a measurable f: S x T'— R, we can find a sequence of simple functions (f,)n>1 such that
fn — f pointwise by Theorem 4.14. For a fixed t € T, note that s — f,,(s,t) is a simple function
as well, converging pointwise to s — f(s,t). Thus (i) follows from Theorem 4.11 and (ii) follows
similarly. ©
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Next, we want to define a product measure p x v on the measurable space (S x T, A x BB), which
should satisfy

(7.2) (ux v)(Ax B) = u(A) -v(B), AecA, BeB.

We will show that such a measure exists and is unique. Our strategy will be to apply Carathéodory’s
extension theorem (Theorem 3.1) on the ring R consisting of all finite unions of sets of the form
Ax Bfor Ae Aand B € B and p: R — [0, o0] satisfying (7.2). Moreover, to obtain uniqueness,
we will use Proposition 3.5. Recall that in Proposition 3.5 we need to work with finite measures,
for which we will require the following definition.

Definition 7.2. A measure space (S, A, ) is called o-finite if there exists a sequence (Ap)n>1
in A such that A, TS and p(A,) < oo for allm > 1.

Let us give a few examples:
Ezample 7.3. The measure space (R?, B(R?), \) is o-finite. Indeed, take A,, = (—n,n)? for n > 1.

Ezample 7.4. The measure space (S, P(5), ), where 7 denotes the counting measure, is o-finite
if and only if S is countable, see Exercise 7.5.

We are now ready for the main result of this subsection, which asserts the existence of the
(unique) product measure.

Proposition 7.5. Let (S, A, u) and (T, B,v) be measure spaces. There exists a measure uyxv: AXx
B — [0, 0] such that

(pxv)(Ax B)=pu(A)-v(B), Ae A BeB.

Moreover, if (S, A,u) and (T,B,v) are o-finite, then p X v is unique and the measure space
(Ax B, Ax B, uxv) is o-finite.

Proof. Let R C A x B consist of all finite unions of sets of the form A x B for A € A and B € B.
Then we have 0(R) = A x B by definition. Moreover, by Exercise 7.4, R is a ring and we can
write any R € R as a disjoint union of sets of the form A x B for A € A and B € B.

Take R € R and write R € R as

R=|J(Ax xBy), A,...,A €A By,...,B, €B,
k=1
such that (A; x B;) N (Ag x Bg) = @ for 1 < j # k < n. Since
ZlAk s)1p, (¢ seS teT,

we note that s — 1g(s,t) is a simple function and we have for all t € T

/]—R Zu Ap)lp, (t

sot— [¢1g(s,t)du(s) is a simple function as well. Therefore, we can define
(ux )(R) = [ [ La(s.t) duts) duto),
TJS

(pxv)(Ax B)=pu(A) - -v(B), Ae A BeB.

which clearly satisfies
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To check o-additivity of pu x v, take disjoint Ry, Ra,... € R with {J;—, Rr € R. Then we have

(1 y)(fj Rk) - /T/Si 1r,(5,%) du(s) du(?)
k=1

k=1

~ Tim /T /S ;1Rk(s,t)du(s)du(t)

:;/T/isk(s’t) du(s)dy(t):Z('uXV)(Rk)’

-—1

so u X v is indeed o-additive. Thus, u X v satisfies the assumptions of Theorem 3.1, so we can
extend g X v to a measure u X v: A x B — [0, 00], which we once again write as p X v.

Next, assume that (S, A, p) and (T, B,v) are o-finite and let (A,)p>1 in A and (By),>1 in B
such that A, 15, B, T T and pu(A,) < oo and v(B,,) < oo for n > 1. Setting C,, := A,, X B,, for
n > 1, we have (u x v)(C,) < co. Moreover Cp, TS x T, proving the o-finiteness claim.

For uniqueness, let 7 be another measure on A x B such that 7(Ax B) = u(A)-v(B) for Ae A
and B € B. Fix n € N and define (u x )™ and 7™ on A x B by

(ux ) ™(R):=(uxv)(RNC,) and  7"(R):=7(RNC,).
Then (p x v)™ and 7(™) are measures and

(1 1) (S x T) = (1 x v)(C) < o0

and similarly 7" (S x T') < co. Since (u x v)™ and 7(™ coincide on R, it follows from Example
3.4(a) and Proposition 3.5 that (u x v)(™ = 7™ on ¢(R) = A x B. Therefore, for R € A x B,
Theorem 2.9 yields

(uxv)(R) = nlLrlgo(u x V) (RNCy) = lim (p x V)(") (R) = lim T(”)(R) lim 7(RNCy) =7(R),

n—0o0 n—oo n—00

finishing the proof ©

In the remainder of this section, when we write u x v we will always mean the product measure
provided by Proposition 7.5.

Ezample 7.6. We have (R x R, B(R) x B(R), A x \) = (R2, B(R?), \).
Proof. We have to show that B(R) x B(R) = B(R?) and, writing A; for the 1-dimensional Lebesgue

measure and Ay for the 2-dimensional Lebesgue measure, we have to show that A1 x A\; = As.
To show B(R) x B(R) = B(R?), recall that Z¢ denotes the collection of all half-open rectangles
in R? from Example 1.7. Since
T’={AxB:ABcI'}) C{Ax B: A BcBR)}
we obtain from Exercise 1.10 that
B(R?) = o(Z%) Co({Ax B: A B € BR)}) = B(R) x B(R).

Conversely, we note that {A C R : A x R € B(R?)} is a o-algebra on S which contains o(Z') =
B(R), since it contains Z". It follows that AxR € B(R?) for all A € B(R). Similarly Rx B € B(R?)
for all B € B(R). Taking intersections, we conclude that

{AxB:A,BecB(R)} CB(R?),

and thus B(R) x B(R) = o({A x B: A, B € B(R)}) C B(R?).
Next, writing A1 for the 1-dimensional Lebesgue measure and A for the 2-dimensional Lebesgue
measure, we have for I = (a1, b1] x (ag,bs] € Z?

(A x A1) () = Ar((ar, b1]) - Ar((az, be]) = (br — a1)(b2 — az2) = A2(1).
Thus by the uniqueness claim in Theorem 3.9, it follows that A\; X Ay = As. ©
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7.2. The Fubini—Tonelli theorem. After the preparations in the previous subsection, we are
now ready to discuss the conditions under which we are allowed to change the order of integration.
We start with a version for positive-valued functions, which was first proven by Tonelli.*®

Theorem 7.7 (Tonelli’s theorem). Let (S, A,u) and (T,B,v) be o-finite measure spaces. If
f:8xT —[0,00] is measurable, then

(i) The function t — [g f(s,t) du(s) is measurable;

(i) The function s — [ f(s,t) dv(t) is measurable;

(ii) We have
SXdeuxv //fdudy—//fdudu

Proof. First assume that u(S) = v(T) = 1. We claim that the collection
C:={C e AxB:(i)-(iii) hold for f=1c} CAxB

is a o-algebra. It is clear that @, S x T € C. If C € C, then 1¢c = 1 — 1¢, which implies that (i)
and (ii) hold for 1¢e and furthermore

/ 1Ccd(ﬂ><l/):17\/ lcd(uxu):lf//lcdudl/://lccdydl/.
SxT SxT TJS TJS

A similar calculation for the other iterated integral yields that (iii) holds for 1¢. and thus C¢ € C.
Finally, for Cy,Cs,... € C set C := [J;—, Cy. Then 1yr_ ¢, T 1c as n — oo, so (i)-(iii) for 1¢
follow from the definition of the integral and therefore C' € C.

We have shown that C is a o-algebra. Furthermore, since (¢ x v)(A x B) = u(A) - v(B), it is
clear that A x B € C for all A € A and B € B. Since A x B is the smallest o-algebra containing
A x B for all A€ A and B € B, it follows that A x B = C. This proves (i)-(iii) for f = 1¢ with
C € A x B, which extends to simple functions by linearity.

For a measurable f: S x T — [0, 0], we can find a sequence of simple functions (f,)n>1 such
that 0 < f,, T f pointwise by Theorem 4.14. Then for t € T we have that (f,(-,t))n>1 is a
sequence of simple functions such that 0 < f,,(-,¢) t) pointwise and thus

0</fn ) dua(s T/f

A similar statement holds for the integral over T'. Therefore, (i)-(ii) for f follow from Theorem
4.11 and (iii) for f follows from a similar approximation argument, proving the theorem in the
case u(S) =v(T) = 1.

For the general case, by o-finiteness, we can find a sequences (A4,,),>1 in A and (By),>1 in B
such that A, 15, B, 1T and p(4,) < oo and v(B,,) < oo for all n > 1. Now note that

() 4) . MANAR) :/ LU, A€ A,
WA =y T LA
BNB ) 1p
v (B) = u :/ " dy, B e B,
B = =0By s v(B)

are measures satisfying p(™(S) = v(")(T) = 1. To prove (i), observe that for ¢ € T we have by
Theorem 6.8

H(Ay) /S F(s,1) du™(s) = /S 1, (5)f(s,1) dus) 1 /S F(s,2) dps).

Therefore, as we already know that ¢ — |, s f(s,1) dp(™(s) is measurable, the measurability of
t — [4f(s,t)du(s) follows from Theorem 4.11. The proof of (ii) is similar. Lastly, for (iii)
observe that for C = A x B with A € A and B € B we have

(7.3) p™ x M0 = /C #?Bn) d(p x v).

35Leonida Tonelli (1885-1946) was an Italian mathematician. He is one of the founders of the modern theory of
functions of real variables.
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Since the right-hand side of (7.3) defines a measure, (7.3) must hold for any C' € A x B by the
uniqueness claim in Proposition 7.5. Therefore, since we already know that (iii) holds for ;(™) and
v(") | we obtain by Theorem 6.8

/ 1Aannfd(u><V)=//1AannfdeV=//1Aannfdvdu-
SxXT TJS SJT

Taking the limit n — oo, (iii) now follows from the MCT. ©)

Remark 7.8. Tonelli’s theorem shows that for any C' € A x B we have

(7.4) (uxy)(C’):/Tfslcdudy:/S/TIC dv dy,

which we already knew for C = A x B with A € A and B € B. Instead of using Carathéodory’s
extension theorem in Proposition 7.5 and then using the product measure to prove Tonelli’s the-
orem, we could also first have proven Tonelli’s theorem (without the left-hand side in (iii)) and
then use either of the iterated integrals in (7.4) as the definition of the product measure.

As we have already seen in the introduction of this section, one has to be careful when inter-
changing integrals of real-valued functions. It turns out that, as long as f: SxT — R is integrable,
one is allowed to interchange the order of integration. This result was first proven by Fubini®*® and
predates Tonelli’s theorem.

Theorem 7.9 (Fubini’s theorem). Let (S, A, u) and (T, B, v) be o-finite measure spaces. If f: S x
T — R is integrable, then

SXde(uxu):/T/Sfdudu:/S/del/d,u.

Proof. Note that for the iterated integrals to be well-defined, we need that

(i) For a.e. t € T the function s — f(s,?) is integrable;

(ii) For a.e. s € S the function ¢t — f(s,t) is integrable;
(iif) The function t — [ f(s,t) du(s) is well-defined a.e. and integrable;
(iv) The function s — [ f(s,t) dv(t) is well-defined a.e. and integrable.

Write f = f* — f~ and note that, by Theorem 7.7 and the integrability assumption, ¢ — [ f* du
is measurable and

//f+duduz frd(pxv) < oco.
TJS SxT

This means that ¢ — [g f*(s,t)du(s) is integrable and thus finite for a.e. ¢t € T by Remark
5.10(3). Consequently, the function s — fT(s,t) is integrable for a.e. t € T. Applying the same
argument to f~ yields (i) and (iii). Furthermore, (ii) and (iv) follow similarly. Knowing that all
(iterated) integrals under consideration are well-defined and equal for f* and f~, the theorem
follows. ©

Remark 7.10. Fubini’s theorem and Tonelli’s theorem are often used in tandem. Indeed, let
f: S xT — R be a measurable function. Suppose one wishes to show that

(7.5) /T/Sfdudu:/S/deudu.

Then one first checks that e.g. [, J s|fldpdv < oo, which by Tonelli’s theorem and Proposition
5.11 implies that f is integrable. Afterwards Fubini’s theorem yields that (7.5) holds. This
combination is called the Fubini-Tonelli theorem.

36Guido Fubini (1879-1943) was an Italian mathematician, mainly known for his theorem on the iterated
Lebesgue integrals.
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As a corollary of Tonelli’s theorem, we can deduce a generalization of Cavalieri’s®” principle
for the Lebesgue integral, also known as the layer cake representation. Heuristically speaking,
Cavalieri’s principle states that if two objects have the same height and the same cross-sectional
area at every point along that height, they have the same volume (see also Figure 7.2).

FIGURE 7.1. Cavalieri’s principle visualized with poker chips. The two stacks,
although differently shaped, have the same volume.

Corollary 7.11. Let (S, A, ) be a o-finite measure space and let f: S — [0,00) be measurable.
Then

[ran=[ ulises:s6)=0) e,
S [0,00)

Now suppose that we have a set V C R? parametrized by

V= {(x,y,z) € R?: fl(x7y) <z< fQ(xvy)}
for some measurable f;, fo: R2 — R. Applying Corollary 7.11, we obtain

AV) = [ (o) = i) drGo.)
_ /[O )A({(x,y) ER?: fi(z,y) <t < falz,y)}) dA(H).

Noting that A(V) is the volume of V and
A({(x,y) € Rz : fl(x)y) <t S f2(x)y)})

is the area of cross-section of V' at height z = ¢, we recover Cavalieri’s principle.

Proof of Corollary 7.11. Since f is measurable, F': S x [0,00) — R given by F(s,t) = f(s) —t is
measurable as well. It follows that

A:={(s,t) € Sx[0,00): f(s) >t} = F'([0,00)) € A x B([0,00)),
and therefore the function
]-A(Sat) = l{th}(s) = 1[0,f(s)](t)» (S,t) €5 x [O,OO)

is measurable. By Tonelli’s theorem, we obtain

/S fdp = /S /[O’OO) 14(s,£) AA(2) dpa(s)
— [ [rsenausang = [ u(tse st = 1) an,
[0,00) /S [0,00)
finishing the proof. ©

37Bonaventura Cavalieri (1598-1647) was another Italian mathematician, known for his work on precursors of
infinitesimal calculus.
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Exercises
Exercise 7.1. Let f: (0,1]2 — R be given by
22 — g2 92
flz,y) = RSP = ~ 920y arctan(y/x).

Show the following identities:

/01/01|f(x,y)|dxdyoo’
/Ol/olf(ﬂ?»y)dxdy:_z’

/Ol/olf(x,y)dydx: Z

Exercise 7.2. Define f: Nx N — R by

1, if m=n,
flm,n) =< -1, ifm=n+1,
0, otherwise.

Show that
oo (o) (o) o0 e}
Do Afmn)l £ YD fmn) £ YD f(m.n).
m,n>1 m=1n=1 n=1m=1
Exercise 7.3. Show that the collection C in the proof of Proposition 7.1 is a o-algebra.
Exercise 7.4. Let (S,.A) and (T, B) be measurable spaces and define
n
R = {U(Ak x B): Ay,...,A, € Aand By,..., B, eB}.
k=1
(a) Show that R is a ring.
(b) Show that every R € R can be written as

n
R=|J(Axx By), Ai,...,A, €A By,...,B, €B,
k=1
such that (A; x B;) N (Ag X By) =@ for 1 < j#k <n.
(¢) Give an example of (S,.A) and (T, B) such that R is not a o-algebra.

Exercise 7.5. Show that the measure space (S, P(S), ), where 7 denotes the counting measure,
is o-finite if and only if .S is countable.

In the next exercise, we will show that the o-finiteness assumption in Tonelli’s theorem is
necessary.

Exercise* 7.6. Let (S,A,u) = ([0,1],8(]0,1]),A) and (T, B,v) = ([0,1],P([0,1]),7), where T
denotes the counting measure. Define the diagonal

D :={(z,z): 2 €[0,1]} C[0,1] x [0,1].

/ / 1pdrdr =0,

[0,1] J[0,1]

/ / 1pdrdi =1,
[0,1] J[0,1]

and, as an additional challenge, show that

/ ]-D d()\ X T) = OQ.
[0,1]x[0,1]

Show that
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Hint: Use the definition of A x 7, given by (B.1).

Exercise* 7.7. Let (5,4, 1) be a o-finite measure space and let f: S — [0,00) be measurable.
Show that for p € [1, 00)

/ fPdu :p/ P u({s € S f(s) > t}) dA(®).
S [0,00)

Hint: Adapt the proof of Corollary 7.11.
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8. LP-SPACES

In this section, we will introduce spaces of integrable functions and equip these spaces with a
norm. In this way, we will combine metric space theory with measure theory. The most important
example will be the space of square integrable functions L?(S), which plays a fundamental role in
e.g. the analysis of partial differential equations and quantum physics. Throughout this section,
(S, A, ) is a measure space.

Definition 8.1. Forp € [1,00) let
LP(S) := {f: S — R: f is measurable and/ |fIPdp < oo}.
s

For f € LP(S) let

Il i= ([ 167 d)"

Note that L!(S) coincides with the set of integrable functions f : S — R. Moreover, it is clear
that for scalars a € R we have

llecfllp = Tl £1lp-

If || f|l, = 0, then from Proposition 5.7(vi) we can conclude f = 0 a.e. However, we would like
Il - [l, to be a norm on LP(S) and thus we want to have f = 0. Therefore, we will identify two
functions f and g whenever f = g a.e.®® Therefore, one has to be rather careful if one talks about
f(s) for a certain fixed s € S. In integration theory this usually does not lead to any problems
since f = g a.e. implies that [, fdu = [, gdu for any E € A.

Example 8.2. Let S = R with the Lebesgue measure A. Then 179y = 19 = 0 and 1 1)\o = 10,1
in LP(R).

8.1. Minkowski and Hoélder’s inequalities. The final property to check in order to show that
Il is a norm on LP(S) is the triangle inequality, which is the content of the following proposition.

Proposition 8.3 (Minkowski’s inequality®’). For all f,g € LP(S) we have f + g € LP(S) and
If +gllp < I1f1lp + llgllp-
Proof. By Exercise 8.1, we have for all a,b € [0, 00)

8.1 b)? = inf O0'7Pa? + (1 — 6)1PpP.
(8.1) (a+0b) 96%,1) a? + ( )

It follows from (8.1) that for all € (0,1) and all s € S,
[f(s)+g(s)IP < (If(s)] + lg(s)DP < 017 |f(s)P + (1 — 0) 7 P|g(s)[.
Therefore, by monotonicity and linearity of the Lebesgue integral, we obtain that for all 6 € (0, 1),

[irvarauze [(arapsa-op [ grap.
S S S
Stated differently, this says that for all 6 € (0,1),
1f + gl < 0PI fID + (1 —0) 7| glp
Now the result follows by taking the infimum over all § € (0,1) and applying (8.1). ©

Another famous inequality, which can be proved with a similar method is the following. In case
p = q = 2, this is called the Cauchy-Schwarz inequality.

38More precisely, one can build an equivalent relation f ~ g if f = g almost everywhere and then consider a
quotient space. We will use the above imprecise but more intuitive definition.

39Hermann Minkowski (1864-1909) was a German mathematician who worked in geometry. He also was Albert
Einstein’s teacher and provided the 4-dimensional mathematical framework for part of Einstein’s relativity theory.
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Proposition 8.4 (Hélder’s inequality’’). Let p,q € (1,00) satisfy % + % =12 If f € LP(S) and
g € L4(S), then fg € L'(S) and

1£gllx < [1fllpllgllq-
Proof. See Exercise 8.2. ©

8.2. Completeness of LP. Having established that || - ||, is a norm on LP(S), the next order of
business is to show that LP(S) with this norm is complete and thus a Banach space.’® So we will
show that a sequence of functions (f,)n>1 in LP(S), which is Cauchy with respect to the norm
[I]lp, also converges with respect to the norm |||,

Theorem 8.5 (Riesz—Fischer*®). Let p € [1,00). Then (LP(S),|| - |,) is a Banach space.**

Proof. Let (f,)52; be a Cauchy sequence in LP(S). It suffices to show that (f,)52; has a subse-
quence which is convergent in LP(S), since any Cauchy sequence with a convergent subsequence
is convergent. Recursively, we can find a subsequence (f,, )rx>1 such that

1
||fnk+1 _fnka < ok k=1,2,...

We will show that there exists an f € L?(S) such that | fn, — f|l, — O.
Define g, g1, 92, ... : S — [0,00] by

g = |fn1‘ +Z|fm«+1 - fnk|7
k=1

m—1

9m = |fn1‘ + Z ‘fnk+1 - fnk‘
k=1

Then 0 < g,, T g. Therefore, by using Minkowski’s inequality, we obtain

1
lollo = ([ 1o du)’
s
1
(MCT) . B :
= lim (/ |gm|pd,u> = lim HQmHP
m—oo\ [g m—o0
m—1

< Jim (L fanllo + D 1 Funss = Fanlln)

k=0
< N faallp + D27 = llo1llp +1 < 0.
E>1
Letting A = {s € S : g(s) = oo}, Exercise 5.1 yields u(A°) = 0. Therefore, we can define
f:S—=Rby
f(S) — fn1(5)+zzo:1(fnk+1(3) _fnk(s))a s € S\A,
0, sEA,
where the series is absolutely convergent and f is measurable by Theorem 4.11. By a telescoping
argument it follows that for s € S\ A
-1

F($) = T (o () + 3 (s () = Fn(5))) = T £y (5),

m—r
1

3

~
Il

400tto Hélder (1859-1937) is most famous for this result and for the notion of Holder continuity of a function.

HUhese exponents are called conjugate exponents.

2rp (R) could also be defined using Riemann integrability. However, the resulting space would not be suitable
for analysis, as it is not complete.

43Frigyes Riesz (1880-1956) was a Hungarian mathematician who worked in functional analysis. Ernst Fischer
(1875-1954) was a Austrian mathematician who worked in analysis.

44Recall that a Banach space is a complete normed vector space. Stefan Banach (1892-1945) was a Polish
mathematician who is one of the world’s most important 20th-century mathematicians. He is most famous for his
book on functional analysis [2].
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so fn,, — f pointwise a.e. Clearly,

m—1
| frml = 1l + D Uricss = Frnl <9

k=1
and, by letting m — oo, we see that also |f| < |g| and in particular f € LP(S). It follows that
lf = frmI” < (If1+ [ fon DP < (2lg])” = 27|g/".

Since |f — fn,,|P — 0 a.e. and 2P|g|? is integrable, it follows from the DCT (see also Remark 6.5)
that

i [1f = fu, I = Jim_ [ 17~ o, =0,
m—00 m—00 S

which finishes the proof. ©

For f,g € L*(S) define

()= [ F5)9(5) duco)

Then (-,-) is an inner product that induces the L?-norm, i.e. {f, f) = ||f||3. Thus, Theorem 8.5
states in particular that L2(S) is a Hilbert space.*’

From the proof of Theorem 8.5 we deduce the following result.

Corollary 8.6. Let p € [1,00). Suppose f, f1, fa,... € LP(S). If f, — [ in LP(S), then there
exists a subsequence (fy,)k>1 such that f,, — f a.e.

In general one does not have f,, — f a.e. (see Exercise 8.9).

Proof. Indeed, since (fyn)n>1 is convergent it is a Cauchy sequence in LP(S). By the proof of
Theorem 8.5 there exists a subsequence (fy, )r>1 and a function f such that fr, — f in LP(S)
and f,, — f a.e. Now Minkowski’s inequality yields:

1F = Fllp < 1f = Faillp + L f = Fllp = 0.
Thus f = f a.e. and therefore fre = [ ae. ©)
Ezample 8.7. Let S = N, A = P(N) and let ¢ = 7 denote the counting measure on N. For
p € [1,00) we define P := LP(N), which is the space of sequences such that

1

lannzilly = (3 lanl?) " < oo.

n>1
If p < g < o0, then P C (7 (see Exercise 8.10).
Ezample 8.8. Assume p(S) < co. If 1 < p < g < oo, then LI(S) C LP(S) (see Exercise 8.3).

We end this subsection with a simple density result. The following result shows that any
LP-function can be approximated by simple functions.

Proposition 8.9 (Density of simple functions). Let p € [1,00). The set of simple functions is
dense in LP(S).

Proof. By Theorem 4.14 we can find simple functions g, and h,, such that 0 < g, T f* and
0<h,?f". Then f, := g, — h, is a simple function and f,, — f pointwise. Now since

p
[fr = fIP < (lgnl + 2| + [ £1)" < 371 fIP
and the latter is integrable, it follows from the DCT that || f,, — f]l, — 0 as n — . ©
45Recall that a Hilbert space is a complete normed vector space with a norm induced by an inner product.

David Hilbert (1862-1943) is sometimes said to be the last universal mathematician (which means he knew “all”
mathematics of his time). He was one of the most influential mathematicians of the 19th and early 20th century.
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8.3. LP-spaces on intervals. In the remaining part of this section, we discuss LP(I), where I is
an interval equipped with the Borel o-algebra B(I) and the Lebesgue measure A. For an interval
I C R, let the set of step functions Step(I) be defined by

Step(I) :=span{1, : J C I is an interval with finite length}.

: _ 1 3 1
FicURE 8.1. The step function ¢ = 11(7%’1} +51, 5 — 51(%,4) + 15
Since intervals are Borel sets, each ¢ € Step([) is a simple function. The converse does not
hold. For instance 1gno,1) is not a step function. Step function have a lot of structure and often
questions about functions in LP(I) can be reduced to this special class by the following density

result.

Theorem 8.10. For —co < a < b < oo set I = (a,b) and let p € [1,00). Then Step(I) is dense
in LP(I).

Proof. Let f € LP(I) and let € > 0. We will construct a step function ¢ such that || f — ¢, < 3e.

Step 1: Reduction to bounded I. Let f, = 1(_,,f for n € N. Then f, — f pointwise.
Moreover, |f, — f|? < |f|P. Therefore, the DCT yields || f,, — f||, = 0. So, for n € N large enough,
we have ||f — g, < e for g := f,, € LP(I).

Step 2: Set J = (—n,n] and note that g € LP(J). By Proposition 8.9, there exists a simple
function h : J — R such that ||g — hll, < e. We can write h = > ;_, zx - 14, with (4;)}_; in
B(J) disjoint.

Step 3: By Exercise 8.6 there exist F), € F; such that M(AxAFy) < (@)p fork=1,...,n.
Now let ¢ := >"7'_, x-1p,. Observe that |14, —1F;| = 14,aF,. Therefore, Minkowski’s inequality
yields that

1h=ollp <D lorlllayamlly =Y leel MAAF)? < |ak|—— <e.

k=1 k=1 o el
Clearly, ¢ is a step function. Moreover, by Minkowski’s inequality, we find

1f = olly < I1f = gllp + lg = 2llp + 1h = ¢llp < 3,
finishing the proof. ©)

We finish this section with the density of continuous functions in L?(TI) if I is a bounded interval.

Corollary 8.11. For —oco < a < b < set I = [a,b] and let p € [1,00). Then C([a,b]) is dense in
Lr(I).

Proof. Let f € LP(I) and let € > 0. By Theorem 8.10, there exists a step function ¢ such that
lf — &ll, < e. It remains find ¢ € C([a,b]) such that ||[¢ — ||, < e. For this, it suffices to
approximate 1; for an arbitrary interval J C I. Using Figure 8.2 and the DCT, the reader can
easily convince themselves that this can indeed be done. ©

Exercises

Exercise 8.1. Prove the identity (8.1).
Hint: Minimize the right-hand side using calculus techniques.
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2 5 2 5 2 3

FIGURE 8.2. Approximation of 14, 5] in LP by continuous functions

Exercise* 8.2. Let p,q € (1,00) be such that % + é =1.
(a) Show that for all a,b >0,

(b) Use the above identity to prove Proposition 8.4.
Hint: First argue why it suffices to consider || f|l, = ||lg|lq = 1.

Exercise 8.3. Assume p(S) < oo and let 1 < ¢ < p < oo. Show that LP(S) C L9(S) and
11

[fllg < p(S)7 "7 [|f]lp for all f € LP(S).
Hint: Apply Holder’s inequality to |f]?-1s.
Exercise 8.4. Let p € [1,00). Determine for which @ € R one has f € LP(R) in each of the
following cases:

(a) flz) =10 (z)z".

(b) f(#) :=1(1,00) ()2~
Explain why LP(R) ¢ L9(R) for all p,q € [1,00) with p # ¢.
Exercise* 8.5. Let 1 <p<g<r < 0.

(a) Suppose that f € LP(S)N L"(S). Prove that f € L9(S).

Hint: Set A:={se€ S: f(s)>1} and split f = f1la + f1laec.
(b) Suppose that f € LI(S). Prove that f € LP(S) + L"(S), where
LP(S)+ L"(S):={g+h:ge€ LP(S)and h € L"(9)}.

Recall that for sets A, B C R we defined the symmetric difference as
AAB :=(A\B)U(B\ A).
Exercise* 8.6. Let F(,4 be the finite unions of half-open intervals in (a, b].*® Define
A:={A e B((a,b]) : Ve > 0,3F € F(oyp such that NAAF) < e}
(a) For A, B € B((a,b]) show that AAB = A°AB*.
(b) Let I be an index set and A;, B; C B((a,b]) foralli € I. Let A =J
Show that AAB g UiEI A1ABZ
(¢) Deduce from (a) that A € A implies A° € A.
(d) Assume (4,),>1 is a disjoint sequence in A. Deduce from (b) that |J,—, A4, € A.
Hint: Use that lim,, o A(Uz—,, Ax) = 0 in order to reduce to finitely many sets.
(e) Show that A = B((a,b]).
Hint: Use Exercises 1.10 and 3.8.

iEIAi and B = UiEI Bl

Exercise* 8.7. Let —0o < a < b < oo, f € L'((a,b]) and assume f(a g fdr=0forallte (a, b].
We will derive that f =0 in L'((a,b]).
(a) Show that for all A € F! with A C (a,b], [, fdA=0.

46By Exercise 1.7, we can take disjoint unions.
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(b) Let A € B(R) be such that A C (a,b]. Construct sets Ay, Ag, ... € F! such that A, C (a,b]
and 14, — 14 a.e.
Hint: Use Exercise 8.6 and Corollary 8.6.
(c) Show that for all A € B(R) with A C (a,b], we have [, fdX\=0.
Hint: Use (a) and (b) and DCT.
(d) Derive that f =0 in L*((a,b]).
Hint: Consider A := {x € (a,b] : f(z) >0} and B := {z € (a,b] : f(x) <0} separately.
Exercise* 8.8. Let f,g € L'(R) and define h: R? — R by h(z,y) = f(z —y)g(y).

(a) Show that h € L'(R?).
Hint: Use Tonelli’s theorem.
(b) Show that there exists a set £ C R with A(E) = 0 such that h(z,-) € L'(R) for all z € R\ E.

Now define
frg(x):= /Rf(:v —y)g(y) dA(y) = /Rh(:my) d\(y), z€eR\E,

and set fxg(z) =0 for z € E.

(c) Show that [|f *g[lx < [|f[lx[lgl[1-
Exercise*™ 8.9. Note that each n € N can be uniquely written as n = 2* 4 j with & € Ny and
j €{0,...,2F —1}. Now, for such n, define f,, := 1(jo-+ (j41)2-#. Show that f, — 0 in L*(R),
but for all 2 € (0,1], there exists infinitely many n € N such that f,(z) = 1.
Exercise™ 8.10. Let 1 <p < g < 00).

(a) Prove (7 C {7 and that for all (a,)n,>1 € P one has ||(an)n>1llq < [(@n)n>1llp-
Hint: By homogeneity, one can assume ||(an)n>1|p = 1, and therefore |a,| < 1 for alln € N.
(b) Let a,, = n® for n € N. For which a € R does one have (a,),>1 € £P?

There is a natural limiting space of LP(S) for p — oc:

Exercise*™ 8.11. A measurable function f : S — R is said to be in L°°(S) if there exists an
M > 0 such that u({|f| > M}) = 0.*7 For f € L>(S) define
[flloe = inf{M >0 u({|f| > M}) = 0}.
As usual, we identify functions f and g in L*>°(S) if f = g a.e.
(a) Show that (L*°(S), || - |lsc) is a Banach space.
(b) Show that for f € L>(S) and g € L'(S), prove that fg € L*(S) and
1fglly < [1fllollglls-
(c) Assume p(S) < oo and p € [1,00). Show that L>°(S) C LP(S) and ||f]l, < ,u(S)%HfHOO for
feL>=(S).
(d) Assume S = N with the counting measure and p € [1,00). Define ¢ := L>°(N). Show that
2 C 02 and [|[(an)n>1lloo < [[(an)n>1llp for (an)n>1 € €7

47In other words |f| < M a.e.
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9. APPLICATIONS TO FOURIER SERIES

In this section we want to allow the scalar field to be complex as well and we use the notation
K for this. So K = R or K = C. Recall that we defined in the integral for a complex-valued
function in Definition 5.18. Moreover, the theory developed in the subsequent sections extends
to complex-valued functions by considering real and imaginary parts separately, see e.g. Exercise
5.11.

Fourier®® analysis plays a role in a large part of mathematics. In particular, it is one of the
central mathematical tools in Physics and Electrical Engineering. A Fourier series is of the form®’

Z cne™®, or equivalently % + Z ay, cos(nx) + by, sin(nzx),
nez n>1

where x € [0,2x]. Of course one can also use x € R here. Clearly, the above functions will be
periodic whenever they are well-defined.

One of the reasons that Fourier series naturally arise in mathematics is that each of the func-
tions e ,cos(nx),sin(nx) as an eigenfunction of j—; with eigenvalue —n?. Indeed, for instance
cos(nz)"” = —n? cos(nx).

We have seen that Taylor series can be used to represent functions which are smooth enough."”
Fourier series provides another tool to represent functions. The class of functions which can be
represented as a Fourier series will turn out to be enormous.

In this section we will prove a couple of central results in the theory of Fourier series. The
interested reader can read more on the subject in [9], [10], [12], [13] and [18]. In particular, very
interesting but mostly elementary applications to geometry, ergodicity, number theory and PDEs
can be found in [12].

+inx

9.1. Fourier coefficients. In this section S = [0, 27| and X is the Lebesgue measure on [0, 27].
For notational convenience we will write

b
/ flx)de = fdA
a [a,b]

for f € L*(0,2m) and [a,b] C [0, 27].

Definition 9.1. Let e}, : [0,27] — C be given by ex(x) = e'** for k € Z.5' Let f € L*(0,27).
(i) For k € 7 the k-th order Fourier coefficient is defined by’>

1 2

Fk)=— [ fx)en(z)da.

:27T 0

(ii) for n € Ny, the n-th partial sum of the Fourier series s,(f):[0,2n] — C is defined by

(9.1) so() =Y Fk)er.

|k|<n

(iti) A function of the form 3_ . ., ckex withn € No and (cx)x|<n in C is called a trigonometric
polynomial.

Remark 9.2.

(1) The reason to use the notion “trigonometric polynomial” is that ej(z) = (e**)*. Also note
that er(z) = cos(kz) + isin(kx) by Euler’s formula.

4BFourier analysis is named after the French mathematician Jean-Baptiste Fourier (1768-1830), and were intro-
duced in order to solve differential equations such as the heat equation.

49Recall Buler’s formula: e = cos(x) + isin(z) for z € R.

501y Complex Function Theory these functions will be characterized as the so-called analytic functions

51Note that e = 1(0,2x]-

5279 calculate Fourier transforms numerically one can use the so-called fast Fourier transform FFT (see [12,
Section 7.1.3])
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(2) Observe that by (the complex version of) Proposition 5.11 for each k € Z,

~

92) f1 < o [ 1r@entolds = 51l

— 27

In Exercise 9.4 it will be shown that one even has limy_, o f(k) = 0.
(3) If f,g € L*(0,27), the following linearity property holds: (f + g)(k) = A(k) + g(k) for all
k € Z. This follows directly from the linearity of the Lebesgue integral.

Example 9.3. Given f € L'(0,2n), the function s,(f) is a trigonometric polynomial for each
n € N. Each of the functions
einz + efinw einz _ efinw

cos(nzx) = 5 , sin(nz) = 57
i

is a trigonometric polynomial as well.
Finally note that if P is a trigonometric polynomial, then for any j € Ny, P? is a trigonometric
polynomial as well.

The main questions in this section is whether we can reconstruct f from its Fourier coefficients.
More precisely:

¢ (Representation) Which functions f : [0,27] — C can we write as f =, ., cxex for certain
coefficients (cg)gez?
e (Convergence) In what sense does the above series converge?

-~

e (Uniqueness) Does f(k) = g(k) for all k € Z imply f =g 7

When considering convergence of Fourier series we will always consider the convergence of

n
E Cpel = E Ck€r as n — OQ.

|k|<n k=—n

9.2. Weierstrass’ approximation result and uniqueness. Before we consider convergence of
Fourier series, we first we prove a fundamental result about the approximation by trigonometric
polynomials. It will be an essential ingredient in the uniqueness result in Theorem 9.5.

Theorem 9.4 (Weierstrass’ approximation theorem® for periodic functions). The trigonometric
polynomials are dense in {f € C([0,27]) : f(0) = f(2n)}.

Proof. Let f € C([0,2x]) be such that f(0) = f(27) and let € > 0 be arbitrary. It suffices to show
that there exists a trigonometric polynomial P such that || f — Pl||c < &. We extend f periodically
to a function f: R — C. Since f is also uniformly continuous we can choose ¢ € (0,7) such that
|z —y| <0 implies |f(z) — f(y)| <&/2.

Define®* F,, = % Sy Z|j\§k—1 e; which is a periodic function as well. Define P, : [0,27] — C

by Pu(z) = 5= [7" Fy(z — y)f(y) dy. Then since e;(z — y) = e*™Te~2™ the following identity

27 JO
holds

27
P,(z) = %/O Fo(r —y) f(y)dy

n 27
= LZ | ej(sc)/o ej(—y)f(y) dy

This shows that P, is a trigonometric polynomial.

53Originally Weierstrass proved that the polynomials are dense in C([a, b]). This can be derived from our version
of the theorem as indicated in Exercise 9.11
54This is called Féjer’s kernel
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By Exercise 9.3 the following identity holds
sin?(nz/2)
nsin?(z/2)’
Therefore, F,,(z) > 0, and thus we can write

27 n 2
||Fn||1:/ Fn(z)dz:%z > / ej(z)dz:%ZQW:QW.
0 0

k=1|j|<k—1 k=1

(9.3) F,(2) = z € (0,27).

Fix z € [0, 2n]. It follows that

2 2
0

2rlf(a) = P)| = [f@) [ Fue=n)dy= [ f@)Fu@ =)y
=| [ e @) - sy
0

< [ 1@~ SR - | < T+ T
0

where T} and T are the integrals over I := [z —0,z+06] and J := [0,z —0]U[x+ 4, 27], respectively.
On the interval I we can use the uniform continuity of f to estimate

T < %/Fn(a:—y)dy < Te.
I
On J :=[0,2 — 0] U [z + ¢, 27r] we can estimate

Ty < 2| flls /J Pl =u)dy =21l [ Fu(a)d
S5

where we substituted z := x — y and where Bs = [d, 27 — d]. Therefore, using (9.3) again and the
fact that |sin(z/2)| > sin(d/2) for z € Bs (recall that § < 7) we obtain

By 2«

F,(z)dz < .
Bs (z)dz < nsin?(6/2) ~ nsin®(5/2)
So choosing n > 1 so large that ni‘rlléil(‘g‘}z) < 5 we obtain T < 7e.
Therefore, combining the the estimates can conclude that |f(z) — P, (z)| < T52 < e, Since

x € [0,27] was arbitrary it follows that ||f — P, s < € as required. ©)

Now we can deal with the uniqueness question for Fourier series. This is the most technical
part of this section and could be skipped it at first reading.

Theorem 9.5 (Uniqueness). If f € L'(0,27) satisfies f(n) =0 for alln € Z, then f =0 in
LY(0,27).

Proof. °° Step 1: First assume f € C([0,27]) and f(0) = f(27). By linearity it follows that for
each trigonometric polynomial P we have
2w
f(z)P(z)dz =0.
0
By Theorem 9.4 we can find trigonometric polynomials (P,,) such that P, — f uniformly. There-
fore, it follows that

n—o0 0

27 21
/ f@)2dz = tim [ f(2)Pa(@)dz = 0.
0
This implies f = 0.

55There is a much better proof in the literature using the Féjer kernel as an approximate identity. Since
approximate identities are not part of these lecture notes, we proceed differently.
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Step 2: Next let f € L'(0,27) and assume f(n) =0 for all n € Z. Let F : [0,27] — R be

defined by
/ fa

Then F € C([0,27]) (see Example 6.6), and F(0) = F(2r) = 0. By Exercise 9.6(b) F(k) =

£ — 0 for all k # 0. Now let g = F — C, where C' = F(0). Then g € C([0,2n]), g(0) = g(27)
and g(k) = 0 for all kK € Z. Therefore, g = 0 by step 1 and hence F' = C. Since F'(0) = 0, this
yields F(x) = 0 for all x € [0, 2x]. By Exercise 8.7 we find f = 0. ©)

9.3. Fourier series in L?(0,27). In this section we will consider Fourier series in the Hilbert
space L?(0,27). Here the inner product is given by
27

(fo)=[ [fla)gle)de

0
Note that L%(0,27) C L1(0,27) (see Exercise 8.3). Therefore, if f € L?(0,2n) the Fourier coeffi-

cients are well-defined and f(k‘) = (27)"H{f, ex).
Let us recall as special case of Proposition 8.3 for f,g € L*(0,27),

(9.4) Kol < 1 fll2llgllz (Cauchy—Schwarz inequality).

We will say that f,g € L?(0,27) are orthogonal if (f, g) = 0. Note that in this case the following
form of Pythagoras theorem holds®”

(9.5) I1f + gl = 1115+ llgll3-
Lemma 9.6 (Orthogonality). For j, k € Z,

<€j7€k> = { (Q)?azfl,ﬁt;:kk,

Consequently, if finitely many (¢;)jez in C are nonzero, then
1
1 2
(9.6) [ ee|, = emt (k)"
JEL JEL
Proof. Indeed, if j # k, then using e;,(z) = e =% we find that

27 27 2
(ej,er) = / U=k qp = / cos((j — k)x) dz +¢/ sin((j — k)z)dz =0
0 0 0

by periodicity of cos and sin. Similarly, one sees (e;, e;) = 2.
The final statement follows from

2
HchejH2:Zch@<ej,ek> :27TZ|Cj|2. @)

JEZ JEL kEL JEZL
We extend this result to series using the completeness of L?(0,27).

Theorem 9.7 (Riesz-Fischer, Convergence of Fourier series in L?).
(i) If (cn)nez € €2, then g == Z cnen converges in L*(0,27), and g(n) = ¢, for alln € Z, and

nez
(9:7) lglls = (2m)%[(cn)nezlls  (Parseval’s identity)
(ii) If f € L2(0,27), then (f(n))nez € €2 and f =Y f(n)ey in L?(0,27) and (9.7) holds with

ne”Z

g=1r andcn:f(n) forn € Z.

56Note that F(2r) = (27)f(0) =
57This follows by writing out ||f + gl2=1(f+g,f+g).
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Part (ii) shows that every L?-function can be represented as a Fourier series. A similar result
holds for series of sine and cosine functions and can be derived as a consequence of the above
result (see Exercise 9.8).

Proof. (i): Let g, = Z|k|§n crer for n € N. We show that (¢g,)n>1 is a Cauchy sequence. Let
€ > 0 and choose N € N such that
( Z || ) 1
(2 )2

|k|>N

=

Then for all integers n > m > N by Lemma 9.6,

o —gula = ¥ el =@} 3 k)’ <eni( X ) <<

m<|k|<n m<|k|<n |k|>N

This proves that (g, )n>1 is a Cauchy sequence. By completeness (see Theorem 8.5), we know that
g := lim,, o gp, exists in L%(0,27).
To check (9.7) note that by the continuity of || - ||2 and Lemma 9.6,

loll: = Tim_flgallz = tim (2m)% (3 Jeel?)” = @m) feu) -
|k|<n
Finally, note that g(k) = (27) " (g, ex) = lim,, 00 (277) " {gn, €) = cx.”®
(ii): Fix n € N. Since (f — s,(f),ex) = 0 for each |k| < n, also (f — sn(f), sn(f)) = 0 and
hence (9.5) yields
(9-8) I£13 = 11 = sa(f) + su(HE = If = sn(HIE + lsn (I > llsn (£

Let ¢ = f(k) for k € Z. Then (9.8) yields:
1713 = llsn(F)ll2 ‘= Z 2m|ex|*.
|k|<n

Letting n — oo, we find ||(cx)rezllee < (27) 72| fll2 < 0.
By (i) we can define g = Y, , ¢ye, where the series converges in L?(0,27). We claim that

f =g in L?*(0,2m). To see this note that by (i), g(n) = ¢, = f(n) Therefore, the claim follows
from the uniqueness Theorem 9.5 applied to f — g. ©

For f € L?(0,27) Theorem 9.7 yields that f — s,(f) = Dkt f(k)ex and by (9.7)
(9.9) If = sa(FI3 =27 D |F(k)* (L -error estimate).
|k|>n
Moreover, since s, (f) is a trigonometric polynomial, we also find the following:*”

Corollary 9.8. The trigonometric polynomials are dense in L?(0,2m).

Ezample 9.9 (Sawtooth function). Let f : [0,27) — R be defined by f(z) = z — 7 and extended
periodically on R. For k € Z \ {0}, by the Fundamental Theorem of Calculus and integration by
parts,

~ 1 [ 1 [(z—n)ethoq2zn 1 (27 gmike 1
9.10 k)= — — ek dy 7} - do = ——.
(0.10) k) = 57 /0 (z = me Torl —ik o o)y —ik T ik

Clearly, f(()) = 0. Therefore, Theorem 9.7 yield that f = _ZkEZ\{O} k. with convergence in

L?(0,2m). Moreover, using that 2sin(kz) = “="% we also find that f = —2> 77, Sin,(ck‘) with
convergence in L2(0,27) (see Figure 9.1) for plots of the partial sums).

58Here we used |(g — gn, er)| < |lg — gnll2llex|l2 as follows from (9.5).
59With more advanced techniques one can show that the trigonometric polynomials are dense in any L?(0, 27)
with p € [1, 00).
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The L2-error can be estimated using (9.9):

~ 1 1 47
I —salDI3 =20 3 FR)P <4 3 @gm/ ="

|k|>n k>n+1 n

One can show that s, (f) will not converge to f uniformly (also see Figure 9.1). This is in particular
clear for x = 0 and = = 27, because f(0) = 7 and f(27) = —7, but s,(f)(0) = s, (f)(27) = 0.
By applying (9.7) one can obtain a remarkable identity:

1
Ifl3=27 >
kezZ\{0}

On the other hand, if we calculate || f||3 with the fundamental theorem of calculus, we obtain

2 o 5
||f\|§:/0 (z—m)ide = [%(xfﬂ)?»}o :gﬁg'

Combining both identities gives ;7\ 0 7z = 372, and so we find Y 7 | 5 = i72.

S
S
S

FiGURE 9.1. The Fourier series of the sawtooth function with n =2, n =5 and
n = 10.

9.4. Fourier series in C([0, 27]). In this section we will give some sufficient condition on f which
imply the Fourier series is uniformly convergent (or equivalently convergent in C([0, 27]) with the
supremum norm || - ||o). Note that f, — f uniformly implies that f,, — f in L?(0,27). Indeed,
this follows from

27 27
(9.11) ||fn—f\|§s/0 |fn<x>—f<x>|2dxs||fn—f||zo/0 Lde = 2nl|f, — fI%.

From the above we see that convergence of Fourier series in C([0, 27]) is stronger than conver-
gence in L?(0,27). However, there are example of functions f € C([0,2x]) with f(0) = f(2) for
which the uniform convergence (and even the pointwise convergence) fails (see [1, Example 35.11]
and [10, Example 2.5.1]). So apparently more restrictive conditions are needed.

All the different types of convergence can be confusing. Let us summarize some convergence
results for a sequence (f,,)n>1 in L2(0,27).%

L?-convergent = L!-convergent = a.e.-convergent subsequence.

7

uniform convergent

pointwise convergent = a.e.-convergent

Conversely, L' and L2-convergence are only implied by a.e. convergence under additional assump-
tions on the (f)n>1, as given for instance in the DCT.
The following result provides sufficient conditions for uniform convergence.

60For completeness we note that a.e.-conv. = conv. in measure = conv. in distribution.
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Theorem 9.10 (Absolute and uniform convergence of Fourier series). Let f € C([0,2x]). If
(f(k))kez € £, then f(x) = Yo f(R)en(x), @ € [0,27] where the series is absolutely and
uniformly convergent.

As a consequence we see that f(0) = f(27) holds in this situation, because ey (0) = ey (27).

Proof. For all z € [0, 27], - )
SO FR)ex() = S 1F (k)] < oo,

kEZ kEZ

Therefore, we can let g =3, f(k)ek, where the series is absolutely convergent. Moreover,

lg = su(f)lle < > [F k)] =0,

|k|>n

and hence g € C([0,27]) and s, (f) — g uniformly. By (9.11) the convergence holds in L?(0, 27)
as well, and hence

2mg(k) = (g, ex) = lim (sa(f),ex) = 2nf (k)

and therefore, g = f a.e. by Theorem 9.5. Let A = {s € [0,27] : f(s) = g(s)}. Then A is closed
and A\(A) = 2. We claim that A is dense. Indeed, if not then there exists an nonempty open
interval I C [0,27]\ A. It follows that 0 < A(I) < A([0,27] \ 4) = A([0,27]) — A(A) = 0. This is a
contradiction and thus the claim follows. Since A is also closed in [0, 2], the claim implies that

A =10,27]. ©
From the proof we see that the following error estimate holds:
(9.12) If = sn(f)lco< Z |f(k)\ (uniform error estimate).
|k|>n

The condition of Theorem 9.10 holds in the following situation:

Corollary 9.11. Assume f € L?(0,2n) satisfies f(O) = 0. Suppose co € C and F : [0,27] — K is
given by F(t) = co + fo x)dx. Then (F(k))kez €l and F =Y, ., F(k)ey where the series is
absolutely and uniformly convergent.

Proof. Since f € L*(0,27) C L'(0,27), it follows from Example 6.6 that F is continuous on [0, 27].
Moreover, for every t € [0, 27],

2
()] < Jeol +/O F(@)]de < leo] + 1]

In particular, by monotonicity we see that ||F|ly < (27)2 (|co| + || f]|1)

By Exercise 9.6, ﬁ(k) = % for k # 0. By Theorem 9.7, ||fA(k))k€Z||g2 = ||fll2. Therefore, by
the Cauchy—Schwarz inequality (9.4)

~

S Em = 1FO+ Y LB By + ol(Fk)keale < 1FO) +

kEZ kez\{0} K]

C
EELLE

where used (9.7) in the last step. Therefore, the absolute and uniform convergence follows from
Theorem 9.10. ©

Ezample 9.12. If g € C([0,2n]) satisfies g(0) = g(27), ¢ is piecewise continuously differentiable
on (0,27) and ¢’ € L*(0,2), then g = >, ., g(k )e;C Where the series is absolutely and uniformly

convergent. Indeed, let F = g — g(0). Then F(t) = —|—f x)dz, where f := ¢’ satisfies the
assumptions of Corollary 9.11.

Exercises
Exercise 9.1. Let f:[0,2m) — R be given by f = 1 .
(a) Show that f(k) = 0 for even k # 0, f(k) = - for odd k, and f(0) = 3
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(b) Write f as a series of sines as in Example 9.9 and give an estimate of L?-error given by (9.9).
(c) Evaluate ), m
Hint: Argue as in Example 9.9.
Exercise 9.2. Let f : [0,27) — R be given by f(x) = |z — 7|.

(a) Deduce from Example 9.12 that the Fourier series of f is absolutely and uniformly convergent.

~

(b) Calculate f(k) for k € Z.
(c) Show that the L?-error (9.9) is of order O(-%) and uniform error (9.12) is of order O(1).
(d) Use Parseval’s identity to show that

N
T
S @n+1)t 48

(e) Evaluate f and its Fourier series in & = 0 to obtain another way to calculate ) _, m

Exercise 9.3 (Special Fourier series and kernels). The following kernel’s play a central role in
more advanced theory of Fourier series. Prove the identities below for z € (0,2w). For each

exercise you should use the geometric sum Y ,_,a* = % for a € C\ {1}.
(a) (Dirichlet kernel): Show that

D, (z) := Z er(x) = w, n > 1.

1
|t sin(5)
(b) (Féjer kernel): Show that
1 & 1sin?(n%)
F,(x):=-Y D =— 2. >1
(.T) n Jz:; J(m n sin2(%x) n

Exercise* 9.4 (Riemann-Lebesgue lemma).

(a) Show that for any step function f : [0,27] — C (see Section 8.3) one has lim|;—,o f(k) = 0.
Hint: By linearity it suffices to consider f = 1(, ), where (a,b) C [0, 27].

(b) Show that for any f € L*(0,27) one has lim o f(k:) = 0.
Hint: Use Theorem 8.10 and ((a)).
Exercise* 9.5.
(a) Let ((H,(-,)) be a Hilbert space (over the complex scalars). Prove that for all u,v € H,

(polarization) 4(u,v) = |lu + v||* — ||u — v||* + i|ju + iv|* —i|lu — iv|]>.
(b) Use (a) and (9.7) to prove that for all f,g € L?(0,27):
2
f(x)g(x) dw =27y F(k)G(k).
0 kEZ

Exercise* 9.6. Let ¢ € C'([0,27])%" and f € L'(0,27). Define F : [0,27] — C by F(t) =
fot f(z) dz. By Example 6.6, F' is continuous.
(a) Prove the following integration by parts formula:
27

2m
f(@)g(x) dx = F(2m)g(2m) — F(0)g(0) — / F(z)g'(z) dx.
0 0

Hint: For continuous f this is just the standard integration by parts formula. Use Corollary
8.11 and approximation to deduce the general case.

(b) Show that f(k) = f(0) + ikF(k) for all k € Z\ {0}.
Hint: Apply (a) with g = e_.

61That means g is differentiable and its derivative is continuous on [0, 27]
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Exercise* 9.7. Assume F : [0,27] — C is continuously differentiable and satisfies F'(0) = F(27)
and F(0) =0. Let f = F".
(a) Show that f(k) = ikF (k) for all k € Z.
Hint: Apply Exercise 9.6(b).
(b) Show that [|[F||2 < ||f|l2 and that equality holds if and only if F' = cie; + c_1e_; for
c1,c_1 € C.
Hint: Apply (9.7).
Exercise* 9.8. Consider I' = {119 25} U {cos(n-) : n € N} U {sin(n-) : n € N} C L?(0,27).
(a) Show that ¢, € T with ¢ # ¢ are orthogonal and ||¢||2 = .
(b) Let f € L*(0,2m) be such that (f,¢) =0 for all ¢ € I'. Show that f = 0.
Hint: Use Theorem 9.5
(c) Show that for every (an)n>0, (bn)n>1 € €2 the following series converges in L?(0, 27).
a .
g = ?0 + Z an cos(n-) + Z by, sin(n-)
n>1 n>1
Hint: Argue as in Theorem 9.7.
(d) Show that Hg||%2(0¢2w) =7 o lanl> + 73050 [0al*.
Hint: Argue as in Theorem 9.7.
(e) Show that (an)n>0 and (b,),>1 satisfy

1 27 1 2
ap = f/ cos(nz)g(z)dz, b, = f/ sin(nz)g(z) dz.
0 0

7r m
Hint: Argue as in Theorem 9.7.

(f) Show that every f € L?(0,27) can be written as
a .
f= ?0 + Z an cos(n-) + by, sin(n-)
n>1
with converges in L?(0, 27).
Hint: Apply Theorem 9.7 or argue as in Theorem 9.7.

It follows from the previous exercise and (9.2) that for C'-functions F one has |ﬁ (k)] < 37{ ‘”kl
for all k € Z \ {0}. Moreover, in Exercise 9.4 we have seen that for general F' € L'(0,2) one has
F(k) — 0 as |k| — co. In the next exercise we show that the convergence can be arbitrary slow

even for periodic functions F' € C([0, 27]).

Exercise* 9.9. Show that for any sequence (cg)r>1 with ¢ # 0 and ¢, — 0 there exists a
function F € C([0,2x]) with F(0) = F(2w) such that |F(k)| > |ck| for infinitely many k € N.
Hint: Choose a subsequence such that > ", |eg, | < co.

Finally we deduce Weierstrass’ classical approximation result. We first need an elementary
result about even trigonometric polynomials.

Exercise** 9.10. Let P =Y 7_  cxex be a trigonometric polynomial.

(a) Show that there exists a polynomial ¢, of degree n such that cos(nz) = ¢, (cos(z)).
Hint: Use induction and the recursion formula cos(kz)+cos((k—2)z) = 2 cos((k—1)x) cos(z).

sin(nz)

(b) Show that there exists a polynomial g, of degree n such that () = 7 (cos(z)).
Hint: Use induction and the recursion formula sin((k+1)z)+sin((k—1)z) = 2 cos(kx) sin(x).
(¢) From (a) and (b) derive that there there exit polynomials ¢, : [—m, 7] — R of degree n such
that P(z) = g(cos(x)) + r(cos(z)) sin(z).
(d) If additionally P is even (i.e. P(—x) = P(x) for x € [—m,7]). Show that there exists a
polynomial ¢ of degree n such that P(z) = g(cos(x)).
Hint: Write 2P(x) = P(z) + P(—z) and use (c).

Exercise** 9.11 (Weierstrass’ approximation theorem for continuous functions). Let f : [-1,1] —
R be continuous and let ¢ > 0. Let g : [-7, 7] — R given by g(z) = f(cos(z)).
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Show that there is an even trigonometric polynomial P such that ||g — P|le < €.

Hint: First apply Theorem 9.4 on [—m, 7] to obtain a trigonometric polynomial P such that
lg — Pllos < &. Now consider P(z) = M

Use Exercise 9.10(d) to find a a polynomlal q such that ||f —glleo <e.

The above shows that the polynomials are dense in C'([—1,1]). Use a scaling argument to
show that the polynomials are dense in C([a, b]).

Final remarks

One can show that || f — F, = f||, = 0 for all f € LP(0,2r) with p € [1,00). In Theorem 9.4
the convergence holds uniformly if f € C([0,2n]) satisfies f(0) = f(2n). Here F,, * f is the
so-called convolution product of F,, and f and is defined by F,, x f(t) = 0% F,(t—z)f(z)dz.
Using the definition of F;, one can check that F), x f is a trigonometric polynomial.

Similar results for D,, are true as well as long as p € (1,00), but this a much deeper result.
Since Dy, * f = s,,(f), this implies that || f —s,,(f)||, — 0 for all f € LP(0,27) with p € (1, 00).
Finally, we note that s,(f) — f a.e. for any f € LP(0,27) with p > 1. This is one of the
deepest result in the theory of Fourier series and was proved by Carleson for p = 2 and
extended to p > 1 by Hunt in 1968. It was proved a long time before that the result fails for

p =1 by Kolmogorov in 1923.

For details we refer to the elective Bachelor course on Fourier analysis!
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APPENDIX A. DYNKIN’S LEMMA

The results of this section are not part of the exam material. We will proof the uniqueness
result of Proposition 3.5. In this section S denotes a set.

Definition A.1 (m-system). A collection € C P(S) is called a w-system if for all A, B € £ one
has ANB€€.

Example A.2. Every ring is a mw-system.
Definition A.3. A collection D C P(S) is called a Dynkin-system®? if the following conditions
hold:
(D1) S € D;
(D2) A,B €D and AC B implies B\ A € D;
(D3) If (Ay)n>1 in D and A, 1 A%, then A € D.
Ezample A.4. Let S ={1,2,3,4} and D = {2, S, {1, 2}, {3,4},{1,3},{2,4}}. Then D is a Dynkin
system, but it is not a m-system.
Proposition A.5. For a collection F C P(S) the following are equivalent:

(i) F is a o-algebra;

(ii) F is a Dynkin system and a w-system.
Proof. (i)=-(ii): This is Exercise A.1.

(i)=(1): @,S € F follows from (D1) and (D2) of the definition of a Dynkin system. Let
(An)n>1 be a sequence in F. Let A= |J A; and B,, = |J A; for n > 1. Since F is a m-system it
j=1 j=1

is closed under finite intersections. Therefore, using (D2) we obtain B,, = ( N A;) € F. Since
j=1
B, 1 A, it follows from (D3) that A € F. @)

Lemma A.6 (Dynkin). Let £ C P(S) be a w-system and D C P(S) be a Dynkin system. If
ECD, then o(€) CD.

Proof. Let Dy denote the intersection of all Dynkin system which contain £. Observation: £ C
Dy € D and Dy is a Dynkin system (see Exercise A.2). We claim that Dy is a m-system as well.
As soon as we have proved this claim, Proposition A.5 yields that Dy is a o-algebra. Therefore,
from the observation it follows that o(€) C Dy C D. To prove the claim we need two steps.

Step 1: Define a new collection by
D1={DeDy:DNE €D, foreach E€&}.

Since € is a m-system also & C D;. The collection D; is a Dynkin-system again. Indeed, S € D; is
clear. If A, B € D; and A C B, then for each E € £ we find (B\A)NE = (BNE)\(ANE) € Dy,
because AN E,BNE € Dy and Dy is a Dynkin system, and thus B\ A € Dy. Next let (A4,,)n>1

in Dy with 4,, T A. Then foreach E € £, ANE = |J (4, NE) € Dy since A4, N E € Dy. Since
n=1

Dy € Dy and D, is a Dynkin system which contains £, we find D; = Dy.
Step 2: Define a new collection by
Dy={DeDy:DNC €Dy foreach C € Dy}.

Since D1 = Dy, we find that £ C Ds. As before one checks that Ds is a Dynkin system. Moreover,
as before this yields Dy = Dy. This proves the claim. (]

Proposition A.7 (Uniqueness). Let py and po both be measures on measurable space (S,.A).
Assume the following conditions:

(i) € C A is a w-system with o(E) = A;

62Eugene Dynkin 1924-2014 was a Russian mathematician who worked on Algebra and Probability theory.
63Gee Definition 2.8 for the meaning of A, T A
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(7) p1(S) = p2(S) < 0o and py(F) = p2(E) for all E € £.
Then 1 = pe on A.
Proof. Let D ={A € A: pu1(A) = u2(A)}. Then € C D. We claim that D is a Dynkin system.
From the claim and Lemma A.6 it follows that A = o(£) C D C A. This implies D = A and the
required result follows from the Definition of D.

To prove the claim note that S € D by assumption. If A, B € D with A C B, then p;(B\ A) =
p1(B) — pu1(A) = pa(B) — ua(A) = pe(B\ A) and hence B\ A € D. Finally, if (A,,),>1 in D with
A, T A, then by Theorem 2.9, p;(A,) T p;(A) for j = 0,1. Since p1(Ay) = p2(Ay), this yields
11 (A) = pa(A) and thus A € D. @)

Exercises
Exercise A.1. Prove Proposition A.5 (i) = (ii).

Exercise* A.2. Prove that the intersection of Dynkin systems is again a Dynkin system.

Exercise* A.3. Find a version of Proposition A.7 which for measures with p;(S) = p2(5) = cc.
Hint: See the proof of Theorem 3.9.
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APPENDIX B. CARATHEODORY’S EXTENSION THEOREM

The results of this section are not part of the exam material, although the statement of the
Carathéodory’s extension in Theorem 3.1 is part of the exam.

Let R C P(S) be a ring and p : R — [0, 00] be o-additive on R and (@) = 0, for example
R = F%and u = \. Our goal is to extend p to a measure i defined on (at least) o(R). Since 7
should be a measure, it should be o-subadditive, i.e. for A € ¢(R) and any choice of B1,Bs... € R
with A C | J77; B,, we should have

i(A) <Y H(B;) = u(By).

Note that the right-hand side of this inequality is defined purely in terms of u. Therefore, as an
initial guess, we define 7i: P(S) — [0, c0] by

(B.1) (A) = inf { S w(B;): AC | B, with B, € R forn> 1},
j=1 j=1
where we set 7i(A) = oo if the set on the right-hand side is empty.
However, this is a little too optimistic, as i is not necessarily additive (see Exercise B.1) and
therefore not a measure. We do have o-subadditivity:

Lemma B.1. Let R C P(S) be a ring, pp : R — [0,00] be o-additive on R and p(&) = 0. Then
7 is o-subadditive on P(S), i.e. for Ay, Aa,... € P(S) we have

u(f_j 4,) < iu(An)-

Proof. If 7i(A,) = oo for some n > 1, then the statement is trivial. Assume 7i(A,) < oo for all
n > 1 and let € > 0. Then, by definition of f, for each fixed n > 1 we can find B,, ; € R such that

A C By and  A(A) +27 > Y ul(Bay).
j=1 Jj=1

Then |J A, € U B, and by the definition of & and the o-additivity of g on R we find

n=1 n,j=1
A(JAn) £ D w(Bag) <D AA) 27 =2+ Y (AL),
n=1 n,j=1 n=1 n=1
Since € > 0 was arbitrary, this finishes the proof. ©

Next to o-subadditivity, we trivially have that z(@) = 0 and, if A C B, then u(A) < u(B).
Mappings a: P(S) — [0, c0] with these three properties are called outer measures.

Definition B.2. Let S be a set. A function a : P(S) — [0,00] is called an outer measure if

(i) (@) =0;
(i) (monotonicity) A C B = a(A) < a(B);

(iii) (o-subadditivity) For Ay, As, ..., P(S) one has a( U An) < > a(Ay).
n=1 n=1
We would like to make any outer measure « (and therefore i) o-additive. To do so, we will

restrict ourselves to a subset M, of P(S) where « is o-additive and hope that we have o(R) C M,
for a = 7i. Define

My :i={AeP(S):a(Q) =a(@NA)+a(QnN A°) for all Q € P(5)}
and note that for A, B € M, disjoint, we have
a(AUB)=a((AUB)NA) +a((AUB)N A°) = a(A) + a(B),

i.e. « is additive on M,,. It turns out that M, is a o-algebra and we also have o-additivity of «
on M.



MEASURE AND INTEGRATION 61

Lemma B.3. Let S be a set and let o : P(S) — [0,00] be an outer measure. Then M, is a
o-algebra and « is a measure on (S, M,).

Proof. We note that by definition S, @ € M, and if A € M, then A° € M,. Thus, to prove the
proposition, we only need to show the following properties:
e Property (iii) of a o-algebra, i.e. for Ay, Ay, ... € M, we have | J;- | A, € M,. As we have
seen in Exercise 1.3, it suffices to check this for disjoint sets.
e o-additivity of a on M, i.e. for disjoint Ay, As,... € M, we have

o(U ) = 3ot

We proceed in several steps.

Step 1: Let A,B € M,. We will show that AN B € M,, from which AU B € M, follows
by taking complements. Set C':= AN B and observe that AN B = C°N A and A° = C°N A°.
Therefore, for Q € P(S) one has

a(Q) = a(@NA) + (@ N A°) (since A € M,)
=a(@QNANB)+a(@NANB°) +a(@QN A% (since B € M,,)
=a(Q@NC)+a(@NCNA)+a(QNCN A% (by the observation)
=a(QNC)+a(QNC (since A € M,,).

Therefore, AN B = C € M,. By induction, we also obtain that finite unions and intersections of
sets in M, are in M,,.

Step 2: Let A, B € M, be disjoint. For any @) € P(S) we have, using the definition of A € M,,
that

a(QN(AUB)) =a(QNA)+a(QNBNAY)=a(QNA)+a(QNB).
By induction, this identity also hold for finite unions of disjoint sets in M,,.
Step 8: To complete the proof, we will now show that for disjoint Ay, As,... € M, we have
A= U A, e M, and alA) = Za(A )
n=1 n=1

Fix an arbitrary Q € P(S). By Lemma B.1, using only two sets, we have
a(Q) < (@NA) + (@ N A°).

n
For the converse inequality let B, = |J A; for n > 1. Note that B, € M, by Step 1. Therefore
j=1

(B2)  a(QNA)+a(QnA)< ianA )+ QN A°) (by Step 3)
j=1

lim > a(@NA)) +a(Qn A9
j=1
= nhﬁr{.lc a(QNBy,) + a(@ N A9 (by Step 2)
lim a(Q N B,)+a(QN B;) (since A° C B;)

n— oo

lim a(Q) = a(Q) (since B, € M,,).

n— oo

IN

Therefore, we have

a(Q) = QN A) +a(Q N A%),
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and thus A € M,. Moreover, the inequality in (B.2) is actually an equality®®, which for Q = A
yields

a(A) =" a(A4y).
n=1
finishing the proof. ©

Applying Lemma B.3 to the outer measure i defined in (B.1), we have shown that My is a
o-algebra and 7i: My — [0, 00] is a measure. Thus, to prove Theorem 3.1, it remains to show that
o(R) € My and fi(A) = p(A) for all A€ R.

Theorem B.4 (Carathéodory’s extension theorem). Let R C P(S) be a ring, pn: R — [0,00] be
o-additive and p(2) = 0. Then T defined in (B.1) satisfies the following properties:

(i) Mg is a o-algebra and fi: Mz — [0, 00] is a measure;

(ii) o(R) © Mg;
(i1i) w(A) = u(A) for all A€ R.
In particular, the restriction fi: 0(R) — [0,00] is a measure.

Clearly, Theorem 3.1 follows from the above statement and actually shows that there is a further
extension to the possibly larger o-algebra My.

Proof. (i) follows by combining Lemma B.1 and Lemma B.3. It remains to prove (ii) and (iii).
The final assertion follows from (i)-(iii), as the restriction of a measure to a smaller o-algebra is a
measure again.

Proof of (ii): Let A € R and Q € P(S). By the o-subadditivity of & shown in Lemma B.1, we

immediately get (@) < w(Q N A) + (@ N A°). For the converse estimate the case (Q) = oo is
o0

trivial. In case fi(Q) < oo, choose By, Ba,...,€ R such that Q C |J B, and Y .2, u(B,) < .
n=1

Then B, NA,B, N A¢ € R for all n > 1 and

QNAC | JB.,nA and QnA°C | JB,nA"
n=1 n=1

Therefore, using first the definition of 7z and then the additivity of x on R, we find

AQNA) +AQNAY) <Y w(ByNA) + > u(ByNA) =D u(By).
n=1 n=1 n=1
Taking the infimum over all (B,,)n>1 as above gives n(Q N A) +1(Q N A°) < 1(Q). Combining
both estimates we can conclude A € My. Since My is a o-algebra, it follows that o(R) C M.

Proof of (iii): Let A € R. It is clear that 7i(A) < u(A). Indeed, take By = A and B,, = @ for
n > 2 in B.1. For the converse estimate the case fi( A) = oo is clear. Now suppose fi(A) < co and

let By, Bs,...,€ R be such that A C |J B,. Then by the o-additivity of 1+ on R and Proposition

n=1

2.3 applied to A = |J AN B, we find

n=1

n=1

u(A) < S uANB) <3 u(B,).
A<

(A). ©

Taking the infimum over all (B,,),>1 as above yields p(

Exercises

Exercise B.1. We will show that Mz # P(S) in general.”” Let S = {1,2,3} and define a
o-algebra by A = {@,5,{1,2},{3}}. Assume p is a measure satisfying p({1,2}) = u({3}) = 3.

64Clearly, r <y < z<zxenforcesz =y =z
65For the Lebesgue measure one also has My # P(R), but this is much harder to prove. See Appendix C.
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(a) Show that F({1}) = f({2}) = L.

(b) Show that {1}, {2} ¢ M.
Exercise B.2. Let R C P(S) be a ring, p : R — [0,00] be o-additive on R and p(2) = 0.
Suppose that A C P(S) satisfies fi(A) = 0. Show that A € M.

Exercise* B.3. Assume the conditions of Theorem B.4 and assume p is o-finite on R, i.e. there
exists a sequence (Ay),>1 in R such that A, 15 and p(A,) < oo for all n > 1. Prove that the
following are equivalent:

(a) A e Mg

(b) There exists a B € o(R) such that A C B and (B \ A) = 0.
Hint: First reduce to the case of a finite measure by intersecting with A,,.
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APPENDIX C. NON-MEASURABLE SETS

Let A be the Lebesgue measure on B(R?). Let A : P(S) — [0, oo] be the outer measure associated
with A defined in (B.1). The o-algebra M(R?) := M5 is usually called the Lebesgue o-algebra.
It follows from Theorem B.4 that F¢ C M(R?) and thus also B(R?) C M(R?) and ) is a measure
on M(R?). In the sequel we write A again for this measure as it is just an extension of \.

By Exercise B.3, for every A € M(R?) there exists a B € B(R?) such that A C B and
A(B\ A) = 0. This shows that the Lebesgue o-algebra is almost the same as the Borel o-algebra
up to sets of measure zero. Some strange things can happen with nonmeasurable sets.

The balls of Banach and Tarski
One can cut a ball of radius one in R? in such a way that it can be used to form two balls of
radius one. Of course something has to be nonmeasurable there. See:
https://en.wikipedia.org/wiki/Banach%E2%80%93Tarski_paradox

A set which Lebesgue measurable but not Borel measurable
There exist a set A € M(R?) with A\(A) = 0, but A ¢ B(R?). See [3, Appendix C] and [11,
page 53]
http://onlinelibrary.wiley.com/doi/10.1002/9781118032732.app3/pdf
http://www.math3ma.com/mathema/2015/8/9/1lebesgue-but-not-borel
You can also read about this in the Bachelor thesis of Gerrit Vos:
http://resolver.tudelft.nl/uuid:30d69b56-b846-435e-9d44-6a31b840a836

There exist sets which are not Lebesgue measurable A subset of R which is not in M (R?)
is given by Vitali’s example (see for example [4, Theorem 16.31])):
https://en.wikipedia.org/wiki/Vitali_set
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